
4 Symplecticgroups

In this and the next two sections,we begin the studyof the groupspreserving
reflexive sesquilinearforms or quadraticforms. We begin with the symplectic
groups,associatedwith non-degeneratealternatingbilinearforms.

4.1 The Pfaffian

The determinantof a skew-symmetricmatrix is a square. This canbe seenin
smallcasesby directcalculation:

det

�
0 a12� a12 0 � � a2

12 �
det ���� 0 a12 a13 a14� a12 0 a23 a24� a13

� a23 0 a34� a14
� a24

� a34 0

�
		� � � a12a34
� a13a24 
 a14a23� 2 �

Theorem 4.1 (a) Thedeterminantof a skew-symmetricmatrix of odd sizeis
zero.

(b) Thereis a uniquepolynomialPf � A� in theindeterminatesai j for 1 � i � j �
2n, havingtheproperties

(i) if A is a skew-symmetric2n � 2n matrixwith � i � j � entryai j for 1 � i �
j � 2n, then

det� A� � Pf � A� 2;

(ii) Pf � A� containstheterma12a34 ����� a2n � 1 2n with coefficient 
 1.

Proof We begin by observingthat, if A is a skew-symmetricmatrix, then the
form B definedby

B � x � y� � xAy�
is analternatingbilinearform. Moreover, B is non-degenerateif andonly if A is
non-singular:for xAy� � 0 for all y if andonly if xA � 0. We know thatthereis
no non-degeneratealternatingbilinear form on a spaceof odddimension;so(a)
is proved.
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We know also that, if A is singular, then det� A� � 0, whereasif A is non-
singular, thenthereexistsaninvertiblematrixP suchthat

PAP� � diag

���
0 1� 1 0 � � ����� � � 0 1� 1 0 ��� �

sothatdet� A� � det� P� � 2. Thus,det� A� is asquarein eithercase.
Now regardai j asbeingindeterminatesoverthefield F ; thatis, let K � F � ai j :

1 � i � j � 2n� bethefield of fractionsof thepolynomialring in n � 2n � 1� vari-
ablesover F. If A is the skew-symmetricmatrix with entriesai j for 1 � i �
j � 2n, thenaswe have seen,det� A� is a squarein K. It is actuallythe square
of a polynomial. (For the polynomial ring is a uniquefactorisationdomain; if
det� A� ��� f � g� 2, where f andg arepolynomialswith no commonfactor, then
det� A� g2 � f 2, andso f 2 dividesdet� A� ; this impliesthatg is aunit.) Now det� A�
containsa term

a2
12a

2
34 ����� a2

2n � 1 2n

correspondingto thepermutation� 12� � 34������� � 2n � 12n� �
and so by choiceof sign in the squareroot we may assumethat (ii)(b) holds.
ClearlythepolynomialPf � A� is uniquelydetermined.

Theresultfor arbitraryskew-symmetricmatricesis now obtainedby speciali-
sation(thatis, substitutingvaluesfrom F for theindeterminatesai j ).

Theorem 4.2 If A is a skew-symmetricmatrixandP anyinvertiblematrix, then

Pf � PAP� � � det� P��� Pf � A� �
Proof We have det� PAP� � � det� P� 2det� A� , andtaking the squareroot shows
thatPf � PAP� � ��� det� P� Pf � A� ; it is enoughto justify thepositivesign.For this,
it sufficesto considerthe‘standard’skew-symmetricmatrix

A � diag

� �
0 1� 1 0 � � ����� � � 0 1� 1 0 ��� �

sinceall non-singularskew-symmetricmatricesareequivalent. In this case,the� 2n � 1 � 2n� entry in PAP� containsthe term p2n � 1 2n � 1p2n 2n, so thatPf � PAP� �
containsthediagonalentryof det� P� with sign 
 1.
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Exercise4.1 A one-factoron the set ! 1 � 2 � ����� � 2n " is a partition F of this set
into n subsetsof size2. We representeach2-set! i � j " by the orderedpair � i � j �
with i � j. Thecrossingnumberχ � F � of theone-factorF is thenumberof pairs! � i � j � � � k � l � " of setsin F for which i � k � j � l .

(a) Let # n bethesetof one-factorson theset ! 1 � 2 � ����� � 2n " . Whatis $%# n $?
(b) Let A �&� ai j � beaskew-symmetricmatrixof order2n. Prove that

Pf � A� � ∑
F ')( n

� � 1� χ * F + ∏* i , j +-' F ai j
�

4.2 The symplecticgroups

The symplecticgroup Sp� 2n � F � is the isometrygroup of a non-degenerateal-
ternatingbilinear form on a vector spaceof rank 2n over F. (We have seen
that any two suchforms areequivalentup to invertible linear transformationof
the variables;so we have definedthe symplecticgroup uniquely up to conju-
gacy in GL � 2n � F � .) Alternatively, it consistsof the2n � 2n matricesP satisfying
P� AP � A, whereA is afixedinvertibleskew-symmetricmatrix. If necessary, we
cantake for definitenesseither

A � �
On In� In On �

or

A � diag

� �
0 1� 1 0 � � ����� � � 0 1� 1 0 ��� �

The projectivesymplecticgroup PSp� 2n � F � is the groupinducedon the set
of points of PG� 2n � 1 � F � by Sp� 2n � F � . It is isomorphicto the factor group
Sp� 2n � F � � � Sp � 2n � F ��. Z � , whereZ is thegroupof non-zeroscalarmatrices.

Proposition4.3 (a) Sp� 2n � F � is a subgroupof SL � 2n � F � .
(b) PSp� 2n � F �0/� Sp� 2n � F � �1! � I " .

Proof (a) If P 2 Sp� 2n � F � , thenPf � A� � Pf � PAP� � � det� P� Pf � A� , sodet� P� �
1.

(b) If � cI � A � cI � � A, thenc2 � 1, soc ��� 1.

FromTheorem3.17,wehave:
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Proposition4.4$ Sp� 2n � q� $ � n

∏
i 3 1
� q2i � 1� q2i � 1 � qn2

n

∏
i 3 1
� q2i � 1� �

Thenext resultshows thatwegetnothingnew in thecase2n � 2.

Proposition4.5 Sp� 2 � F � /� SL � 2 � F � andPSp� 2 � F � /� PSL� 2 � F � .
Proof We show thatthereis a non-degeneratebilinearform on F2 preservedby
SL � 2 � F � . Theform B is givenby

B � x � y� � det

�
x
y �

for all x � y 2 F2, where

�
x
y � is thematrix with rowsx andy. This is obviouslya

symplecticform. For any linearmapP : F2 4 F2, wehave�
xP
yP �5� �

x
y � P�

whence

B � xP� yP� � det

�
xP
yP � � B � x � y� det� P� �

andsoall elementsof SL � 2 � F � preserveB, asrequired.
The secondassertionfollows on factoringout the groupof non-zeroscalar

matricesof determinant1, thatis, ! � I " .
In particular, PSp� 2 � F � is simpleif andonly if $F $)6 3.
Thereis onefurtherexampleof anon-simplesymplecticgroup:

Proposition4.6 PSp� 4 � 2�7/� S6.

Proof Let F � GF� 2� andV � F6. OnV definethe“standardinnerproduct”

x � y � 6

∑
i 3 1

xiyi

51



(evaluatedin F). Let j denotetheall-1 vector. Then

x � x � x � j
for all x 2 X, soontherank5 subspacej 8 , theinnerproductinducesanalternating
bilinearform. Thisform isdegenerate— indeed,by definition,its radicalcontains
j — but it inducesanon-degeneratesymplecticformB ontherank4spacej 8 �:9 j ; .
Clearlyany permutationof thesix coordinatesinducesanisometryof B. SoS6 �
Sp� 4 � 2� � PSp� 4 � 2� . Since$S6 $ � 6! � 15 � 8 � 3 � 2 � $ Sp� 4 � 2� $ �
theresultis proved.

4.3 Generationand simplicity

Thissubsectionfollowsthepatternusedfor PSL� n � F � . Weshow thatSp� 2n � F � is
generatedby transvections,thatit isequalto its derivedgroup,andthatPSp� 2n � F �
is simple,for n < 2, with theexception(notedabove)of PSp� 4 � 2� .

Let B be a symplecticform. Which transvectionspreserve B? Considerthe
transvectionx =4 x 
 � xf � a, wherea 2 V, f 2 V > , andaf � 0. Wehave

B � x 
 � xf � a � y 
 � yf � a� � B � x � y��
 � xf � B � a � y� � � yf � B � a � x� �
SoB is preservedif andonly if � xf � B � a � y� �?� yf � B � a � x� for all x � y 2 V. Weclaim
that this entailsxf � λB � a � x� for all x, for somescalarλ. For we canchoosex
with B � a � x�A@� 0, anddefineλ �B� xf � � B � a � x� ; thentheaboveequationshowsthat
yf � λB � a � y� for all y.

Thus, a symplectictransvection(onewhich preserves the symplecticform)
canbewrittenas

x =4 x 
 λB � x � a� a
for a fixedvectora 2 V. Notethat its centreandaxiscorrespondunderthesym-
plecticpolarity; thatis, its axisis a8 � ! x : B � x � a� � 0 " .
Lemma 4.7 For r < 1, the group PSp� 2r � F � acts primitively on the points of
PG� 2r � 1 � F � .
Proof For r � 1 weknow thattheactionis 2-transitive,andsois certainlyprim-
itive. Sosupposethatr < 2.

52



Everypointof PG� 2r � 1 � F � is flat, soby Witt’ sLemma,thesymplecticgroup
actstransitively. Moreover, any pairof distinctpointsspanseitheraflat subspace
or a hyperbolicplane.Again,Witt’ s Lemmashows thatthegroupis transitiveon
thepairsof eachtype.(In otherwordsG � PSp� 2r � F � hasthreeorbitsonordered
pairsof points,includingthediagonalorbit

∆ � ! � p � p� : p 2 PG� 2r � 1 � F � " ;
wesaythatPSp� 2r � F � is a rank3 permutationgrouponPG� 2r � 1 � F � .)

Now a non-trivial equivalencerelationpreservedby G would have to consist
of thediagonalandoneotherorbit. Soto finish theproof,wemustshow:

(a) if B � x � y� � 0, thenthereexistsz suchthatB � x � z� � B � y� z�C@� 0;

(b) if B � x � y�D@� 0, thenthereexistsz suchthatB � x � z� � B � y� z�E@� 0.

This is asimpleexercise.

Exercise4.2 Prove(a)and(b) above.

Lemma 4.8 For r < 1, thegroupSp� 2r � F � is generatedby symplectictransvec-
tions.

Proof Theproof is by inductionby r, thecaser � 1 having beensettledearlier
(Theorem2.6).

First we show thatthegroupH generatedby transvectionsis transitiveon the
non-zerovectors.Let u � v @� 0. If B � u � v�F@� 0, thenthesymplectictransvection

x =4 x 
 B � x � v � u�
B � u � v� � v � u�

carriesu to v. If B � u � v� � 0, choosew suchthatB � u � w� � B � v� w�A@� 0 (by (a)of the
precedinglemma)andmapu to w to v in two steps.

Now it is enoughto show thatany symplectictransformationg fixing a non-
zerovectoru is a productof symplectictransvections. By induction,sincethe
stabiliserof u is the symplecticgroup on u� �:9 u; , we may assumethat g acts
trivially on thisquotient;but theng is itself asymplectictransvection.

Lemma 4.9 For r < 3, and for r � 2 and F @� GF� 2� , the group PSp� 2r � F � is
equalto its derivedgroup.
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Proof If F @� GF� 2� � GF� 3� , we know from Lemma2.8 thatany elementinduc-
ing a transvectionon a hyperbolicplaneandtheidentity on thecomplementis a
commutator, so theresultfollows. Thesameargumentcompletestheproof pro-
videdthatwecanshow thatit holdsfor PSp� 6 � 2� andPSp� 4 � 3� .

In orderto handlethesetwo groups,wefirst developsomenotationwhichcan
bemoregenerallyapplied.For conveniencewere-ordertherowsandcolumnsof
the‘standardskew-symmetricmatrix’ sothatit hastheform

J � �
O I� I O � �

whereO and I arethe r � r zeroandidentity matrices.(In otherwords,the ith
and � i 
 r � th basisvectorsform a hyperbolicpair, for i � 1 � ����� � r.) Now a matrix
C belongsto thesymplecticgroupif andonly if C � JC � J. In particular, we find
that

(a) for all invertibler � r matricesA, wehave�
A � 1 O
O A� � 2 Sp� 2r � F � ;

(b) for all symmetricr � r matricesB, wehave�
I B
O I � 2 Sp� 2r � F � �

Now straightforwardcalculationshows that thecommutatorof the two matrices
in (a)and(b) is equalto �

I B � ABA�
O I � �

andit sufficesto chooseA andB suchthat A is invertible,B is symmetric,and
B � ABA� hasrank1.

Thefollowing choiceswork:

(a) r � 2, F � GF� 3� , A � �
1 1
0 1 � , B � �

0 1
1 0 � ;

(b) r � 3, F � GF� 2� , A � �� 1 1 0
0 0 1
1 0 0

�� , B � �� 1 0 1
0 1 1
1 1 1

�� .
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Theorem 4.10 The group PSp� 2r � F � is simplefor r < 1, except for the cases� r � F � �&� 1 � GF� 2��� , � 1 � GF� 3��� , and � 2 � GF� 2��� .
Proof We now have all the ingredientsfor Iwasawa’s Lemma(Theorem2.7),
which immediatelyyieldstheconclusion.

As wehaveseen,theexceptionsin thetheoremaregenuine.

Exercise4.3 Show thatPSp� 4 � 3� isafinitesimplegroupwhichhasno2-transitive
action.

The only positive integersn suchthat n � n � 1� divides $ PSp� 4 � 3� $ are n �
2 � 3 � 4 � 5 � 6 � 9 � 10� 16� 81.It sufficestoshow thatthegrouphasno2-transitiveaction
of any of thesedegrees.Most arestraightforwardbut n � 16 andn � 81 require
someeffort.

(It is known thatPSp� 4 � 3� is thesmallestnon-abelianfinite simplegroupwith
thisproperty.)

4.4 A technical result

The result in this sectionwill be neededat one point in our discussionof the
unitarygroups.It is amethodof recognisingthegroupsPSp� 4 � F � geometrically.

Considerthepolarspaceassociatedwith PSp� 4 � F � . Itspointsareall thepoints
of theprojectivespacePG� 3 � F � , andits linesaretheflat lines(thoseonwhichthe
symplecticform vanishes).Wecall themF-linesfor brevity. NotethattheF-lines
througha point p of theporojective spaceform theplanepencilconsistingof all
the linesthroughp in theplanep8 , while dually theF-linesin a planeΠ areall
thoselinesof Π containingthepoint Π 8 . Now two pointsareprthogonalif and
only if they line onanF-line.

Thegeometryof F-lineshasthefollowing property:

(a) GivenanF-lineL andapoint p notonL, thereis auniquepointq 2 L such
that pq is anF-line.

(Thepointq is p8 . L.) A geometrywith thisproperty(in whichtwo pointslie on
atmostoneline) is calledageneralisedquadrangle.

Exercise4.4 Show thata geometrysatisfyingthepolarspaceaxiomswith r � 2
is ageneralisedquadrangle,andconversely.
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We wish to recognise,within thegeometry, theremaininglinesof theprojec-
tivespace.Thesecorrespondto hyperbolicplanesin thevectorspace,sowe will
call themH-lines.Notethatthepointsof aH-line arepairwisenon-orthogonal.

Weobserve that,givenany two pointsp � q not lying onanF-line, theset! r : pr andqr areF-lines"
is thesetof pointsof ! p � q "G8 , andhenceis theH-line containingp andq. This
definitionworksin any generalizedquadrangle,but in thiscasewehavemore:

(b) Any two pointslie oneitherauniqueF-lineor auniqueH-line.

(c) TheF-linesandH-lineswithin asetp8 form a projectiveplane.

(d) Any threenon-collinearpointslie in auniquesetp8 .

Exercise4.5 Proveconditions(b)–(d).

Conditions(a)–(d)guaranteethatthegeometryof F-linesandH-linesis apro-
jectivespace,henceis isomorphictoPG� 3 � F � for some(possiblynon-commutative)
field F. Thenthe correspondencep H p8 is a polarity of the projective space,
suchthat eachpoint is incident with the correspondingplane. By the Funda-
mentalTheoremof Projective Geometry, this polarity is inducedby a symplectic
form B onavectorspaceV of rank4 overF (which is necessarilycommutative).

Hence,againby the FTPG,the automorphismgroupof the geometryis in-
ducedby thegroupof semilineartransformationsof V which preserve thesetof
pairs ! � x � y� : B � x � y� � 0 " . Thesetransformationsarecompositesof lineartrans-
formationspreservingB up to ascalarfactor, andfield automorphisms.It follwos
that,if F @� GF� 2� , theautomorphismgroupof thegeometryhasauniqueminimal
normalsubgroup,which is isomorphicto PSp� 4 � F � .
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