ENTROPY, EXPONENTS AND INVARIANT DENSITIES FOR HYPERBOLIC SYSTEMS: DEPENDENCE AND COMPUTATION

OLIVER JENKINSON AND MARK POLLICOTT

ABSTRACT. In this survey we shall discuss related aspects of different invariants for hyperbolic systems. Firstly, we describe the dependence of the (topological) entropy on the underlying system. Secondly, we consider methods for efficient computation of (metric) entropy, and related quantities.

1. INTRODUCTION

Dynamical systems are often characterized in terms of simple quantities such as topological entropy, metric entropy, and Lyapunov exponents.

1.1. Topological entropy. Topological entropy is a fundamental invariant in topological dynamics. We can consider its dependence on the underlying system. For general C^{1+α} diffeomorphisms of compact surfaces we have the following well known result.

Theorem 1.

(1) If M is a compact surface then for C^{1+α} diffeomorphisms on M the topological entropy map T → h_{top}(T ) is lower semi-continuous (Katok [Ka1]).

(2) If M is any compact manifold then for C^∞ diffeomorphisms on M the topological entropy map T → h_{top}(T ) is upper semi-continuous (Yomdin [Yo], Newhouse [Ne]).

In particular, for a compact surface M the map T → h_{top}(T ) is a continuous function of the C^∞ diffeomorphism T : M → M.

There are corresponding results for, respectively, C^{1+α} flows on three dimensional manifolds [Ka1], and C^∞ flows on manifolds of arbitrary dimension. Katok’s elegant result uses Pesin Theory to construct generalized hyperbolic horseshoes within the surface whose topological entropies are arbitrarily close to h(f). Such horseshoes persist under small perturbations and thus the entropy cannot suddenly drop. In higher dimensions the analogous results may easily fail. This was shown by Misiurewicz [Mi] in dimensions ≥ 4. The approach of Yomdin uses ideas on semi-algebraic sets (see [Yo], [Gro]).

In the class of Anosov systems there is another interesting story. Of course, for Anosov diffeomorphisms structural stability trivially gives that the topological entropy is constant under perturbation, since it is a conjugacy invariant. However, in the case of Anosov flows, the topological entropy will be expected to vary under perturbations in the flow. However, it does so with suprising regularity.

Theorem 2.

(1) For a C^1 perturbation of an Anosov flow the topological entropy varies C^1 (Katok, Knieper and Weiss [KKW]); and (2) For a C^k (k ≥ 1, k = ω) perturbation of an Anosov flow the topological entropy varies C^{k−1} (Katok, Knieper, Pollicott and Weiss [KKPW]). 1

There are also formulae for the first derivative [KKW] and higher derivatives [Po2], [Fl], which have proved useful in various contexts (cf. eg. [Pa^2]).

In the finite differentiability case the proof of these results follows from a careful study of the dependence of the conjugacy map on the perturbation, while in the C^ω case there is an alternative proof using dynamical zeta functions [KKPW].

1.2. Metric entropy. There are analogous results for the metric entropy of the SRB measure μ for Anosov systems.

Theorem 3.

(1) For a C^k (k ≥ 2) perturbation of an Anosov diffeomorphism the metric entropy varies C^{k−1}. (2) For a C^k (k ≥ 2) perturbation of an Anosov flow the topological entropy varies C^{k−1}. (Contreras [Co])

As for Theorem 2, the proof of these results in the finite differentiability case also follows from a careful study of the dependence of the structural stability map [Co], while the C^ω case admits an alternative proof via zeta functions [Po2]. Again there are explicit formulae for the derivatives [Fl].

1.3. Computation of entropy and densities. For concrete hyperbolic systems it is a challenge to estimate dynamical characteristics such as entropy and Lyapunov exponents. In general the SRB measure is not expressible in closed form, and there is no simple expression for either its metric entropy or its Lyapunov exponents, so there is interest in practical means of approximating these quantities. If the SRB measure is absolutely continuous with respect to Lebesgue measure then it is also desirable to approximate the corresponding density function.

For hyperbolic diffeomorphisms and flows there are few rigorous results on the approximation of these quantities. In the model case of expanding interval maps, however, this is a well studied problem. Such maps always have an invariant measure μ which is absolutely continuous with respect to Lebesgue measure, and here we shall survey various methods of approximating μ itself as well as its entropy. The principal methods include

(1) The computation of long time averages, (2) Ulam’s method of phase space discretisation, (3) The finite section method, (4) Iteration of the Perron-Frobenius operator, (5) Periodic orbits and Fredholm determinants of transfer operators.

This article is organised as follows. In §2 we consider the entropy of geodesic flows on spaces of negative curvature, while §3 treats the entropy of more general Anosov flows. In §4 we outline various approaches to the computation of metric entropy for expanding maps. The variation of this entropy, and of the corresponding invariant density, are discussed in §5. In §6 this is related to the approximation of metric entropy for C^k expanding maps using periodic points. Finally in §7 this same method is applied to the computation of entropy of Anosov flows.

2. AN APPLICATION TO GEOMETRY: GEODESIC FLOWS

Before embarking on a detailed discussion of results on the regularity and computation of entropy, we shall give an interesting special case where there are some particularly elegant results.

For the special case of geodesic flows on negatively curved manifolds there is interest in locating the critical points of the entropy map, and expressing its derivatives in terms of geometric data. This has connections with entropy minimizing metrics of fixed volume. Let M be the space of C^∞ metrics g on a compact manifold M which have strictly negative sectional curvatures and such that the associated volume is normalized to Vol_g (M) = 1. The geodesic flow associated to g ∈ M is Anosov. Given g ∈ M, let h(g) denote the entropy of the geodesic flow on M with respect to g. The following is a nice geometric interpretation due to Manning [Man1].

Proposition 4. Let ~M denote the universal cover of M and let g̃ denote the lift of the metric g to ~M. We can identify

h(g) = lim_{T →+∞} 1 T log Vol_{g0} {x : d_g (x_0, x) ≤ T }

for any x_0 ∈ ~M.

Let g_0 be a metric with constant sectional curvatures. The following result shows that entropy plays an important role in characterizing metrics.

Proposition 5.

(1) If M is a surface then for any g ∈ M we have that h(g) ≥ h(g_0) (Katok [Ka1]). (2) If M has dimension at least 3 then for any g ∈ M we have that h(g) ≥ h(g_0), with equality iff g = g_0 (Besson, Courtois and Gallot [BCG1], [BCG2])

Part (1) of this Proposition is a result of Katok [Ka2] from 1982. Since the surface supports a metric of negative curvature, there is a finite dimensional space of metrics of constant curvature with entropy h(g_0), corresponding to the Teichmuller space of the surface. Part (2), often referred to as the Gromov-Katok conjecture, was eventually proved in 1991 [BCG1]. Mostow rigidity ensures that in (2) there is a unique constant curvature metric g_0, which is the unique minimum for the entropy.

The proofs of Proposition 5 do not depend on the smoothness of h : M → R. However, by Theorem 2 the entropy map h(g) on M is C^∞. In particular, the critical points occur precisely when Dh(g) = 0.

Consider a parametrized family of metrics g^λ = g_0 + λg_1 + O(λ^2), for λ ∈ (−ϵ, ϵ), say. Katok, Knieper and Weiss identified Dh(g_0) = ∫ g_1(v, v)dμ(v), where μ is the measure of maximal entropy (or Bowen-Margulis measure). Since Vol(g^λ) = 1 we have that

(1) DVol_g (g_0) = − h(g_0) 2 ∫ g_1(v, v)d(Liou)_g = 0 ,

where (Liou)_g is the Liouville measure [Be] and thus critical points are characterized by the equality of Bowen-Margulis measure and volume. In particular, at metrics g_0 with constant sectional curvatures we have that μ = Vol_{g0} and so h(g) has a critical point. A local analysis of the second derivative gives some local results, but the global result of Besson et al uses a fundamentally different approach based on volume and barycentres [BCG1], [BCG2]). The derivative formula (1) has recently been used by Manning [Man2] to show that, for compact surfaces of negative curvature, the entropy h(g_t) is strictly decreasing along any path t → g_t of the Ricci flow.

We can also associate to metrics g ∈ M the metric entropy h_{met}(g). By Theorem 3 we can deduce that h_{met}(g) has a C^∞ dependence on g ∈ M. By a careful analysis of the second derivatives one can show that the behaviour of g → h_{met}(g) is quite subtle. The following striking local result (due to Flaminio [Fl]) shows that the behaviour of metric entropy is very different to that of the topological entropy described in Proposition 5.

Proposition 6. There exist examples of manifolds M with a metric g_0 of constant curvature such that:

(a) there exist metrics g ∈ M arbitrarily close to g_0 such that h_{met}(g) > h_{met}(g_0), and (b) there exist metrics g^′ ∈ M arbitrarily close to g_0 such that h_{met}(g^′) < h_{met}(g_0).

3. REGULARITY OF ENTROPY FOR ANOSOV SYSTEMS: METHODOLOGY

Theorem 1 and Proposition 5 were both introduced for historical context. Their elegant proofs, the former involving Pesin Theory, the latter being more geometric in nature, are beyond the scope of these notes. Instead we shall concentrate on the ideas behind the proofs of Theorems 2 and 3, which will to some extent be echoed in section §5 when we consider the smooth variation of densities of expanding maps.

3.1. C^1 topological entropy for Anosov flows. The original approach of Katok, Knieper and Weiss used the definition of topological entropy directly, together with the even distribution of closed orbits with respect to the measure of maximal entropy. Let ϕ^{(λ)}, λ ∈ (−ϵ, ϵ) be a C^1 family of Anosov flows. Structural stability gives for each λ:

(1) Hölder homeomorphisms π^{(λ)} : M → M which map ϕ^{(0)} orbits to ϕ^{(λ)} orbits; (2) C^0 reparameterizations ρ^{(λ)} : M → R^+ such that the reparameterization of ϕ^{(0)} by ρ^{(λ)} is topologically conjugate to ϕ^{(λ)}.

By considering lengths of closed orbits one sees that

h(ϕ^{(0)}) ( λ ∫ [ ∂ρ^{(t)} ∂t |_{t=0} ] dμ^{(0)} + o(λ) ) ≤ h(ϕ^{(λ)}) − h(ϕ^{(0)})

≤ h(ϕ^{(0)}) ( λ ∫ [ ∂ρ^{(t)} ∂t |_{t=0} ] dμ^{(λ)} + o(λ) ) ,

where μ^{(λ)} is the Bowen-Margulis measure for ϕ^{(λ)}. However, the upper semi-continuity of the measure theoretic entropy μ → h_μ(ϕ) implies that μ^{(λ)} converges to μ^{(0)} in the weak^∗ topology. Thus we not only see that h(ϕ^{(λ)}) is C^1 at λ = 0, but also with derivative ∫ [_{∂ρ}(t) ∂t |_{t=0} ] dμ^{(0)}.

3.2. C^k topological entropy for Anosov flows. Two main ingredients in the case of C^k flows (k ≥ 2) are the structural stability of Anosov flows and symbolic dynamics. This then leads to a characterization of entropy in terms of thermodyanmic pressure and exploits its regularity.

We recall elements of the proof of structural stability for a C^k family of Anosov flows ϕ^{(λ)}, λ ∈ (−ϵ, ϵ), following the classical approaches of Mather [Mat] and Moser [Mo] (cf. also [LMM]). The vector field associated to ϕ^{(λ)} can be denoted Φ^{(λ)}. In this context, structural stability gives (1) a C^{k−1} family of Hölder homeomorphisms π^{(λ)} : M → M which map ϕ^{(0)} orbits to ϕ^{(λ)} orbits;

(2) a C^{k−1} family of Hölder reparameterizations ρ^{(λ)} : M → R^+ such that the reparameterization of ϕ^{(0)} by ρ^{(λ)} is topologically conjugate to ϕ^{(λ)}.

Here differentiability is interpreted in terms of functions with values in the Banach space C^α(M, R) or the Banach manifold C^α(M, M), and which are also differentiable in the flow direction. Crucially, all of these quantities are solutions to the identity

F (Φ^{(λ)}, π^{(λ)}, ρ^{(λ)}) := Φ^{(λ)} ∘ π^{(λ)} − ρ^{(λ)}Dπ^{(λ)}Φ^{(0)} = 0.

By the implicit function theorem one can solve for π^{(λ)} and ρ^{(λ)}, where π^{(0)} = id and ρ^{(0)} = 1, which moreover automatically yields the regularity of the solutions. The main ingredient is the regularity of the composition map.

Regularity of Composition Operators Let M be a compact manifold. If k ≥ 2 and 0 < α < 1, then the composition map Comp(f, g) = f ∘ g satisfies

Comp : C^k(M, R) × C^0(M, M) → C^0(M, R) is C^k.

Comp : C^k (M, R) × C^α(M, M) → C^α(M, R) is C^{k−1}.

The first of these statements is covered by a well known unpublished preprint of Franks [Fr] (see also [Ir]), while a more recent comprehensive treatment by de la Llave-Obaya [LO] gives an excellent reference for both parts.

By a consideration of the regularity of composition we see that F (·, ·, ·) is C^{k−2}. The application of the implicit function theorem depends on the invertibility of D_{2,3}F (Φ^{(0)}, Id, 1), which is a simple consequence of the hyperbolicity of the flow. The Hölder exponent 0 < α ≤ 1 is related to the regularity of the horocycle foliations.

A second ingredient is the use of symbolic dynamics. Using the original flow ϕ^{(0)}_t : M → M we can construct a subshift of finite type σ : Σ_A → Σ_A and a Hölder continuous roof function r : Σ_A → R. The subshift Σ_A is associated to a finite number of sections T := {T_1, . . . , T_k}. The function r : Σ_A → R corresponds to the transition function between sections. The sections T^{(λ)} := {π^{(λ)}T_1, . . . , π^{(λ)}T_k} for the flow ϕ^{(λ)} give rise to precisely the same subshift Σ_A. However, there is a new roof function r^{(λ)} : Σ_A → R defined by

r^{(λ)}(x) = ∫_{r(x)} 0 ρ^{(λ)}(ϕ_tp(x))dt , where p : Σ_A → ∪_iT_i is the coding map. In particular, the characterization of the topological entropy h(ϕ^{(λ)}) in terms of the symbolic dynamics and the pressure function is given by P (−h(ϕ^{(λ)})r^{(λ)}) = 0. This is a simple consequence of Abramov’s Theorem on entropy and the variational principle for pressure. The pressure function is C^ω, which is a consequence of its characterization in terms of the Ruelle transfer operator and perturbation theory . Since^{P (−tr(0) )}_{dt} |_{t=h(ϕ}(0)_) ≠ 0, a second (trivial) application of the implicit function theorem shows that λ → h(ϕ^{(λ)}) is C^{k−2}.

3.3. C^ω topological entropy for Anosov flows. Let τ be one of the countably many closed orbits for a C^ω Anosov flow ϕ and let λ(τ) be the associated least period. We can then associate the dynamical zeta function defined by ζ(s, ϕ) := ∏ τ ( 1 − e^{−sλ(τ )} )_{−1} , which defines a non-zero analytic function for Re(s) > h(ϕ).

Poles for ζ-functions The zeta function ζ(s, ϕ) has a meromorphic extension to a neighbourhood of h(ϕ), and h(ϕ) is a simple pole of ζ(s, ϕ).

This result appears in [PP], for example, but was originally proved by Ruelle as an exercise in his famous book “Theormodynamic formalism” [Ru2], (cf. [Ru3] for an amusing account). In [KKPW] there is a different approach to proving the smoothness of λ → h(ϕ^{(λ)}) in the case of C^ω families of analytic functions using zeta functions, but it is limited to the analytic case. The basic idea is therefore that h(ϕ^{(λ)}) occurs as a simple zero for the complex function ζ(s, ϕ^{(λ)})^{−1}. However, although the analytic extension of the function ζ(s, ϕ^{(λ)})^{−1} to a neighbourhood of h(ϕ^{(λ)}) uses symbolic dynamics [PP] the actual application of this result to the analyticity of the entropy depends instead on the theory of (several) complex variables. More precisely, one first considers an individual closed orbit τ and observes that the length λ(τ^{(λ)}) of the associated closed orbit for ϕ^{(λ)} varies analytically. The first observation is that this dependence can be made uniform over all closed orbits. This leads to the conclusion that the function ζ(s, ϕ^{(λ)})^{−1} has an analytic dependence on λ, at least on the part of the s-plane on which the zeta function converges. The second ingredient is that this analytic dependence can be extended to a neighbourhood of h(ϕ^{(λ)}) by Hartog’s theorem on two complex variables. Finally, an application of the ever useful implicit function theorem shows that λ → h(ϕ^{(λ)}) is C^ω.

3.4. C^k metric entropy for Anosov systems. After the work in [KKPW] was complete Contreras, at the time a graduate student of Mañé, adapted the symbolic dynamics approach to show the regularity of metric entropy, both for Anosov diffeomorphisms and Anosov flows. The main new ingredients were ideas of Mañé, originally designed to describe the regularity of the Hausdorff dimension of hyperbolic Smale horsehoes. Naturally, it is also possible to adapt the zeta function approach to show C^ω regularity of the metric entropy [Po1].

4. COMPUTING METRIC ENTROPY FOR INTERVAL MAPS

We now turn to the model case of expanding interval maps. Let I = {I_i}^d_{i=1} be a partition of the interval I into subintervals I_i. Given T : I → I, we shall always assume that T |_{Ii} is C^k (k ≥ 2), for each i, and that T is piecewise expanding in the sense that there exists λ > 1 such that |T^′| |_{Ii} ≥ λ for each i. We say that T is Markov if there exists a d × d matrix A (the transition matrix for T ) with each entry either 0 or 1, such that int (T (I_i)) = int ( ∪_{j:A(i,j)=1}I_j ) for each i, in which case I is called a Markov partition for T . Of course this Markov partition for T is not unique, as any refinement ⋁_{n−1} i=0 T^{−i}I is also a Markov partition. The map T is (topologically) mixing if some power of the transition matrix A is strictly positive. For each i, let T_i : T I_i → I_i denote the local inverse branch, with the property that T_i ∘ T = id|_{Ii} . If T I_i = I for every i, we say that T is a full branch expanding map; in this case each inverse branch T_i is defined on the whole of I. Although all results described in this section are true in the general context of mixing piecewise expanding Markov maps, we shall often make the assumption that T is full branch in order to simplify the exposition.

A classical result of Lasota and Yorke [LY] is:

Theorem 7. If T : I → I is a mixing piecewise C^2 expanding Markov map, then there exists a unique ergodic T -invariant probability measure μ. The measure μ is T -exact, and has a Bernoulli natural extension. In particular, h(μ) > 0.

If T is C^k on each partition piece, for k ≥ 2, then the density function ϱ, satisfying dμ(x) = ϱ(x)dx, is C^{k−1} on each partition piece. If T is piecewise C^ω then so is ϱ.

If T is a full branch expanding map then ϱ is C^{k−1} on the whole of I whenever T is piecewise C^k, for k = 2, 3, . . . , ω.

We are concerned here with efficient methods of computing numerically the metric entropy h(μ) of the absolutely continuous invariant measure μ. Only in very special cases is an exact formula for h(μ) known, the most pertinent being the class of β-transformations T_β (x) = βx (mod 1), where h(β) = log β [Pa]. An obvious first approach is to work directly from the definition of entropy. If J = {J_i} is a countable Borel partition of I then let

(2) H(μ, J ) = − ∑ i μ(J_i) log μ(J_i) denote its entropy, and define

(3) h(μ, J ) = lim_{n→∞} 1 n H n−1⋁ j=0 T^{−j}J . Now h(μ) = sup_J h(μ, J ), though if J generates the Borel σ-algebra of I then h(μ) = h(J , μ) (cf. Thm. 4.18 of [Wa]). For a piecewise expanding Markov map, the initial Markov partition I = {I_i}^d_{i=1} is a generating partition, so that

(4) h(μ) = h(I, μ) = lim_{n→∞} 1 n H n−1⋁ j=0 T^{−j} I . Unfortunately, in general there are several obstacles preventing a direct calculation of the righthand side of (4). Firstly, except in simple cases the limit itself is not computable, so we must be content with an evaluation of^1_n H( ⋁_{n−1} j=0 T^{−j} I) for some large value of n. Secondly, it is clear that considerable computation is involved in identifying the elements of the refined partitions ⋁_{n−1} j=0 T^{−j} I, the computational effort being exponential in n. Thirdly, and most importantly, the measure μ is usually not available to us in closed form, so that an exact calculation of the entropy H(μ, J ) of even a small finite partition J is problematic. This suggests that an immediate priority is the derivation of an approximation to the absolutely continuous invariant measure μ, in the form of either a weak^∗ estimate or an approximation to its density function ϱ. Indeed an approximation of ϱ is the first step in almost all of the known techniques for computing metric entropy (see in particular subsections 4.2, 4.3 below). It is noteworthy, however, that probably the most efficient means of computing entropy, the periodic point method described in §4.5, works by circumventing any a priori computation of ϱ. Although this method can be used to build up an approximation to ϱ, by computing its Fourier coefficients for example (see §6), it is actually more efficient to directly compute h(μ).

It is doubtless possible to obtain reasonable estimates on h(μ) by working directly with (4) together with an approximation to μ. This approach is probably best used in conjunction with Ulam’s method for approximating ϱ (see §4.2), which is explicitly couched in terms of refined partitions of I. However it is not clear whether a direct appeal to (4) is particularly efficient, nor whether rigorous error bounds can be obtained for any computed approximation.

It seems preferable to instead exploit the smooth structure of our dynamical system, in the form of the following classical Rohlin Lemma (cf. [Ro], [Pe]) equating the entropy of μ with its Lyapunov exponent.

Proposition 8. (“Rohlin Lemma”) The metric entropy is equal to the Lyapunov exponent for μ, i.e.,

(5) h(μ) = ∫ log |T^′|dμ = ∫ log |T^′(x)|ρ(x)dx. Rohlin’s characterisation of entropy as a space average suggests a first method for its computation.

4.1. Computing metric entropy: Time averages. As previously noted, the absolutely continuous invariant measure μ is ergodic, so by Birkhoff’s ergodic theorem we can equate (5) with the time average for log |T^′|:

(6) h(μ) = ∫ log |T^′|dμ = lim_{N→∞} 1 N N−1∑ i=0 log |T^′(T^ix)| for Lebesgue almost every point x. To approximate h(μ) one simply computes finite averages h_N (x) =^1_N ∑_{N−1} i=0 log |T^′(T^ix)| for large values of N and particular choices of x. Although this approximation scheme is rather easy to implement, there are several drawbacks. Firstly, (6) is certainly not true for every x ∈ I, so care is needed in selecting x to be a Lebesgue-generic point for the map T . Secondly, in general an orbit segment {T^i(x)}^{N−1}_{i=0} cannot be determined exactly by a computer. Since T is expanding, care is needed in avoiding round-off errors when computing approximate orbit segments. Both of these problems can in practice ( though non-rigorously) be overcome by injecting some random noise, i.e. regularly replacing points T^i(x) by randomly chosen nearby points y and thereafter computing iterates of y until the next injection of noise. Suitably executed, the resulting pseudo-orbit is more stable from a statistical point of view, as well as being immune to any round-off error.

A third drawback of computing h(μ) via time averages is that the ergodic theorem gives no bounds on the speed of convergence in (6), making it difficult to rigorously justify the quality of a computed approximation h_N (x). If one is content with convincing, rather than rigorous, approximations to h(μ), then this problem is not particularly serious. In practice one would look for a diminished level of oscillation in the sequence {h_N (x)}_N , and make an empirical estimate of h(μ) with a corresponding level of confidence. A more rigorous approach to justifying the difference between a computed h_N (x) and the limit (3) might be achieved via the central limit theorem, though there are undoubted difficulties in converting this into concrete error bounds^1.

From a philosophical and historical perspective, the notion of computing space averages such as (5) by means of time averages is a rather contrary one. Boltzmann’s ergodic hypothesis was formulated in the hope of simplifying the work of the experimental physicist, by equating potentially slowly convergent time averages (the object of real interest) with space averages, the expectation being that the latter are more computationally accessible. The principal class of systems motivating this hypothesis were Hamiltonian, for which the relevant measure, Liouville measure, is known explicitly. Although applicable to more general, and potentially exotic, measures, the premise underlying Birkhoff’s ergodic theorem, an appropriately modified version of Boltzmann’s hypothesis, is nonetheless that space averages are easier to compute than time averages.

The systems we consider here are in general not Hamiltonian, and the relevant measure μ is rarely known exactly, but by no means is it exotic. The fact that it is absolutely continuous rather than singular suggests we should exploit this property and attempt to compute its Radon-Nikodym derivative ϱ. With an approximation ϱ̃ in hand, preferably with guaranteed error bounds, it is a comparatively simple task to evaluate the Riemann integral ∫ log |T^′(x)| ϱ̃(x) dx, either numerically or exactly, thereby providing an approximation to h(μ) by virtue of Rohlin’s Lemma.

A straightforward means of approximating ϱ is to fix some partition of I, into subintervals J_i, say, and compute the proportion of time p_i = lim_N^1_N {0 ≤ j ≤ N − 1 : T^j (x) ∈ J_i} spent by a typical orbit in each J_i. The simple function ∑ i p_iχ_{Ji} is then an approximation to ϱ. Of course this method is essentially the same as in §4.1, and shares all of its drawbacks.

More satisfactory ways of computing ϱ are based on a functional analytic approach. For any continuous function f : I → R, the corresponding Ruelle transfer operator is defined by

L_f v(x) = ∑ T y=x e^{f (y)}v(y) ,

1There are known estimates on the discrepancy of typical Birkhoff averages; eg. if T mixes at an exponential rate then

the error is O(n^{−α}), for any 0 < α <^1_2 cf. Theorem 16 in [Kach].

the summation being over all preimages y of x. This defines a bounded linear operator on C^0_I (I), the Banach space of functions which are piecewise continuous with respect to the Markov partition I = {I_i}^d_{i=1}. A particularly important special case corresponds to the choice f = − log |T^′|. The corresponding operator L = L_{− log |T} ′_| is the Perron-Frobenius operator, given explicitly by

(7) Lv(x) = ∑ T y=x v(y) |T^′(y)| = d∑ i=1 v(T_ix)|T^′_i (x)|χ_{T Ii} (x) . General transfer operators L_f were introduced by Ruelle, and are of central importance in his thermodynamic formalism [Ru2]. The Perron-Frobenius operator is a more classical construction, its importance stemming from the following observation, whose proof follows readily from the change of variables formula for integration.

Proposition 9. The density function ϱ is the unique fixed point of the Perron-Frobenius operator L : C^0_I (X) → C^0_I (X) which satisfies ∫ ϱ(x) dx = 1. If T is full branch then all Ruelle transfer operators, and in particular the Perron-Frobenius operator, in fact preserve C^0(I), the space of continuous functions on I. If T is piecewise C^k for k = 2, 3, . . . , ω then L preserves C^{k−1}_I (I), and in the full branch case it preserves C^{k−1}(I). Proposition 9 asserts in particular that 1 is a simple eigenvalue for L. If L is viewed as acting on certain subspaces of C^0_I (I) then rather more is true: 1 is an isolated eigenvalue of L. For example we have:

Proposition 10. When acting on the space C^r_I (I), for any 1 ≤ r ≤ k − 1, the Perron-Frobenius operator L has spectral radius 1, and 1 is the only eigenvalue of maximum modulus. There exists 0 < γ < 1 such that all other spectral values of L : C^r_I (I) → C^r_I (I) have modulus less than γ.

This result suggests the possibility of using some kind of spectral approximation to compute the leading eigenvector ϱ of L. That is, one would explicitly compute the leading eigenvector of a finite rank operator L̃ which is close to L in some suitable sense. In subsections 4.2 and 4.3 we describe two rather different finite rank approximation schemes.

4.2. Computing metric entropy: Ulam’s method. This is the classical method for approximating the density function ϱ, first proposed by Ulam in 1960 [Ulam]. It is rather robust, in the sense that it can be applied to a wide class of maps T : X → X (see below for more details), so we first describe it in a general setting. Let J = {J_i}^l_{i=1} be a finite Borel partition of the compact metric space X, and let m be a probability measure on X. Define a projection operator P_J on L^1(m) by

P_J w = l∑ i=1 ∫ J_i w dm m(J_i) χ_{Ji} , so that functions in the range of P_J are all locally constant with respect to the finite partition J . The corresponding Ulam approximant is then defined to be the operator

L_J := P_J LP_J .

Although L_J preserves the space C^k_J (X) of functions which are piecewise C^k with respect to J , in practice we often consider a sequence J_n of increasingly fine partitions, thereby necessitating a change of Banach space at each step. Specialising to the case X = I it is often more convenient to view L_J as an operator on BV , the space of functions of bounded variation. The finite dimensional space V_J , consisting of functions which are piecewise constant with respect to J , is invariant under L_J . Although the invariant density ϱ typically does not belong to V_J , it can be shown (cf. [Liv]) that in order to approximate ϱ (or more generally all eigendata of L corresponding to isolated eigenvalues) it suffices to consider L_J |_{VJ} . The operator L_J := L_J |_{VJ} is represented by a finite matrix M_J of size l × l, whose (i, j)^{th} entry is M_J (i, j) = m(T^{−1}J_j ∩ J_i) m(J_i) . Thus M_J can be interpreted as the transition matrix for a Markov chain, with M_J (i, j) representing the probability that a point in J_i is mapped into J_j by T .

The eigendata of L_J is therefore potentially explicitly computable. For this to be the case, both the measure m and the partition pieces J_i need to be sufficiently tractable. The measure m is commonly chosen to be Lebesgue measure, or alternatively to be atomic, with one atom in each partition piece and all atoms of equal weight. For a piecewise expanding Markov interval map, a natural choice of partition J is a refinement ⋁_{n−1} r=0 T^{−r}I of the initial Markov partition I.

Since M_J is a probability matrix, its leading eigenvalue is 1. Let ϱ_J denote the corresponding left eigenvector. Then ϱ_J is the leading eigenvector of L_J , the Ulam approximant to the invariant density ϱ of T . The expectation is that ϱ_J will approximate ϱ as the partition J is refined. More precisely,

Theorem 11. ||ϱ − ϱ_J ||_{BV} = O(ε log 1/ε) as ε → 0 , where ε = ε(J ) = max_{1≤i≤l} diam(J_i) is the mesh size of J .

A proof of this result, which in fact remains valid for non-Markov piecewise-expanding maps, can be found in [KMY] and [Liv].

In the case of Markov expanding maps the mesh size of the refined Markov partition J_n := ⋁_{n−1} r=0 T^{−r}I is O(α^n) for some 0 < α < 1, so we have:

Theorem 12. ||ϱ − ϱ_{Jn} ||_{BV} = O(α^n) as n → ∞ . An appealing feature of Ulam’s method is that it can be implemented for completely general maps T . It is therefore natural to speculate about whether its convergence properties can be extended beyond the class of purely expanding maps, perhaps to other uniformly hyperbolic systems. In this respect there is diverse evidence. On the one hand Froyland [Fro1] has shown that for 2-dimensional Anosov diffeomorphisms, if the partitions are chosen to be refinements of some initial Markov partition then a suitably modified Ulam scheme^2 does yield a weak^∗ approximation to the SRB measure. Moreover, various numerical work (see for example [DJ], [Fro2]) suggests the convergence of the Ulam scheme for more general classes of systems. However, Blank, Keller & Liverani [BKL] have shown that if T is a hyperbolic automorphism of the 2-torus then the Ulam approximant L_J can yield spurious spectral data for^3 L even when J is the most natural partition of T^2 into squares of equal (and arbitrarily small) size. On the other hand they note that the approximation of the SRB measure by the Ulam scheme may still be possible for arbitrary partitions, in the sense that their investigations tend to confirm rather than contradict this possibility.

In the case of Markov dynamics which is piecewise smooth or piecewise real analytic, a potential shortcoming of Ulam’s method is that it does not fully exploit this extra structure. To some extent this

2where, as is standard, the Perron-Frobenius operator is for an induced expanding Markov map on the unstable boundaries

of the Markov partition 3This is the Perron-Frobenius operator for T itself, acting on a certain space of generalised functions.

can be remedied by modifying P_J so as to project onto a space of functions which are piecewise linear, or piecewise polynomial of some fixed degree, with respect to J . The resulting modified Ulam scheme has been considered by Li [Li] and Ding & Li [DL1, DL2], and appears to yield a slightly improved rate of convergence to the invariant density.

In the case where T is Markov and piecewise C^ω however, a more natural approach to computing ϱ is the following.

4.3. Computing metric entropy: The Finite Section method. Suppose that the expanding Markov map T is piecewise C^ω on its partition I. The finite section method for computing the density function ϱ of T hinges, like the Ulam scheme, on a finite rank approximation to the Perron-Frobenius operator. The difference, however, is that analyticity is exploited in a key way.

We henceforth assume for simplicity that T is a full branch expanding map, so that each inverse branch T_i is defined on the whole of I. The real analyticity hypothesis means we can choose a simply connected complex domain D ⊃ I such that each inverse branch T_i has a holomorphic extension, also denoted T_i, to D, such that sup_{z∈D} |T^′_i (z)| < 1 for each i = 1, . . . , d. This ensures that ∪^d_{i=1}T_i(D) is compactly contained in D.

In general it may not be possible to choose D as a Euclidean disc, since T_i may have singularities close to I in the complex plane. However we can always reduce to this case by conjugating T with a Riemann mapping from D to the unit disc (see eg. [JP2]). Indeed without loss of generality we shall take D to be the open unit disc centred at 0, and I some closed sub-interval of (−1, 1).

The Hilbert Bergman space A_2(D) consists of those holomorphic functions φ : D → C such that ∫ D |φ|^2 dA < ∞ , where A denotes area measure in the plane (cf. [HKZ]). This is a Hilbert space when equipped with the inner product (φ, ψ)_{A2 (D)} := ∫ D φψ dA. The formula (4) defining the Perron-Frobenius operator L can be extended to the unit disc by holomorphic continuation of the T_i and |T^′_i |, and L defines a bounded operator on A_2(D).

Now A_2(D) admits a conveniently explicit orthonormal basis {e_i}^∞_{i=0} of monomials e_i(z) = z^i, and for each n we can define a rank-n projection operator

π_n :A_2(D) → A_2(D) φ → n−1∑ i=0 (φ, e_i)e_i .

The n^{th} finite section L_n of the Perron-Frobenius operator L is then defined by:

L_n := π_nLπ_n .

Although the projections π_n only converge pointwise to the identity, the finite sections L_n enjoy the stronger norm convergence to L, the norm in question being the induced operator norm on the space [A_2(D)] of bounded linear operators from A_2(D) to itself. Indeed this norm convergence is at an exponential rate (cf. [BJ]):

Proposition 13. For n ≥ 1, ||L − L_n||_{[A2(D)]} = O(α^n) for some 0 < α < 1.

Each L_n is of rank n, its range being the invariant subspace V_n of polynomials of degree n − 1. The n × n matrix M_n representing the operator L_n := L_n|_{Vn} is precisely the top left n × n corner of the infinite matrix representing L with respect to the basis {e_i}^∞_{i=0}. For n sufficiently large the leading eigenvalue of M_n is close to 1 and is simple, and the corresponding eigenvector ϱ_n is a degree-(n − 1) polynomial approximation to the density function ϱ. Classical spectral perturbation theory then implies that ||ϱ − ϱ_n||_{A2 (D)} is bounded by a constant multiple of ||L − L_n||_{[A2(D)]}:

Theorem 14. If ϱ_n is the leading eigenvector of the n^{th} finite section L_n of the Perron-Frobenius operator L , then (8) ||ϱ − ϱ_n||_{A2(D)} = O(α^n) as n → ∞ for some 0 < α < 1.

The constant α is related to the extent to which the holomorphically extended T_i contract the unit disc D inside itself; the stronger the contraction, the smaller α is. The implicit constant in the asymptotic (8) can be estimated by consideration of the resolvents of L and L_n. In practice it is difficult to obtain sharp bounds on the norms of these resolvents (though see Bandtlow [Ba] for new ideas on this problem), so that explicit error bounds on an approximate density ϱ_n may be rather conservative.

4.4. Computing metric entropy: Iterating the Perron-Frobenius operator. Let T be a piecewise C^k expanding Markov map for some k ≥ 2. By Proposition 9, the value 1 is a simple isolated eigenvalue for the Perron-Frobenius operator L acting on C^{k−1}_I (I), all other spectral values being of modulus ≤ α for some 0 < α < 1. From the spectral decomposition of L it follows that for any g ∈ C^{k−1}_I (I), (9) ||L^ng − ϱ ∫ g dμ||_Ck−1_{I (I)} = O(α^n) as n → ∞. Choosing g = 1 we see that L^n(1) → ϱ in the C^{k−1} norm, the rate of convergence being O(α^n).

The iterates L^n(1) are computable, and for sufficiently large n the Rohlin Lemma implies that | | | ∫ log |T^′(x)|L^n(1)(x) dx − h(μ) | | | = O(α^n) as n → ∞. A slight variation on this method is to select some arbitrary y ∈ I, then choosing g = log |T^′| and g = 1 in (9) we have

H_n(y) :=

L^n(log |T^′|)(y) L^n(1)(y) −→ ϱ(y) ∫ log |T^′| dμ ϱ(y) ∫ 1 dμ = h(μ) as n → ∞ , the rate of convergence again being O(α^n). The quantity H_n(y) can be computed in terms of the n^{th} preimages of y, so that

(10) H_n(y) = ∑ x∈T^{−n}(y) log |T ′(x)|/|(T^n)^′(x)| ∑ x∈T^{−n}(y) 1/|(T n)^′(x)| −→ h(μ) exponentially fast.

A very similar approach uses period-n points instead of n^{th} preimages. Bowen’s spatial equidistribution theorem [Bo1], [Bo2] asserts that the sequence of atomic T -invariant probability measures

m_n := ∑ x∈Fix(n) δx/|(T n)^′(x)| ∑ x∈Fix(n) 1/|(T n)^′(x)| converges to μ in the weak^∗ topology, where Fix(n) denotes the set of fixed points of T^n. Consequently the sequence

(11) h_n := ∫ log |T^′| dm_n = ∑ x∈Fix(n) log |T ′(x)|/|(T^n)^′(x)| ∑ x∈Fix(n) 1/|(T n)^′(x)| converges to h(μ) = ∫ log |T^′| dμ. Once again the convergence is exponential in n, the approximation (11) being of the same quality as the very similar formula (10).

Although the use of periodic points as opposed to preimages offers no algorithmic advantage in this case, it turns out that a more elaborate regrouping of the periodic points does offer a significantly faster computational scheme, as we shall describe in the next subsection.

4.5. Computing metric entropy: Periodic orbits. Here we assume that T is a piecewise C^ω expanding Markov map. If f is real analytic, and D is a suitable complex neighbourhood of I, then the transfer operator L_f : A_2(D) → A_2(D) in fact enjoys the following very useful property (cf. [Ru1], [JP2]).

Proposition 15. The singular values s_n(L_f ) := inf {||L_f − K|| : K ∈ [A_2(D)], rank K < n} form an exponentially decaying sequence.

In particular L_f is trace class (i.e., ∑ n |s_n(L_f )| < ∞), and hence compact.

Consequently (see [Sim]) L_f has a trace tr(L_f ) = ∑ n s_n(L_f ), and I − zL_f has a determinant, expressible (cf. [Ru1]) as

(12) det(I − zL_f ) = exp − ∞∑ n=1 z^n n tr(L^n_f ) = exp − ∞∑ n=1 z^n n ∑ x∈Fix(n) exp (f^n(x)) 1 − [(T^n)^′(x)]^{−1} , the trace formula tr(L^n_f ) = ∑ x∈Fix(n) e^{f n(x)} 1−[(T^n)^′(x)]^{−1} following from the observation that L n f is a sum of weighted composition operators (cf. [May1], [May2]). As before Fix(n) denotes the fixed point set of T^n. The power series in (6) has a finite radius of convergence, but the determinant itself can be holomorphically continued to an entire function of z. Importantly each ∑ x∈Fix(n) exp(f^n(x)) 1−[(T^n)^′(x)]^{−1}

is computable provided all period-n points can be located.

Of particular importance are the transfer operators for the family of functions f_s = s log |T^′|, and their corresponding determinants

(13) Δ(z, s) = det(I − zL_{fs} ) = exp − ∞∑ n=1 z^n n ∑ x∈Fix(n) |(T^n)^′(x)|^s 1 − [(T^n)^′(x)]^{−1} , because the metric entropy h(μ) can be expressed as: Proposition 16.

(14) h(μ) = ∫ log |T^′| dμ = ∂_sΔ(1, −1) ∂_zΔ(1, −1) . The proof (see [JP2], Prop. 2.2) of this characterisation of entropy uses thermodynamic formalism, in particular Ruelle’s formula (p. 133 of [Ru2]) for the derivative of pressure P together with the fact that e^P is the leading eigenvalue of L_f , and the reciprocal of the smallest zero for Δ.

The computational utility of (14) stems from the fact that Δ is an entire function of z. Indeed the exponential decay of the singular values s_n(L_{fs} ) implies (cf. Lemma 5.2 of [JP2]) that the Taylor coefficients of Δ, and of its partial derivatives ∂_zΔ, ∂_sΔ, are O(α^{n2} ) for some 0 < α < 1. These Taylor coefficients are computable in terms of periodic points of T , by virtue of (13). Therefore (14) can be approximated up to an error O(α^{n2} ) by the evaluation at (z, s) = (1, −1) of a degree-n rational function whose coefficients are explicitly computable in terms of the points of period up to n. Explicitly, we can define signed invariant measures

ν_M = ∑ (n1,...,nm) n1+...+nm≤M (−1)^m m! m∑ i=1 ∑ x∈Fix(n_i) m∏ j=1 j≠i ∑ z∈Fix(n_j ) r(z, n_j ) δ_x |(T^{ni} )^′(x) − 1|

where the first summation is over ordered m-tuples of positive integers whose sum is not greater than M, and r(x, n) = 1 n|(T^n)^′(x) − 1| . Each ν_M is an atomic measure, supported on those periodic points of period at most M. The formula for ν_M is the more elaborate regrouping of periodic points mentioned at the end of §4.4. It is derived by first computing the Taylor coefficients for Δ from (13), then differentiating and evaluating at (1, −1). It is noteworthy that the formula for ν_M uses all points of period up to M, whereas (11) defining h_M uses only those points of period exactly M. Since the number of period- M points is exponential in M, the time required to compute ν_M is of the same order as for h_M .

Normalising the ν_M gives a sequence μ_M of explicitly computable atomic signed invariant probability measures, with the property that (see [JP1]):

Theorem 17. | | | |h(μ) − ∫ log |T^′| dμ_M | | | | = O(α^M 2 ) as M → ∞

for some 0 < α < 1.

This result represents a significant improvement over the other methods for computing entropy described in this section. For the same order of computational effort, the quality of the entropy approximation is O(α^{n2} ) as opposed to O(α^n). Theorems 12, 14 and 17 were phrased so as to facilitate a direct comparison. The computational effort required to compute the Ulam approximant L_{Jn} of an n^{th} refined partition, or an n^{th} finite section L_n, or the points of period up to n, is O(K^n) in each case, for some K > 1. The periodic point algorithm of this subsection therefore has time complexity O(exp(c √ N)) for some c > 0, compared to O(exp(cN)) for the other algorithms.

Hyperbolic or expanding dynamical systems are characterised by the fact that they expand or contract distances at exponential speed. It is therefore natural that algorithms for computing invariants which measure exponential growth rates, such as entropy and Lyapunov exponents, should be of exponential complexity. It is rather remarkable on the other hand that sub-exponential algorithms such as the periodic point method can be found.

From a philosophical point of view the use of periodic points to compute entropy is satisfyingly canonical, as opposed to the somewhat arbitrary choice of partition in Ulam’s method, or of an orthonormal basis in the finite section method. On the other hand these latter two methods have the advantage that the density function ϱ is computed directly. The Ulam method has the additional advantage that the map T need only be piecewise smooth. The finite section method has the advantage of still working well if T is a Markov map with a countably infinite Markov partition, such as Gauss’s continued fraction map (see for example [DFV]). By contrast both the Ulam method (where the natural partitions are infinite) and periodic point method (where computation of the traces tr(L^n_f ) is problematic due to the infinity of points of given period) fare less well in this context.

5. VARIATION OF ENTROPY AND INVARIANT DENSITIES A natural question is to consider the continuity and smoothness properties of the maps T → h(μ_T ) and T → ϱ_T , defined on appropriate map spaces. In the real analytic case let EC^ω_I (I, I) denote the space of full branch C^ω expanding maps with partition I, and C^ω(I, R) the space of real analytic functions on I. We then have (cf. [JP3]). Theorem 18. The two maps EC^ω_I (I, I) → C^ω (I, R) T → ϱ_T and EC^ω_I (I, I) → R T → h(μ_T ) are both C^ω .

For specific C^ω parametrised families T_ε we can explicitly compute coefficients in the Taylor series for h(μ_{Tε} ). For example if

T_ε(x) = 2x + ε sin 2πx (mod 1), for − 1 2π < ε < 1 2π then we have the following second order asymptotic (see [JP1]). Proposition 19. h(μ_{Tε} ) = log 2 −^{π2}_4 ε^2 + O(ε^3) as ε → 0.

On the other hand we can accurately compute h(μ_{Tε} ), by the periodic point method of §4.5, say. In Figure 1 these computed values are plotted against the second order approximation obtained above.

In the case where T is piecewise C^k, its density function ϱ_T is C^{k−1}, though we can also choose to view it as lying in any of the spaces C^r, for 0 ≤ r ≤ k − 1. We then have (cf. [JP3]): Theorem 20. If 1 ≤ r ≤ k − 1 then the map EC^k_I (I, I) → C^r(I, R) T → ϱ_T

is C^{k−1−r}, while if r = 0 then the map is C^{k−2} and its (k−2)^{th} derivative has modulus of continuity O(x log x).

The entropy map EC^k_I (I, I) → R T → h(μ_T )

FIGURE 1. Entropy h(μ_{Tε} ) and second order approximation log 2 −^{π2}_4 ϵ^2 (dashed)

is C^{k−1}.

6. PERIODIC POINTS FOR C^k MAPS

A limitation of the periodic point method described in subsection 4.5 is that the expanding Markov map T must be piecewise C^ω rather than piecewise C^k for finite k. On the other hand, the formula for the atomic signed measures ν_M only involves the first derivative of T , so formally makes sense when T is merely piecewise C^k. It is tempting, therefore, to apply the periodic point method verbatim in the case of finite smoothness. However the resulting sequence of approximations to h(μ) is only exponentially, rather than super-exponentially, convergent. The reason for this is that the determinant Δ(z, s) = det(I − zL_{fs} ) defined by (13) is not an entire function of z, so its Taylor coefficients decay only exponentially fast. Indeed strictly speaking Δ(z, s) is not a determinant in the C^k case, since the transfer operator L_{fs} is not trace class (nor even compact, though it is quasi-compact, cf. Proposition 10).

If T is merely piecewise C^k then an alternative method for computing its entropy is to first approximate T by a sequence of C^ω expanding maps T_m. Such an approximation is possible in various topologies, in particular the C^k topology. For example if T : I → I is the lift of a C^k circle expanding map (so in particular T is full branch) then this approximation is explicitly achieved by convolving T with suitable summability kernels, for example the Féjer kernel

K_m(x) = 1 m + 1 ( sin (n + 1)x/2) sin (x/2)

)_2 . If T (x) = ∑_∞ n=−∞ ane 2πinx then the resulting convolution

T_m(x) = 1 m + 1 m∑ l=0 l∑ j=−l a_j e^{2πijx} is a trigonometric polynomial, and in particular real analytic. Moreover,

D^k (T − T_m) (x) = (D^k T )(x) − (D^k T ) ∗ K_m(x) ,

and since D^kT is a continuous function then ||D^kT − D^k(T ∗ K_m)||_∞ → 0, as m → +∞, by classical properties of the Féjer kernel (cf. p. 18 of [Katz]).

Having located a C^ω map S which C^k-approximates the C^k map T , the entropy h(μ_S ), which is computable using periodic points, is close to the desired entropy h(μ_T ) by Theorem 20. Similarly the density ϱ_S is close to ϱ_T , and if ϱ_S can be computed via periodic points then this provides an approximation to ϱ_T .

We now describe how to build up the invariant density of a C^ω expanding Markov map from its periodic points. Suppose for simplicity that T is full branch. The density function ϱ is real analytic, but we can view it as an element of L^2(I, dx), and expand ϱ = ∑ n(ϱ, f_n)f_n in terms of a convenient orthonormal basis {f_n}.

The most natural basis consists of orthogonal polynomials. If we parameterize the interval as I = [−1, 1] then these are the Legendre polynomials

P_n(x) =

(2n − 1)(2n − 3) · · · 1 n! { x^n − n(n − 1) 2(2n − 1) x^{n−2} + n(n − 1)(n − 2)(n − 3) 2.4(2n − 1)(2n − 3) x^{n−4} − . . . } , which we normalise by setting f_n = (n +^1_2 )^{1/2}P_n. Similarly, if T were a map of the circle then it would be natural to expand ϱ as a Fourier series.

Each expansion coefficient (ϱ, f_n) = ∫ ϱ(x)f_n(x) dx can be computed with error O(α^{M 2} ) from the points of period up to M, by close analogy with the method outlined in §4.5 (f_n rather than log |T^′| is integrated with respect to the atomic measures μ_M , see [JP2]). Combining the first few such approximate coefficients (ϱ, f_n)^{(M)} yields an approximation ϱ^{(M)}_N := ∑_N n=0(ϱ, f_n)^{(M)}f_n to ϱ. The following result (see [JP2]) gives bounds on the quality of this approximation:

Theorem 21. If M := M(N) = O(exp(CN^2)) for some C > 0 = then ||ϱ − ϱ^{(M)}_N ||_C0 = O(α^N ) for some 0 < α < 1.

7. CALCULATION OF ENTROPIES FOR ANOSOV FLOWS

In this final section, we shall complete the circle of ideas, returning to the case of the entropy of geodesic flows on manifolds of negative curvature. The periodic point method used to compute the metric entropy for expanding maps in §4.5 can be adapted to such geodesic flows, or to more general Anosov flows.

Assume that ϕ_t : M → M is a three dimensional C^ω Anosov flow with SRB measure μ. We would like to estimate both the topological and metric entropy using periodic orbit data. Other approaches to estimating entropies can be found in work of Freire and Mañé [FM], Kozlovski [Koz], Osserman and Sarnak [OS].

Let us make the simplifying assumption that the horocycle foliations for the flow are C^ω, so that we can take C^ω Markov transverse sections T = {T_1, . . . , T_k}. We may further assume that each section is foliated by pieces of stable manifold. This has the advantage that the sections quotient to intervals, and the Poincaré map between sections quotients to a C^ω map T on the disjoint union of the intervals. The return time function gives rise to a C^ω function r on the union of these intervals. The topological entropy h of the Anosov flow is then characterized by P (−hr) = 0.

A closed orbit τ for the flow corresponds to a periodic orbit {x, T x, . . . , T^{n−1}x}. Let us write |τ| = n. In the case of geodesic flows, if one uses the Bowen-Series coding then it can be arranged so that |τ| has the topological interpretation as the word length of the associated curve in the fundamental group. We can write λ(τ) = r^n(x). The expansion in the unstable direction around the orbit is given by λ^u(x) = log |(T^n)^′(x)|. We associate a zeta function

ζ(z, s) = ∏ τ ( 1 − z^{|τ |}e^{−sλ(τ )} )_{−1} ,

and the determinant of the associated transfer operator is

d(z, s) := exp − ∞∑ n=1 z^n n ∑ T^nx=x e^{−srn(x)} 1 − |(T^n)^′(x)|^{−1}

= exp − ∞∑ n=1 z^n ∑ |τ |=n e^{−sλ(τ )} (1 − e^{−λu(τ )}) = 1 + ∞∑ n=1 a_n(s)z^n ,

defined initially for |z| < e^{P (−Re(s)r)} but admitting an analytic extension to the entire z-plane. Moreover, the Taylor coefficients a_n(s) can be written

a_n(s) = ∑ |λ_1 |+···+|λ_k |=n (−1)^ke^{−s(λ(τ1)+···+λ(τk ))} ,

with the estimate a_n(s) = O(θ^{n2} ) for 0 < θ < 1. From §3.3 we know that s = h(ϕ) is a pole of ζ(1, s), from which we deduce that it is also a zero for d(1, s).

Proposition 22. Solutions s_N to ∑_N n=1 a_n(s) = 1 satisfy |s_N − h(ϕ)| = O(θ^{N 2} ) as N → +∞, for some 0 < θ < 1.

Similarly we can apply the methods of subsection 4.5 to the interval map T : I → I to get a new expression for the metric entropy of the SRB measure μ, namely ∫ log |T^′|dμ

= lim M→+∞ ∑_{(n1 ,...,nm)} n1+...+nm≤M (−1)^m m! ∑_m i=1 ∑ |τ |=n_i (∏_m j=1 j≠i ∑ |τ^′|=n_j r(τ ′, n_j ) )_{λu (τ )} |λ^u (τ )−1| ∑_{(n1 ,...,nm)} n1+...+nm≤M (−1)^m m! ∑_m i=1 ∑ |τ |=n_i (∏_m j=1 j≠i ∑ |τ^′|=n_j r(τ ′, n_j ) )_1 |λ^u (τ )−1| where r(τ, n) = 1 n|λ^u(τ) − 1| . For general C^ω Anosov flows, however, the foliations are typically not C^ω. Nevertheless, in this case we can turn to the analysis of Rugh [Rug1], [Rug2], who associated to the general class of flows and their Markov sections a slightly different transfer operator, which is still nuclear. In this case the weight associated to each closed orbit {x, T x, . . . , T^{n−1}x} or τ is e^{−sλ(τ )}/(1 − λ^u(τ)^{−1})(1 − λ^s(τ)^{−1}), where λ^s(τ) > 1 is the expansion in the stable direction around τ. For example the determinant of the associated transfer operator can be written

d^u(z, s) := exp − ∞∑ n=1 z^n ∑ |τ |=n e^{−sλ(τ )} (1 − e^{−λu (τ )})(1 − e^{−λs(τ )})

= 1 + ∞∑ n=1 b_n(s)z^n,

where again b_n(s) = O(θ^{n2} ) for some 0 < θ < 1. We know that s = h(ϕ) is a solution to ζ(1, s)^{−1} = 0 and as before it is also a zero for d^u(1, s). We therefore have

Proposition 23. Solutions s_N to ∑_N n=1 b_n(s) = 1 satisfy |s_N − h(ϕ)| = O(θ^{N 2} ) as N → +∞, for some 0 < θ < 1.

REFERENCES

[Ba] O. Bandtlow, Estimates for norms of resolvents and an application to the perturbation of spectra, Math. Nachr., to appear.

[BJ] O. Bandtlow & O. Jenkinson, Finite sections of holomorphic transfer operators, in preparation [Be] A. L. Besse, Einstein manifolds, Springer-Verlag, Berlin, 1987.

[BCG1] G. Besson, G. Courtois & S. Gallot, Volume et entropie minimale des espaces localement symétriques, Invent. Math.

103, (1991) 417–445.

[BCG2] G. Besson, G. Courtois and S. Gallot, Minimal entropy and Mostow’s rigidity theorems, Ergod. Th. and Dynam.

Sys. 16 (1996), 623–649.

[BKL] M. Blank, G. Keller and C. Liverani, Ruelle-Perron-Frobenius spectrum for Anosov maps, Nonlinearity 15 (2002), 1905–1973.

[Bo1] R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Springer Lecture Notes in Mathematics 470, 1975.

[Bo2] R. Bowen, Periodic orbits for hyperbolic flows, Amer. J. Math. 94 (1972), 1–30. [CE] P. Collet and J.-P. Eckmann, Iterated maps on the interval as dynamical systems, Birkhäuser, Boston, 1980. [Co] G. Contreras, Regularity of topological and metric entropy of hyperbolic flows, Math. Z. 210 (1992), 97–111. [DFV] H. Daudé, P. Flajolet & B. Vallée, An average-case analysis of the Gaussian algorithm for lattice reduction, Comb.

Probab. Comput. 6 (1997) 397–433

[DJ] M. Dellnitz & O. Junge, Set oriented numerical methods for dynamical systems, B. Fiedler, G. Iooss and N. Kopell (eds.): Handbook of Dynamical Systems III: Towards Applications, World Scientific, 2001.

[DL1] J. Ding & T.-Y. Li, Markov finite approximations of Perron-Frobenius operator, Nonlinear Analysis, Theory, Methods & Applications, 17 (1991), 759–772.

[DL2] J. Ding & T.-Y. Li, A convergence analysis for Markov finite approximations to a class of Frobenius-Perron operator, Nonlinear Analysis, Theory, Methods & Applications, 31 (1998), 765–776.

[ER] J.-P. Eckmann & D. Ruelle Fundamental limitations for estimating dimensions and Lyapunov exponents in dynamical systems, Physica D, (1992) 185–187.

[Ee] J. Eells, A setting for global analysis, Bull. Amer. Math. Soc., 72 (1966), 751–807. [Fl] L. Flaminio, Local entropy rigidity for hyperbolic manifolds, Comm. Anal. Geom. 3 (1995), 555–596. [Fr] J. Franks, Notes on manifolds of C^r mappings, Unpublished notes, circa 1971.

[FM] A. Freire & R. Mañé, On the entropy of the geodesic flow in manifolds without conjugate points, Invent. Math. 69 (1982), 375–392.

[Fri] D. Fried, The zeta functions of Ruelle and Selberg I, Ann. Sci. ENS 19 (1986) 491–517. [Fro1] G. Froyland, Finite approximation of Sinai-Bowen-Ruelle measures of Anosov systems in two dimensions, Random & Comp. Dyn. 3 (1995), 251–264.

[Fro2] G. Froyland, Extracting dynamical behaviour via Markov models, Alistair Mees (ed.): ”Nonlinear dynamics and Statistics: Proceedings, Newton Institute, Cambridge, 1998”, pp. 283–324, Birkhäuser (2000).

[Gro] M. Gromov, Entropy, homology and semialgebraic geometry, Séminaire Bourbaki, vol. 1985/86, Astérisque No. 145– 146, (1987), 225–240.

[Gr] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer. Math. Soc. 16 (1955). [HKZ] H. Hedenmalm, B. Korenblum and K. Zhu, Theory of Bergman spaces, Graduate texts in Mathematics vol. 199, Springer, 2000.

[Ir] M. Irwin, Smooth dynamical systems, Academic Press, New York, 1980.

[JP1] O. Jenkinson & M. Pollicott, Computing invariant densities and metric entropy, Comm. Math. Phys. 211 (2000), 687–703.

[JP2] O. Jenkinson & M. Pollicott, Orthonormal expansions of invariant densities for expanding maps, Preprint. [JP3] O. Jenkinson & M. Pollicott, Variation of densities of expanding maps, In preparation. [Kach] A. Kachurovskii, The rate of convergence in ergodic theorems, Russian Math. Surv., 51 (1996), 653–705. [KH] A. Katok and B. Hasselblatt, Introduction to the modern theory of dynamical systems, C.U.P., Cambridge, 1995. [Ka1] A. Katok, Lyapunov exponents, entropy and periodic orbits for diffeomorphisms, Inst. Hautes Études Sci. Publ. Math.

51 (1980), 137–173.

[Ka2] A. Katok, Entropy and closed geodesics, Ergod. Th. & Dynam. Sys. 2 (1982), 339–365. [KKW] A. Katok, G. Knieper and H. Weiss, Formulas for the derivative and critical points of topological entropy for Anosov and geodesic flows, Comm. Math. Phys. 138 (1991), 19–31.

[KKPW] A. Katok, G. Knieper, M. Pollicott & H. Weiss, Differentiability and analyticity of topological entropy for Anosov and geodesic flows, Invent. Math. 98 (1989) 581–597.

[Katz] I. Katznelson, An introduction to harmonic analysis, Dover, New York, 1976.

[KMY] M. Keane, R. Murray and L.-S. Young, Computing invariant measures for expanding circle maps, Nonlinearity 11 (1998), 27–46.

[Koz] O. Kozlovski, An integral formula for topological entropy of C^∞ maps, Ergodic Theory Dynam. Systems, 18 (1998), 405–424.

[LY] A. Lasota and J. A. Yorke, On the existence of invariant measures for piecewise monotonic transformations, Trans.

Amer. Math. Soc. 186 (1973), 481–488.

[Li] T.-Y. Li, Finite approximations for the Frobenius-Perron operator: A solution to Ulam’s conjecture, J. Approx. Th., 17 (1976), 177–186.

[Liv] C. Liverani, Rigorous numerical investigation of the statistical properties of piecewise expanding maps. A feasibility study, Nonlinearity 14 (2001), 463–490.

[LO] R. de la Llave & R. Obaya, Regularity of the composition operator in spaces of Hölder functions, Discrete Contin.

Dynam. Systems 5 (1999) 157–184.

[LMM] R. de la Llave, J. Marco & R. Moriyón, Canonical perturbation theory of Anosov systems and regularity results for the Livšic cohomology equation, Annals of Math. 123 (1986), 537–611.

[Mane] R. Mañé, On the continuity of metric entropy, Preprint.

[Man1] A. Manning, Topological entropy for geodesic flows, Annals of Math. 110, (1979) 567-573. [Man2] A. Manning, The volume entropy of a surface decreases along the Ricci flow, Ergod. Th. & Dyn. Sys., to appear. [Mat] J. Mather, Appendix to “Differentiable dynamical systems ” by S. Smale, Bull. Amer. Math. Soc. 73 (1967), 747–817.

[May1] D. Mayer, The thermodynamic formalism approach to Selberg’s zeta function for P SL(2, Z), Bull. Amer. Math.

Soc. 25 (1991) 55–60.

[May2] D. Mayer, Continued fractions and related transformations, in ”Ergodic theory, symbolic dynamics, and hyperbolic spaces” (Trieste, 1989) O.U.P., Oxford, 1991, 175-222.

[Mi] M. Misiurewicz, On non-continuity of topological entropy, Bull. Acad. Polon. Sci. Ser. Sci. Math. Astronom. Phys.

19 (1971), 319–320.

[Mo] J. Moser, On a theorem of Anosov, J. Differential Equations 5 (1969), 411–440. [Mu] R. Murray, Discrete approximation of invariant densities, Ph.D. thesis (Cambridge),1997. [Ne] S. Newhouse, Continuity properties of entropy Ann. of Math. 129 1989 215-235 [OS] R. Osserman & P. Sarnak, A new curvature invariant and entropy of geodesic flows, Invent. Math. 77 (1984), 455– 462.

[Pa] W. Parry, On the β-expansions of real numbers, Acta Math. Acad. Sci. Hungar. 11, (1960), 401–416. [PP] W. Parry and M. Pollicott, Zeta functions and the periodic orbit structure of hyperbolic dynamics, Astérisque vol 187-188, Soc. Math. France, Paris, 1990.

[Pa^2] G. Paternain and M. Paternain, First derivative of topological entropy for Anosov geodesic flows in the presence of magnetic fields, Nonlinearity 10 (1997), 121–131.

[Pe] J. B. Pesin, Lyapunov characteristic exponents and smooth ergodic theory, Russ. Math. Surveys, 32 (1977) 55–114. [Po1] M. Pollicott, Zeta functions and analyticity of metric entropy for Anosov systems, Israel J. Math. 76 (1991), 257–264. [Po2] M. Pollicott, Derivatives of topological entropy for Anosov and geodesic flows, J. Diff. Geom., 39 (1994), 457–489. [Ro] V. A. Rohlin, Exact endomorphism of a Lebesgue space, Amer. Math. Soc. Transl., 39 (1964), 1–36. [Ru1] D. Ruelle, Zeta functions for expanding maps and Anosov flows, Invent. Math. 34 (1976), 231–242. [Ru2] D. Ruelle, Thermodynamic Formalism, Wiley, New York, 1978.

[Ru3] D. Ruelle, Dynamical zeta functions and transfer operators, Notices Amer. Math. Soc. 49 (2002) 887–895. [Rug1] H. H. Rugh, The correlation spectrum for hyperbolic analytic maps, Nonlinearity 5 (1992), 1237–1263. [Rug2] H. H. Rugh, Generalized Fredholm determinants and Selberg zeta functions for Axiom A dynamical systems, Ergod.

Th. & Dynam. Sys., 16 (1996), 805–819.

[Sim] B. Simon, Trace ideals and their applications (LMS Lecture Note Series 35), Cambridge University Press, Cambridge, 1979.

[Ulam] S. Ulam, Problems in Modern Mathematics, Interscience, New York, 1960. [Wa] P. Walters, Introduction to Ergodic Theory, Springer, Berlin, 1982. [Yo] Y. Yomdin, Volume growth and entropy, Israel J. Math. 57 ( 1987) 285–300

OLIVER JENKINSON, SCHOOL OF MATHEMATICAL SCIENCES, QUEEN MARY, UNIVERSITY OF LONDON, MILE END ROAD, LONDON E1 4NS, UK

MARK POLLICOTT, DEPARTMENT OF MATHEMATICS, MANCHESTER UNIVERSITY, OXFORD ROAD, MANCHESTER M13 9PL, UK.