4 Symplecticgroups

In this andthe next two sections,we beagin the study of the groupspreserving
reflexive sesquilineaforms or quadraticforms. We begin with the symplectic
groups associateevith non-dgeneratalternatingbilinearforms.

4.1 The Pfaffian

The determinanibf a skew-symmetricmatrix is a square. This canbe seenin
smallcasedy directcalculation:

det( 0 aéz> = ajy,
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Theorem4.1 (a) Thedeterminantof a skew-symmetrianatrix of odd sizeis
zeo.

(b) TherisauniquepolynomialPf(A) in theindeterminates;j for 1 <i < j <
2n, havingthe properties

(i) if Ais askew-symmetri@n x 2n matrixwith (i, j) entrya;j for 1 <i <
] £2n,then
det(A) = Pf(A)?;

(i) Pf(A) containsthetermajsaza- - - agn—12n With coeficient+1.

Proof We begin by observingthat, if A is a skew-symmetricmatrix, thenthe
form B definedby
B(x,y) = XAy"

is an alternatingpilinearform. Moreover, B is non-dgjeneratef andonly if Ais
non-singularfor xAy" = 0 for all y if andonly if xA= 0. We know thatthereis
no non-dgyeneratalternatingbilinearform on a spaceof odd dimension;so (a)
is proved.

48



We know alsothat, if A is singular thendet(A) = 0, whereasf A is non-
singular thenthereexistsaninvertiblematrix P suchthat

T 0 1 0 1
PAP _dlag<<_1 O)""’(—l O))’

sothatdetA) = deP)~2. Thus,def(A) is asquaren eithercase.

Now regarda;j asbeingindeterminatesverthefield F; thatis, letK = F (&;j :
1 <i < j < 2n) bethefield of fractionsof the polynomialring in n(2n— 1) vari-
ablesover F. If A is the skew-symmetricmatrix with entriesa;j for 1 <i <
j < 2n, thenaswe have seen,det(A) is a squarein K. It is actuallythe square
of a polynomial. (For the polynomialring is a uniquefactorisationdomain; if
detA) = (f/g)?, wheref andg are polynomialswith no commonfactor then
det(A)g? = 2, andso f2 dividesdet(A); thisimpliesthatg is aunit.) Now detA)
containsaterm

85,834+ @n_12n

correspondingo the permutation

(12)(34)---(2n—12n),

and so by choiceof signin the squareroot we may assumehat (ii)(b) holds.
ClearlythepolynomialPf(A) is uniquelydetermined.

Theresultfor arbitraryskew-symmetricmatricesis now obtainedby speciali-
sation(thatis, substitutingvaluesfrom F for theindeterminates;j). =

Theorem 4.2 If Ais a skew-symmetrignatrixand P anyinvertible matrix, then
Pf(PAP") = dei(P) - Pf(A).

Proof We have de PAP") = det(P)?det(A), andtaking the squareroot shovs
thatPf(PAPT) = = det(P) Pf(A); it is enoughto justify the positive sign. For this,
it sufficesto considerthe ‘standard’skew-symmetricmatrix

A:diag(<_01 é)(_ol é))

sinceall non-singularskew-symmetricmatricesare equivalent. In this case the
(2n— 1,2n) entryin PAPT containstheterm pzn_1 2n_1P2n 2n, SO that Pf(PAPT)
containghediagonalentry of detP) with sign+1. =
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Exercise4.1 A one-factoron the set{1,2,...,2n} is a partition F of this set
into n subsetf size2. We represeneach2-sefi, j} by the orderedpair (i, j)
with i < j. Thecrossingnumbery(F) of the one-factorF is the numberof pairs
{(i, ), (k,)} of setsin F for whichi <k < j <.

(a) Let #, bethesetof one-fictorsontheset{1,2,...,2n}. Whatis | #,|?

(b) LetA= (ajj) beaskew-symmetricmatrix of order2n. Prove that

PiA) = Y (-1*F) ] aj.
Fefn (i,))eF

4.2 The symplecticgroups

The symplecticgroup Sp(2n,F) is the isometrygroup of a non-dgjenerateal-

ternatingbilinear form on a vector spaceof rank 2n over F. (We have seen
thatany two suchforms are equivalentup to invertible linear transformatiorof

the variables;so we have definedthe symplecticgroup uniquely up to conju-
gag in GL(2n,F).) Alternatively, it consistf the 2n x 2n matricesP satisfying
PTAP= A, whereA s afixedinvertible skew-symmetricmatrix. If necessarywe

cantake for definitenes®ither

(% &)
oo (%, 35 1)

The projectivesymplecticgroup PSf2n,F) is the groupinducedon the set
of pointsof PG(2n— 1,F) by Sp(2n,F). It is isomorphicto the factor group
Sp(2n,F)/(Sp(2n,F)NZ), whereZ is thegroupof non-zercscalamatrices.

Proposition4.3 (a) Sp(2n,F) is a subgoupof SL(2n,F).

(b) PSg2n,F) = Sp(2n,F)/{*l}.
Proof (a)lf P € Sp(2n,F), thenPf(A) = Pf(PAPT) = det(P) Pf(A), sodet(P) =
- (b) If (cA(cl) = A, thenc?>=1,soc=+1. =

FromTheorem3.17,we have:
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Proposition4.4

|Sp(2n,0)[ = [(@® - D? T =d" [](¢"-1). =
I I
Thenext resultshavs thatwe getnothingnew in the case2n = 2.
Proposition4.5 Sp(2,F) = SL(2,F) andPS2,F) = PSL(2,F).

Proof We shaw thatthereis a non-deyenerateilinearform on F2 presered by
SL(2,F). Theform B is givenby

B(x,y) = det(§>

for all x,y € F?, Where(;;) is the matrix with rows x andy. Thisis obviously a

symplecticform. For ary linearmapP : F2 — F2, we have
(57) =)
yP y

B(xRyP) = det(?ﬁ) = B(x,y)detP),

andsoall elementof SL(2,F) presere B, asrequired.
The secondassertionfollows on factoringout the group of non-zeroscalar
matricesof determinant, thatis, {+I}. =

P

7

whence

In particular PSg 2, F) is simpleif andonly if |[F| > 3.
Thereis onefurtherexampleof a non-simplesymplecticgroup:

Proposition4.6 PSg4,2) = Ss.

Proof LetF = GF(2) andV = F®. OnV definethe“standardnnerproduct”
6
X-y= > XVi
2
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(evaluatedn F). Let j denotetheall-1 vector Then
X-X=X-]

for all x e X, soontherank5 subspacg, theinnerproductinducesanalternating
bilinearform. Thisformis degenerate— indeed py definition,its radicalcontains
j — butit inducesanon-degyeneratsymplectidorm B ontherank4 spacej - /{j).
Clearlyarny permutatiorof the six coordinatesnducesanisometryof B. S0 <
Sp(4,2) = PS4,2). Since

|S| =6!=15-8-3-2={Sp(4,2)|,

theresultis proved. =

4.3 Generationand simplicity

Thissubsectiorfiollowsthepatternusedfor PSL(n,F). We show thatSp(2n, F) is
generatedy trans\ectionsthatit is equaltoits derivedgroup,andthatPSg2n, F)
is simple,for n > 2, with the exception(notedabove) of PS4, 2).

Let B be a symplecticform. Which trans\ectionspresere B? Considerthe
trans\ectionx — x+ (xf)a, whereae V, f € V*, andaf = 0. We have

B(x+ (xf)a,y+ (yf)a) = B(x,y) + (xf)B(a,y) — (yf)B(a,x).

SoBispreseredif andonlyif (xf)B(a,y) = (yf)B(a,x) forall x,y € V. Weclaim
thatthis entailsxf = AB(a,x) for all x, for somescalarA. For we canchoosex
with B(a,x) # 0, anddefineA = (xf)/B(a,x); thentheabove equatiorshavsthat
yf =AB(ay) for all y.
Thus, a symplectictransvectionlone which preseresthe symplecticform)
canbewrittenas
X — X+ AB(x,a)a

for afixedvectora € V. Notethatits centreandaxis correspondinderthe sym-
plecticpolarity; thatis, its axisis a* = {x: B(x,a) = 0}.

Lemma4.7 For r > 1, the group PS{H2r,F) acts primitively on the points of
PG(2r — 1,F).

Proof Forr =1 weknow thattheactionis 2-transitve,andsois certainlyprim-
itive. Sosupposehatr > 2.
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Everypointof PG(2r — 1, F) isflat, soby Witt's Lemma thesymplectiogroup
actstransitvely. Moreover, ary pair of distinctpointsspanseitheraflat subspace
or ahyperbolicplane.Again, Witt's Lemmashows thatthe groupis transitve on
the pairsof eachtype. (In otherwordsG = PS{2r, F) hasthreeorbitson ordered
pairsof points,includingthe diagonalorbit

A={(p,p):pePG2r-1,F)}

we saythatPSy2r,F) is arank3 permutationgroupon PG(2r — 1,F).)
Now a non-trivial equivalencerelationpreseredby G would have to consist
of thediagonalandoneotherorbit. Soto finish the proof, we mustshow:

(a) if B(x,y) = 0, thenthereexistsz suchthatB(x, z), B(y, z) # O;
(b) if B(x,y) # 0, thenthereexistsz suchthatB(x, z) = B(y, z) # 0.

Thisis asimpleexercise. =
Exercise4.2 Prove (a) and(b) above.

Lemma4.8 For r > 1, thegroup Sp(2r, F) is geneatedby symplectidransvec-
tions.

Proof Theproofis by inductionby r, the caser = 1 having beensettledearlier
(Theorem2.6).
Firstwe shav thatthegroupH generatedby trans\ectionsis transitve onthe
non-zerovectors.Let u,v # 0. If B(u,Vv) # 0, thenthe symplectictrans\ection
B(x,v—u)
X=X+ ———>(V—u
X B(u,v) ( )

carriesutov. If B(u,v) = 0, choosew suchthatB(u,w), B(v,w) # 0 (by (a) of the
precedingemma)andmapu to w to v in two steps.

Now it is enoughto showv thatany symplectictransformatiorg fixing a non-
zerovectoru is a productof symplectictrans\ections. By induction, sincethe
stabiliserof u is the symplecticgroupon u' /(u), we may assumethat g acts
trivially onthis quotient;but theng is itself asymplectictrans\ection. =

Lemma4.9 For r > 3, andfor r = 2 and F # GK2), the group PS{2r,F) is
equalto its derivedgroup.
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Proof If F # GF2),GH3), we know from Lemma2.8thatary elementinduc-
ing atrans\ectionon a hyperbolicplaneandthe identity on the complements a
commutatorsotheresultfollows. The sameargumentcompleteghe proof pro-
videdthatwe canshaw thatit holdsfor PS6,2) andPS{4, 3).

In orderto handlethesetwo groups we first developsomenotationwhich can
bemoregenerallyapplied.For conveniencewe re-orderthe rows andcolumnsof
the‘standardskew-symmetricmatrix’ sothatit hastheform

o |
=5 o)
whereO and| arether x r zeroandidentity matrices. (In otherwords,theith
and (i + r)th basisvectorsform a hyperbolicpair, for i = 1,...,r.) Now a matrix

C belongsto the symplecticgroupif andonly if CTJC = J. In particulay we find
that

(a) for all invertibler x r matricesA, we have
Al O _
( @) AT) € SF(ZI',F),
(b) for all symmetria x r matricesB, we have
| B
(O | ) € Sp(2r,F).

Now straightforvard calculationshovs that the commutatorof the two matrices

in (a) and(b) is equalto
| B—ABAT
0] I ’

andit sufficesto chooseA andB suchthatA is invertible, B is symmetric,and
B— ABAT hasrankl.
Thefollowing choiceswork:

(@) r=2,F =GF(3), A= (é 1),32 (2 é>;

110 1
(b) r=3,F=GF(2,A={0 0 1|,B=1{0
100 1
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Theorem4.10 The group PS2r,F) is simplefor r > 1, exceptfor the cases
(r,F)=(1,GK2)), (1,GK3)), and(2,GF(2)).

Proof We now have all the ingredientsfor Iwasava’'s Lemma(Theorem2.7),
whichimmediatelyyieldsthe conclusion. =

As we have seenthe exceptionsn thetheoremaregenuine.

Exercise4.3 Shav thatPSg4, 3) is afinite simplegroupwhichhasno 2-transitve
action.

The only positive integersn suchthat n(n— 1) divides|PSg4,3)| aren =
2,3,4,5,6,9,10,16,81. 1t sufficesto shav thatthegrouphasno 2-transitveaction
of ary of thesedegrees.Most arestraightforvardbut n = 16 andn = 81 require
someeffort.

(It isknown thatPS{ 4, 3) is thesmalleshon-abeliarfinite simplegroupwith
this property)

4.4 A technicalresult

The resultin this sectionwill be neededat one point in our discussionof the
unitarygroups.lIt is amethodof recognisinghe groupsPS{ 4, F) geometrically

Considethepolarspaceassociatewith PS4, F). Its pointsareall thepoints
of theprojective spacePG(3, F ), andits linesaretheflat lines(thoseonwhichthe
symplecticform vanishes)We call themF-linesfor brevity. Notethatthe F-lines
througha point p of the porojectve spaceform the planepencil consistingof all
thelinesthroughp in the plane p*, while dually the F-linesin a planel areall
thoselines of M containingthe point M+. Now two pointsare prthogonaiif and
only if they line onanF-line.

Thegeometryof F-lineshasthefollowing property:

(a) GivenanF-line L anda point p notonL, thereis auniquepointq € L such
thatpqis anF-line.

(Thepointqgis p-NL.) A geometrywith this property(in whichtwo pointslie on
atmostoneline) is calleda generlisedquadmangle

Exercise4.4 Shav thata geometrysatisfyingthe polarspaceaxiomswith r = 2
is ageneralisedjuadrangleandcorversely
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We wish to recognisewithin the geometrytheremaininglinesof the projec-
tive space.Thesecorrespondo hyperbolicplanesin the vectorspacesowe will
call themH-lines. Notethatthe pointsof a H-line arepairwisenon-orthogonal.

We obsene that,givenary two pointsp, g notlying onanF-line,the set

{r : pr andqr areF-lines}

is the setof pointsof {p,g}+, andhenceis the H-line containingp andg. This
definitionworksin ary generalizedjuadranglebut in this casewe have more:

(b) Any two pointslie on eithera uniqueF-line or auniqueH-line.
(c) TheF-linesandH-lineswithin asetp' form a projecte plane.

(d) Any threenon-collineampointslie in auniquesetp™.
Exercise4.5 Prove conditions(b)—(d).

Conditions(a)—(d)guarante¢hatthegeometryof F-linesandH-linesis apro-
jectivespacehencdsisomorphido PG(3, F) for some(possiblynon-commutatie)
field F. Thenthe correspondencp « p* is a polarity of the projective space,
suchthat eachpoint is incidentwith the correspondingplane. By the Funda-
mentalTheoremof Projectve Geometrythis polarity is inducedby a symplectic
form B onavectorspace/ of rank4 over F (whichis necessarilgommutatve).

Hence,againby the FTPG, the automorphisngroup of the geometryis in-
ducedby the groupof semilineartransformation®f V which presere the setof
pairs{(x,y) : B(x,y) = 0}. Thesetransformationsirecomposite®f lineartrans-
formationspreserving up to a scalarfactor andfield automorphismslt follwos
that,if F # GF(2), theautomorphisngroupof thegeometryhasauniqueminimal
normalsubgroupwhichis isomorphicto PS4, F).
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