Cageon zero

Curiouslyenoughthetwelve-tonesystemhasnozeroin it. Given
aseries:3,5,2,7,10,8,11,9,1, 6, 4, 12andtheplanof obtainingits
inversionby numberswhich whenaddedto the correspondingnes
of the original serieswill give 12, oneobtains9, 7, 10,5, 2,4, 1, 3,
11,6,8 and12. Forin thissysteml2 plus 12 equalsl2. Thereis not
enoughof zeroin it.

JohnCage,“Eric Satie”, Slence: Lectures and Wkitings, Calder
andBoyars,1968.

| contendthat Cageis confusingtwo differentzeros,the zeroelementof the
realnumbersandthe zeroelementof theintegersmod 12.

Real numbers

Cagewasvery muchattractedo the Zenconceptof emptiness Oneof his most
famouscompositionsgentitled4’33”, involvesa pianistsitting at the keyboardof
a pianofor 4 minutesand 33 secondswithout striking a note; the audienceno-
ticesthe backgrounchoise(sinceno emptinesss truly empty). Therealnumbers
represensoundintensity sozerois theabsencef sound.

Integersmod 12

Musical notationis basedon the factthatnotesan octave apart(thatis, whenthe
frequeny of oneis doublethatof the other)have a very similar subjectve effect
in melodicterms. Sowe regardsuchnotesas ‘equivalent’. More generally two
notesareequialentif they areawhole numberof octavesapart.

In Westernmusic,only a discretesetof notesis used. The octave is divided
into twelveintervalscalledsemitones. Thus,thesemitonesppealonakeyboard,
say), stretchingto infinity in both directionslike the integers. As above, two
semitonesareequialentif they differ by awholenumberof octaves;thatis, if (as
integers)they arecongruenmod12. Sothe musicalscale for thematicpurposes,
hasthe structureof the integersmod 12. Variousmusicaloperationdit into this
framewnork. For example,transpositiorjust involvesaddinga fixed constanto
eachnote. Inversioninvolvesreplacingeachequivalenceclassby its negative.
(Thisis whatCagedescribes.)



Two kinds of zeros

The equivalenceclasseseferredto arethe congruencelassesnmodl12, thatis,
thecosetof 127 in Z. We canmalke ary choiceof cosetrepresentatieswe like.
Mathematiciansisuallyuse0,1,2,...,11. Musiciansusel2 insteadof O asthe
representatie of the class12Z, sothattheir semitonesrelabelledl, 2, 3,...,12.

Now Cages arithmeticchecks,since—3 =9, —5=7, etc.,in Z/12Z (the
integersmod 12). The mathematiciarsays—0 = 0, themusician—12= 12;it is
exactly the samejustinvolving a differentchoiceof cosetrepresentate.

So, contraryto what Cagesays,thereis a zeroin the twelve-tonescale(but
musicianscall it 12); andit hasnothingto do with therealnumberzero,the zero
of intensityor absenc®f soundwhenthe pianistis not striking the keys.

Footnote

Non-mathematiciansften have trouble with the conceptof zero. For exam-
ple, whenthe QAA inspectorsvisited the Schoolof MathematicalSciencedast
semestetthey gavetheSchoolascorein therange{1,2, 3,4} oneachof six heads
relatedto undegraduatdeaching.So,evenif we hadbeencompletelyunsatiséc-
tory oneveryheadwe wouldstill have scoreds. Farmorelogicalto usetherange
{0,1,2,3}, sothata scoreof zerowould have meantzero. But thatwould have
requiredthe designer®f the schemeo understanaero.

In fact,theuseof positive integersgoesbackto the mistsof time, but zerowas
notinventeduntil about1500yearsago. Soperhapst is justtoo new-fangled!



