2 Linear and projective groups

In this sectionwe defineandstudythe generabndspecialineargroupsandtheir
projectveversions Welook attheactionsof theprojectve groupsonthepointsof
theprojectve spaceanddiscusdransitvity propertiesgenerationandsimplicity
of thesegroups.

2.1 Thegenerallinear groups

Let F be adivisionring. As we saw, a vectorspaceof rank n over F canbe
identifiedwith thestandaragpacd=" (with scalarontheleft) by choosingabasis.
Any invertiblelineartransformatiorof V is thenrepresentebly aninvertiblen x n
matrix, actingon F" by right multiplication.

Welet GL(n,F) denotethe groupof all invertiblen x n matricesover F, with
the operationof matrix multiplication.

The groupGL(n,F) actson the projective spacePGn— 1,F), sinceanin-
vertible linear transformatiormapsa subspacéo anothersubspacef the same
dimension.

Proposition2.1 Thekerneloftheactionof GL(n, F) onthesetof pointsof PG(n—
1,F) isthesubgoup
{cl:ce Z(F),c#0}

of central scalarmatricesin F, whee Z(F) denoteshecente of F.

Proof LetA= (&) beaninvertiblematrixwhichfixeseveryrankl subspacef
F". Thus,Amapseachnon-zerovector(xy, ..., Xn) toascalamultiple (cx, .. .,CX)
of itself.

Let g bethe ith basisvector with 1 in positioni and O elsavhere. Then
eA = cig, sotheithrow of Ais ¢ig. ThisshonsthatA is a diagonalmatrix.

Now fori # |, we have

cie +cjej = (e+ej)A=d(a+e)

for somed. Soc; = ¢j. Thus,Ais adiagonalmatrixcl.
Finally, letae F,a# 0. Then

c(ae) = (ae)A=a(e;A) = ace,

soac=ca Thus,ce Z(F). =
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Let Z be the kernel of this action. We definethe projectivegeneanl linear
group PGL(n,F) to be the groupinducedon the points of the projective space
PGn—1,F) by GL(n,F). Thus,

PGL(n,F) = GL(n,F)/Z.

In the casewhereF is thefinite field GF(q), we write GL(n,q) andPGL(n,q)
in placeof GL(n,F) andPGL(n,F) (with similar conventionsfor the groupswe
meetlater). Now we cancomputethe ordersof thesegroups:

Theorem2.2 (a) |GL(n,q)|= (" 1)(q"—q)---(q"— " 1);

(b) [PGL(n,q)| = [GL(n,q)|/(q—1).

Proof (a) Therows of aninvertible matrix over afield arelinearly independent,
thatis,fori=1,...,n, theith row lies outsidethesubspacef ranki — 1 generated
by theprecedingows. Now thenumberof vectorsin asubspacef ranki — 1 over
GF(q) is g1, sothe numberof choicesfor theith row is " — ¢ . Multiplying
thesenumberdor i = 1,...,n givestheresult.

(b) PGL(n,q) is theimageof GL(n,q) undera homomorphisnwhosekernel
consistof non-zeroscalamatricesandsohasorderqg— 1. =

If thefield F is commutatve,thenthedeterminanfunctionis definedonnx n
matricesover F andis a multiplicative mapto F:

det{AB) = det(A) det(B).

Also, det(A) # 0 if andonly if Ais invertible. Sodetis a homomorphisnfrom
GL(n,F) to F*, the multiplicative group of F (alsoknown asGL(1,F)). This
homomorphisnis onto, sincethe matrix with c in the top left corner 1 in the
otherdiagonalpositions,and0 elsavherehasdeterminant.

Thekernelof thishomomorphisnis the speciallinear groupSL(n,F), anor
mal subgroupf GL(n, F) with factorgroupisomorphicto F*.

We definethe projectivespeciallinear group PSL(n,F) to be the imageof
SL(n,F) underthehomomorphisnirom GL(n,F) to PGL(n, F), thatis, thegroup
inducedon theprojective spaceby SL(n,F). Thus,

PSL(n,F) = SL(n,F)/(SL(n,F)N2).

The kernelof this homomorphisntonsistsof the scalarmatricescl which have
determinantl, thatis, thosecl for which c" = 1. This is a finite cyclic group
whoseorderdividesn.

Again,for finite fields,we cancalculatethe orders:
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Theorem2.3 (a) |SL(n,q)| =|GL(n,q)|/(q—1);

(b) |PSL(n,q)| =|SL(n,q)|/(n,q—1), whee (n,q—1) is thegreatescommon
divisorof nandq— 1.

Proof (a) SL(n,q) is the kernelof the determinanhomomorphismon GL(n, q)
whoseimageF* hasorderqg— 1.

(b) Fromtheremarkbeforethetheoremwe seethatPSL(n, g) is theimageof
SL(n,q) undera homomorphisnwhosekernelis the groupof nth rootsof unity
in GF(q). Sincethe multiplicative groupof this field is cyclic of orderq— 1, the
nth rootsform asubgroupof order(n,g—1). =

A groupG actssharplytransitivelyon asetQ if its actionis regular, thatis, it
is transitve andthe stabiliserof a pointis theidentity.

Theorem 2.4 LetF beadivisionring. ThenthegroupPGL(n,F) actstransitively
onthesetof all (n+ 1)-tuplesof pointsof PG(n— 1, F) with the propertythat no
n pointslie in a hyperplane;the stabiliser of sud a tuple is isomorphicto the
group of inner automorphism®f the multiplicativegroup of F. In particular, if
F is commutativethenPGL(n, F) is sharplytransitiveon the setof sud (n+ 1)-
tuples.

Proof Considem pointsnotlying in a hyperplaneThen vectorsspanninghese
pointsform abasisandwe mayassumehatthisis thestandardasisey, .. ., e, of
F", whereg hasith coordinatel andall otherszero. Theproof of Propositiorn2.1
shavs thatG actstransitvely on the setof suchn-tuples,andthe stabiliserof the
n pointsis the groupof diagonalmatrices. Now a vectorv not lying in the hy-
perplanespannedy ary n— 1 of the basisvectorsmusthave all its coordinates
non-zeroandcorversely Moreover, the groupof diagonalmatricesactstransi-
tively on the setof suchvectors.This provesthatPG(n, F) is transitve on the set
of (n+ 1)-tuplesof the givenform. Without lossof generality we may assume
thatv=e;+---+e,=(1,1,...,1). Thenthestabiliserof then+ 1 pointsconsists
of the groupof scalarmatrices,which is isomorphicto the multiplicative group
F*. We have seerthatthekernelof theactionontheprojective spacds Z(F*), so
thegroupinducedby thescalamatricess F*/Z(F*), whichis isomorphicto the
groupof innerautomorphismsef F*. =

Corollary 2.5 ThegroupPGL(2,F) is 3-transitiveon the pointsof the projective
line PG(1,F); the stabiliserof three pointsis isomorphicto the group of inner
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automorphismsefthemultiplicativegroupof F. In particular, if F iscommutative
thenPGL(2, F) is sharply3-transitiveon the pointsof the projectiveline.

For n > 2, thegroup PGL(n, F) is 2-transitiveon the pointsof the projective
spacePG(n—1,F).

This follows from the theorembecausejn the projectve plane,the hyper
planesarethe points,andso no two distinctpointslie in a hyperplanewhile, in
generalary two pointsareindependenandcanbe extendedto an (n+ 1)-tuple
asin thetheorem.

We canrepresenthe setof pointsof the projective line as {~} UF, where
o = ((1,0)) anda= {(a,1)) for a € F. Thenthe stabiliserof the threepoints
0, 0,1 actsin thenaturalway onF \ {0, 1} by conjugation.

For considerthe effect of the diagonalmatrix al onthepoint ((x,1)). Thisis
mappedo ((xa a)), which is thesamerank 1 subspacas{(a~1xa,1)); soin the
new representatiorgl inducesthemapx+— a~xa.

In this convenientrepresentatiorthe actionof PGL(2,F) canberepresented

by linear fractionaltransformations.The matrix maps(x,1) to (xa+

b
d
¢,xb+d), which spanghe samepointas((xb-+d)~*(xa+c), 1) if xo+d # 0, or
(1,0) otherwise.Thusthetransformationnducedby this matrix canbewritten as

x+— (xb+d)~(xa+c),

providedwe make standardornventionsaboute (for example,0~ta = o for a #
0 and (wb+d)~1(wa+c) = b~ta. If F is commutatve, this transformatioris
cornvenientlywritten asafraction:

ax+c

bx+d’

Exercise2.1 Work out carefully all the conventionsrequiredto usethe linear
fractionalrepresentationf PGL(2,F).

X+

Exercise2.2 By Theorem2.4,the orderof PGL(n, q) is equalto the numberof
(n+ 1)-tuplesof pointsof PG(n — 1,q) for which no n lie in a hyperplane.Use
thisto give analternatve proof of Theoren?.2.

Paul Cohnconstructedan exampleof a divisionring F suchthatall elements
of F\ {0,1} areconjugatein the multiplicative groupof F. For a divisionring
F with this property we seethat PGL(2, F) is 4-transitve on the projective line.
Thisis thehighestdegreeof transitvity thatcanberealisedn this way.
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Exercise2.3 Shaw that, if F is a division ring with the above property thenF
hascharacteristi@, andthe multiplicative groupof F is torsion-freeandsimple.

Exercise2.4 Let F be acommutatve field. Show that, for all n > 2, the group
PSL(n,F) is 2-transitve on the pointsof the projective spacePGn— 1,F); it is
3-transitveif andonly if n = 2 andevery elemenbf F is asquare.

2.2 Generation

For therestof this sectionwe assumehatF is acommutatve field. A transvec-
tion of theF-vectorspaceV is alinearmap: V — V which satisfiegk(T —1) =1
and(T —1)2 = 0. Thus,if we chooseabasissuchthate; spangheimageof T — |
andey,....ey 1 spanthekernel,thenT is representedly thematrix| +U, where
U hasentry 1 in thetop right positionandO elsavhere. Note thata trans\ection
hasdeterminantl. The axisof thetrans\ectionis the hyperplaneer(T — 1); this
subspacés fixedelementwisdy T. Dually, thecente of T is theimageof T —1;
every subspaceontainingthis pointis fixedby T (sothatT actstrivially onthe
guotientspace).

Thus,atrans\ectionis amapof theform

X x4+ (xf)a,

whereacV andf € V* satisfyaf = 0 (thatis, f € a'). Its centreandaxisare(a)
andker( f) respectiely.

Thetransformatiorof projectve spacaenducedby a trans\ectionis calledan
elation Thematrix form givenearliershovsthatall elationslie in PSL(n,F).

Theorem 2.6 For any n > 2 and commutativefield F, the group PSL(n,F) is
genertedbytheelations.

Proof We useinductiononn.

Considerthe casen = 2. Theelationsfixing a specifiedpoint, togetherwith
the identity, form a groupwhich actsregularly on the remainingpoints. (In the
linearfractionalrepresentatiorthis elationgroupis

{X+—x+a:acF},

fixing «.) Hencethe groupG generatedy the elationsis 2-transitve. Soit is
enoughto shav thatthe stabiliserof thetwo pointse and0Qin G is the sameasin
PSL(2,F), namely

{x— a’x:aecF,a#0}.
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Givenae F, a# 0,wehave

(0 1)(a2s D6 1) (2w 1)=(6 )

andthe last matrix inducesthe linear fractionalmap x — ax/a—! = a?x, asre-
quired.

(The proof shaws that two elation groups,with centreseo and 0, suffice to
generatdPSL(2,F).)

Now for the generalcase we assumehatPSL(n— 1,F) is generatedy ela-
tions. Let G bethesubgroumf PSL(n,F) generatedby elations.First,we obsere
thatG is transitive; for, givenary two pointsp; andpy, thereis anelationon the
line (p1, p2) carryingp; to pz, whichis inducedby anelationonthewholespace
(actingtrivially on a complemento theline). Soit is enoughto show thatthe
stabiliserof a point p is generatedy elations. Take an elementg € PSL(n,F)
fixing p.

By induction, Gy inducesat leastthe group PSL(n— 1,F) on the quotient
spaceV /p. So, multiplying g by a suitableproductof elations,we may assume
thatginducesanelemenbnV /pwhichis diagonalwith all but oneof its diagonal
elementsqualto 1. In otherwords,we canassumehatg hastheform

A O ... 0 0
o 1 ... 0 0
O 0 ... 1 0
X1 X2 ... Xn-1 )\71
By further multiplication by elations,we may assumehatx; = ... = x,_1 = 0.

Now theresultfollows from the matrix calculationgivenin thecasen = 2.

Exercise2.5 A homolay is an elementof PGL(n,F) which fixesa hyperplane
pointwise and also fixes a point not in this hyperplane. Thus, a homologyis
representeth a suitablebasisby a diagonalmatrix with all its diagonalentries
exceptoneequalto 1.

(a) Findtwo homologiesvhoseproductis anelation.

(b) ProvethatPGL(n,F) is generatedby homologies.
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2.3 Ilwasawa’'sLemma

Let G bea permutatiorgroupon a setQ: this meanghatG is a subgroupof the
symmetricgroupon Q. lwasava’s Lemmagivesa criterionfor G to be simple.
We will usethis to prove the simplicity of PSL(n,F) andvariousotherclassical
groups.

Recallthat G is primitive on Q if it is transitve andthereis no non-triial
eguvalencerelationon Q whichis G-invariant: equialently, if the stabiliserGq
of apointa € Q is amaximalsubgroupof G. Any 2-transitve groupis primitive.

lwasava’s Lemmais thefollowing.

Theorem 2.7 Let G be primitive on Q. Supposéhat there is an abeliannormal
subgoupA of Gy with the propertythattheconjugate®f A geneiateG. Thenany
non-trivial normalsubgoupof G containsG'. In particular, if G = G/, thenG is
simple

Proof SupposéhatN is a non-trivial normalsubgroupof G. ThenN £ Gy for
someq. SinceGy is a maximalsubgroupf G, we have NGy = G.
Let g beary elementof G. Write g = nh, wheren € N andh € Gy. Then

gAg ! =nhAnin=t=nAn?,

sinceA is normalin Gy. SinceN is normalin G we have gAg™t < NA. Sincethe
conjugate®f A generatés we seethatG = NA.
Hence
G/N =NA/N=A/(ANN)

is abelianwhenceN > G/, andwe aredone. =

2.4 Simplicity

We now apply lwasava’s Lemmato prove the simplicity of PSL(n,F). First,we
considerthetwo exceptionalcasesvherethe groupis notsimple.
RecallthatPSL(2, g) is asubgroupf thesymmetricgroupS;; 1, having order

(a+1)9(a—-1)/(9—-1,2).

(@) If g= 2,thenPSL(2,q) is a subgroupof S; of order6, soPSL(2,2) = Ss.
It is notsimple,having anormalsubgroupof order3.

(b) If g=3,thenPSL(2,q) is asubgroupof S, of order12,soPSL(2,3) = A,.
It is notsimple,having anormalsubgroupof order4.

20



(c) For comparisonwe notethat,if q= 4, thenPSL(2,q) is a subgroupof S
of order60,so0PSL(2,4) = As. Thisgroupis simple.

Lemma 2.8 ThegroupPSL(n,F) is equalto its derivedgroupif n> 2 or if |F| >
3.

Proof ThegroupG = PSL(n,F) actstransitively on incidentpoint-hyperplane
pairs.Eachsuchpair definesauniqueelationgroup. Soall theelationgroupsare
conjugate.Thesegroupsgenerates. Sothe proof will be concludedf we can
shav thatsomeelationgroupis containedn G'.

Supposehat|F| > 3. It is enoughto considem = 2, sincewe canextendall
matricesin theamgumentbelow to rankn by appendinga block consistingof the
identity of rankn— 2. Thereis anelementa € F with a® # 0,1. We saw in the

proofof Theorem2.6thatSL(2,F) containghe matrix (g a91>' Now

)6 6D -6 )

this equationexpressesry elementof the correspondingrans\ectiongroupasa
commutator

Finally supposehat |F| = 2 or 3. As above, it is enoughto considerthe case
n= 3. Thisis easiefsincewe have moreroomto manoeuvreén threedimensions:
we have

1 —x O 1 0 O 1 x O 1 00 1 0 x
0 1 0O 01 -1 010 01 1|]=|1010]. =
0O 0 1 0 0 1 0 01 0 01 0 01

Lemma 2.9 LetQ bethesetof pointsof theprojectivespacePGn—1,F). Then,
for a € Q, the setof elationswith cente a, togetherwith the identity, formsan
abeliannormalsubgoupof Ggy.

Proof This is moreconvenientlyshown for the correspondindgrans\ectionsin
SL(n,F). But thetrans\ectionswith centrespannedy the vectora consistof all
mapsx — x+ (xf)a,, for f € AT; theseclearlyform anabeliangroupisomorphic
to theadditvegroupofa’. =

Theorem 2.10 ThegroupPSL(n,F) is simpleif n> 2 or if |F| > 3.
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Proof let G = PSL(n,F). ThenG is 2-transitve, and henceprimitive, on the
setQ of pointsof the projectve space. The group A of elationswith centrea
is an abeliannormal subgroupof Gy, andthe conjugatesof A generateG (by
Theorem?2.6, since every elation hasa centre). Apart from the two excluded
casesG = G'. SoGissimple,by Iwasava’'sLemma. =

2.5 Smallfields

We now havethefamily PSL(n, g), for (n,q) # (2,2), (2, 3) of finite simplegroups.
(The first two membersare not simple: we obsered that PSL(2,2) = S; and
PSL(2,3) = A4, neitherof which is simple.) As is well-known, Galois shaved
thatthealternatinggroupA, of degreen > 5is simple.

Exercise2.6 ProvethatthealternatinggroupA,, is simplefor n > 5.
Someof thesegroupscoincide:
Theorem2.11 (a) PSL(2,4) = PSL(2,5) = As.
(b) PSL(2,7) = PSL(3,2).
(c) PSL(2,9) = A
(d) PSL(4,2) = As.

Proofsof theseisomorphismaareoutlinedbelon. Many of the detailsareleft
asexercises.Therearemary otherwaysto proceed!

Theorem2.12 Let G bea simplegroupof order (p+1)p(p—1)/2, whee pisa
primenumbergreaterthan3. ThenG = PSL(2, p).

Proof By Sylow’s Theoremthenumberof Sylow p-subgroupss congruento 1
mod p anddivides(p+ 1)(p— 1)/2; alsothis numberis greaterthan1, sinceG
is simple.Sothereare p+ 1 Sylow p-subgroupsandif P is a Sylov p-subgroup
andN = Ng(P), then|N| = p(p—1)/2.

ConsiderG actingasa permutationgroupon the setQ of cosetsof N. Let «
denotethe cosetN. ThenP fixeseo andpermutesheotherp cosetsegularly. So
we canidentify Q with the set{e} U GF(p) suchthata generatoof P actson Q
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asthepermutatiorx — x+ 1 (fixing ). We seethatN is permutationsomorphic
tothegroup
{x— a’x+b:abe GF(p),a0}.

More corveniently elementof N canberepresentedslinearfractionaltransfor
mationsof Q with determinant, since

ax+a b

2
a‘x+b=—-——",
+ Ox+al

SinceG is 2-transitve on Q, N is a maximalsubgroupof G, andG is gener
atedby N andanelement interchanginge and0, which canbe choserto bean
involution. If we canshaw thatt is alsorepresentetby a linearfractionaltrans-
formationwith determinantl, thenG will be a subgroupof the groupPSL(2, p)
of all suchtransformationsandcomparingorderswill show thatG = PSL(2, p).

Wetreatthecasep= —1 (mod4); theothercaseis alittle bit trickier.

The elementt mustnormalisethe stabiliserof o andO0, which is the cyclic
groupC = {x +— a°x} of order(p— 1)/2 (having two orbits of size (p—1)/2,
consistingof the non-zerosquaresandthe non-squaresn GF(p)). Also, t has
no fixed points. For the stabiliserof threepointsin G is trivial, sot cannotfix
morethan2 points;but the two-pointstabiliserhasodd order (p— 1) /2. Thust
interchangeshetwo orbitsof C.

Therearevariouswaysto shawv thatt invertsC. Oneof themusesBurnsides
TransferTheorem.Let g beary primedivisorof (p—1)/2, andlet Q bea Sylow
g-subgroupof C (andhenceof G). ClearlyNg(Q) = C(t), sot mustcentraliseor
invertQ. If t centralise®), thenQ < Z(Ng(Q), andBurnsides TransferTheorem
impliesthatG hasa normalg-complementcontradictingsimplicity. Sot inverts
every Sylow subgroupof C, andthusinvertsC.

Now C(t) is a dihedralgroup, containing(p — 1)/2 involutions, one inter-
changingthe point 1 with eachpoint in the otherC-orbit. We may chooset so
thatit interchanged with —1. Thenthefactthatt invertsC shows thatit inter-
changes? with —a—2 for eachnon-zeroa € GF(p). Sot is the linearfractional
mapx+— —1/x, andwe aredone. =

Theoren2.11(b)follows, sincePSL(3,2) is a simplegroupof order
(28-1)(22-2)(22-2%) =168= (7T+1)7(7T—1)/2.

Exercise2.7 (a) Completethe proof of the above theoremin the casep = 5.
Henceprove Theoren2.11(a).
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(b) Shaw thatasimplegroupof order60hasfive Sylow 2-subgroupsandhence
shaw thatary suchgroupis isomorphicto As. Give analternatve proof of
Theoren2.11(a).

Proof of Theorem?2.11(d)ThesimplegroupPSL(3,2) of order168is thegroup
of collineationsof the projective planeover GF(2), shovn below.

Sinceitsindex in $; is 30, thereare30differentwaysof assigninghestructure
of aprojectveplaneto agivensetN = {1,2,3,4,5, 6, 7} of sevenpoints;andsince
PSL(3,2), beingsimple,containsno odd permutationsit is containedn Az, so
these30 planedall into two orbitsof 15 undertheactionof A;.

Let Q beoneof the A7-orbits. Eachplanecontainsserenlines,sotherel5 x
7 =105 pairs (L, M), whereL is a 3-subsebf N, I € Q, andL is aline of M.
Thus,eachof the (;) = 35triplesis aline in exactly threeof the planesn Q.

We now definea new geometryG whose‘points’ arethe elementof Q, and
whose'lines’ arethe triples of elementscontaininga fixed line L. Clearly, any
two ‘points’ lie in at mostone‘line’, anda simplecountingamgumentshows that
in facttwo ‘points’ lie in auniqueline.

Let N’ beaplanefrom theotherA;-orbit. For eachpointn € N, thethreelines
of M’ containingn belongto a uniqueplaneof the setQ. (Having choserthree
lines througha point, thereare just two waysto completethe projective plane,
differing by anoddpermutation.)n this way, eachof the sevenpointsof N gives
riseto a ‘point’ of Q. Moreover, the threepointsof aline of N’ correspondo
three'points’ of a‘line’ in ournew geometryG. Thus,G containsplanes’,each
isomorphicto the projectve planePG(2, 2).

It followsthat G is isomorphicto PG(3,2). Themostdirectway to seethisis
to considetthesetA = {0} U Q, anddefineabinaryoperationon A by therules

O+MN=MN+0=0nN forallleQ;
MN+mM=0 forall e Q;
N+n’' =n" if {M,N",N"}isa’‘line’.

ThenA is anelementaryabelian2-group. (The associatie law follows from the
factthatary threenon-collinearpoints’ lie in a‘plane’.) In otherwords,A is the
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additive groupof arank4 vectorspaceover GF(2), andclearly G is theprojective
geometrybasedn this vectorspace.

Now A7 < Aut(G) = PSL(4,2). (Thelastinequalitycomesfrom the Funda-
mentalTheoremof Projectve GeometryandthefactthatPSL(4,2) = PI'L(4,2)
sinceGH(2) hasno non-trivial scalarsor automorphisms.By calculatingorders,
we seethat A7 hasindex 8 in PSL(4,2). Thus,PSL(4,2) is a permutatiorgroup
onthecosetf Ay, thatis, a subgroupf S, anda similar calculationshowvs that
it hasindex 2 in Sg. We concludethatPSL(4,2) 2 Ag. =

The proof of Theorem2.11(c)is an exercise. Two approachesre outlined
below. Fill in thedetails.

Exercise2.8 Thefield GF(9) canberepresenteds{a+bi:a,be GFK3)}, where

i2=—1.Let
(1 1+i (0 1
=0 1) e=(% o)

AP=1, B?’=-1, (AB°=—I.
Sothecorrespondinglements, b € G = PSL(2,9) satisfy
a®=Db?= (ab)® =1,

Then

Y

andso generatea subgroupH isomorphicto As. ThenH hasindex 6 in G, and
theactionof G onthecosetof H shavsthatG < S. Thenconsideratiorof order
shavsthatG = Ag.

Exercise2.9 Let G = Ag, andlet H bethe normaliserof a Sylow 3-subgroupof
G. Let G acton the 10 cosetsof H. Shov thatH fixesone point and actsis
isomorphicto thegroup

{x+ a’x+b:abe GF(9),a# 0}

ontheremainingpoints.ChooseanelemenbutsideH and,following the proof of
Theoren®.12,shaw thatits actionis linearfractional(if thefixedpointis labelled
asw). DeducethatAg < PSL(2,9), andby consideringorders,shav thatequality
holds.

Exercise2.10 A Hall subgoupof afinite groupG is asubgroupvhoseorderand
index arecoprime. Philip Hall provedthata finite solublegroupG hasHall sub-
groupsof all admissibleordersm dividing |G| for which (m,|G|/m) = 1, andthat
ary two Hall subgroup®f the sameorderin afinite solublegroupareconjugate.
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(a) Show thatPSL(2,5) failsto have aHall subgroupf someadmissibleorder
(b) Shaw thatPSL(2,7) hasnon-conjugatéall subgroup®f the sameorder
(c) ShowthatPSL(2,11) hasnon-isomorphidiall subgroup®f thesameorder

(d) Shaw thateachof thesegroupsis the smalleswith the statedproperty

Exercise2.11 Shov thatPSL(4,2) andPSL(3,4) arenon-isomorphisimplegroups
of thesameordet
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