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1. LetR be a commutative ring with identity. Aormal Laurent seriess an

expression of the forn'TZ anX", such that there existg € Z for whicha, = 0 for

nez
all n < ng. Addition of formal Laurent series is defined “coordinatewise”, while

multiplication is given by the rule

(Z anx") (z bnx") = ZCan,
where
Ch = Z ajbn_j.
icZ

(a) Prove that multiplication is well defined (that is, the expression above for
Cn as a sum has only finitely many non-zero summands).

(b) Prove that the sd®((x)) of formal Laurent series (with addition and mul-
tiplication as above) is a ring containing the riRfgx|] of formal power series.

(c) Suppose thais a field. Show thaR((x)) is a field.
(d) Suppose thaRis a field. Show thaR((x)) is the field of fractions oR[[X]].

(e) Suppose thatis a field. What is the relationship betweR((x)) andR(x)
(the field of rational functions oveR)?

2. LetK be afield containing). An element € K is analgebraic numbeif it is
a root of a polynomial with coefficients i@.

(a) Show that an elemesnte K is an algebraic number if and only if it is a
root of a polynomial with coefficients ifd.

(b) Show that an elemeiate K is an algebraic number if and only if it is an
eigenvalue of a matrix with entries @.

An elementa € K is analgebraic integeiif it is a root of amonicpolynomial
with coefficients inZ.

(c) Show that an elemerte K is an algebraic integer if and only if it is an
eigenvalue of a matrix with entries i



(d) Use (b) and (c) above to show that the set of algebraic numbé&tssra
field, while the set of algebraic integers is a ringlirft: Let A andB be matrices
with eigenvalues andb respectively. Show that+ b andab are eigenvalues of
(A®1)+ (I ® B) andA® B respectively, where» denotes th&ronecker product
of matrices.]

(e) Generalise to the case wh&de an integral domairF; its field of frac-
tions, andK a field containing-.

3. LetF be a field, anK a field containingF. An elementa € K is called
transcendentabver F if it is not algebraic ovelr. More generally, am-tuple
(a1,...,an) € K" is algebraically independentver F if there does not exist a
non-zero polynomiaf (Xq,...,Xn) € F[X1,...,Xn] such thatf (ay,...,an) = 0.

(a) Show that the algebraically independent finite subsets satisfy the axioms
for a matroid (see p.161 in the book).

(b) Deduce that, if there are no infinite sets of elements all of whose finite
subsets are algebraically independent, then all maximal algebraically independent
subsets have the same cardinality. (Such sets are ¢adlestendence basesnd
their cardinality theranscendence degreef K overF.)

(c) Suppose that is algebraically closed and th&t has transcendence de-
green over F. Show thatK is an algebraic extension &f(ay,...,an), where
(a1,...,8n) is a transcendence basis fooverF.

4. LetR be a commutative ring with identity. Recall that, assuming the Axiom of
Choice, every ideal oR is contained in a maximal ideal (exercise 6.11 on p.235
in the book). Define theadical J(R) of R to be the intersection of the maximal
ideals ofR.

(a) Prove thad(R) is an ideal ofR.

(b) Prove that, ila € J(R), then 1+ ais a unit. Hint: Am elementr € Ris a
unitif and only if (r) = R]

(c) Suppose thar has only finitely many maximal ideals. Prove titI(R)
is isomorphic to a direct sum of fielddint: The isomorphism is

a+J(R) — (a+Mg,...,a+Mp),

whereMy, ..., M, are the maximal ideals.



5. LetR be a finite commutative ring with identity, and &iR) be its radical.
(@) Show that, ifa € J(R), thena™ = 0 for some positive integen.
(b) Deduce that there is a positive integesuch tahtl(R)" = {0}, where
JR)"={aa2 - an:ay,ay,...,an € J(R)}.

6**. (a) Prove that a finite commutative ring with identity is isomorphic to a direct
sum of local rings.

(b) Prove that any finite commutative ring with identiynas the property that,
if Sis a proper ideal oR, then Anr(S) # {0}, where

ANn(S) = {r e R: (Vse §)(rs=0)}.

[Hint: Prove that the property holds for a local ring and is preserved under direct
sums.]

(c) Prove that, iR is a finite commutative ring with identity anfl a proper
submodule of the free moduR¥, thenT+ # {0}, where

Nt ={meR": (vt T)(m-t=0},
wherem-t is the dot product

m-t = myty + Moty + - - - + Mytn.

(d) Find an example of a commutative ring with identRyith an idealSsuch
that| Ann(S)| # [R|/|S.

7. LetF be a field. AnalgebraoverF, or for short anF-algebrg consists of
a setA with operations of addition, multiplication, and scalar multiplication by
elements of-, such that

¢ with addition and multiplicationA is a ring;
¢ with addition and scalar multiplicatio®y is a left vector space ovér;,

e Foranyce F anda,b € A, we have

c(ab) = (ca)b = a(ch).



(a) Prove that each of the following is an algebra (with operations which you
should specity):

e The sets of polynomials and of formal power series dver
e An extension field of;

e The set ofn x n matrices oveF.

(b) DefineF-subalgebraandF-algebra homomorphismand begin to develop
the isomorphism theorems.

8. LetG be a group, an# a field. Define thgroup algebra F Gof G overF to be

the set of functions fror® to F which are non-zero on only finitely many elements
of G, with addition and scalar multiplication defined as usual for functions, and
multiplication given byconvolution

(fif2)(g) = hZ f1(h) f2(k).

Hk:g
(a) Show thafF G is anF-algebra with identity, which is commutative if and
only if Gis. [You have to prove that multiplication is well-defined.]

(b) Definee : FG — F by
fe="3 f(0).
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Show thate is anF-algebra homomorphism and describe its kernel.

9. A graded F-algebras anF-algebraA with an expression

A=PAn

n>0

asF-vector space, satisfyinlgnAn € Amin.

(a) Prove that is anF-subalgebra oA, containing the identity oA if there
is one, and thad, is an(Ag, Ag)-bimodule for alln.

(b) Suppose that

e Ais commutative;



e Ais generated by a finite number of homogeneous elements (belonging to
A, for varioiusn); and

e Ag=F -1, where 1 is the identity.

Prove that there is a polynomip(x) overZ satisfying
dim(An) < p(n)

(where dim meanB-vector space dimension).

(c) Let A= F[xg,...,Xq], and letA, be spanned by the monomials of total
degreed. Show thatA is a graded algebra satisying the hypotheses of (b), and
calculate the dimension &, asF-vector space.



