6 Orthogonal groups

We now turn to the orthogonalgroups. Theseare moredifficult, for two related
reasonsFirst, it is notalwaystruethatthegroupof isometriesvith determinani
is equalto its derivedgroup(andsimplemoduloscalars).Secondlyin character
istic differentfrom 2, thereare no trans\ections,andwe have to usea different
classof elements.

Welet O(Q) denotetheisometrygroupof thenon-degeneratguadratidorm Q,
andSQO(Q)thegroupof isometriesvith determinani. Furthey PO(Q) andPSQQ)
arethequotientsf thesegroupsby thescalarghey contain.We defineQ(Q) to be
thederivedsubgroumf O(Q), andPQ(Q) = Q(Q)/(Q(Q)NZ), whereZ consists
of the scalarmatrices. Sometime(Q) = SO(Q), and sometimest is strictly
smaller;but our notationsenesfor bothcases.

In the casewhereF is finite, we have seenthat for evenn thereis a unique
type of non-dgjenerategquadraticform up to scalarmultiplication, while if n is
even there are two types, having germ of dimension0 or 2 respectiely, We
write O (n,q), O(n,q) andO~(n,q) for theisometrygroupof a non-dgenerate
quadratidorm on GF(q)" with germof rankO0, 1, 2 (andn even,odd,evenrespec-
tively). We usesimilar notationfor SO, PQ, andsoon. Thenwe write Of(n, g) to
meaneitherO™ (n,q) or O (n,q). Notethat,unfortunatelythis convention(which
is standarchotation)makese the negative of the € appearingn our generalorder
formula(Theorem3.17).

Now theorderformulafor thefinite orthogonalgroupsreadsasfollows.

|0(2m+1,q)| = d.ﬁ<q2i_1)q2i1
= dqmz_ﬁ(qz—l),

|OF(2m,q)| = El(qi_l)(qil_i_l)qzz

m-1

— qu(m—l)(qm_ 1) u (qu _1),

m-1

1O~ (2mg)| = 2(q+1) |‘!(qi ~1)(d +1)?
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m—1

= 2" V") [] (@ -,

whered = (2,g—1). Notethatthereis a singledifferencein sign betweenthe
final formulaefor O*(2m, g) for € = +1; we cancombinethetwo andwrite

m—1

|OF(2m,q)| = 29™™ (" —¢) M (¢ - 1).

We have | SQ(n,q)| = | O(n,q)|/d (exceptpossiblyif nis oddandq is even).
Thisis becausewith this exclusion,thebilinearform B associateavith Q is non-
degenerateandtheorthogonabroupconsistof matricesP satisfyingP ' AP = A,
whereA is the matrix of thebilinearform, sothatdetP) = +1. It is easyto shov
that, for g odd, thereare orthogonaltransformationsvith determinant-1. The
excludedcasewill be dealtwith in Section6.2. We seealsothatthe only scalars
in O(Q) are+l; and,in characteristidifferentfrom 2, we have —I € SO(Q) if
andonly if the rank of the underlyingvectorspaces even. Thus,for q odd,we
have

|SOQ)| = |POQ)| = [0(Q)/2,
and
|PSAQ)| = [SAQ)|/(n,2).
For g andn evenwe have O(Q) = SO(Q) = PO(Q) = PSQQ).

Exercise 6.1 Let Q beanon-dgenerateuadraticiorm over afield of character
istic differentfrom 2. Shaw that O(Q) containselementswith determinant-1.
[Hint: if Q(v) # 0, thentake thetransformatiorwhich takesv to —v andextendit
by theidentity on v+ (in otherwords,thereflectionin the hyperplanest).]

6.1 Some small-dimensional cases

We beggin by consideringsomesmall cases.Let V be a vector spaceof rank n
carryingaquadratidorm Q of Witt index r, whered = n— 2r is thedimensionof
thegermof Q. Let O(Q) denotetheisometrygroupof Q, andSO(Q) thesubgroup
of isometriesof determinantl.

Casen=1r=0. In this casethe quadraticform is a scalarmultiple of x2.
(Replacingg by a scalarmultiple doesnot affect the isometry group.) Then
O(Q) = {£1}, a groupof order 1 or 2 accordingas the characteristids or is
not2; andSQ(Q) is thetrivial group.
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Casen=2,r =1 Thequadraticform is Q(xi,X2) = X1X2, and the isometry

groupG = O(Q) is
{6 5%)- (3% o) rer}

agroupwith asubgrouH of index 2 isomorphicto F*, andsuchthatanelement
t € G\ H satisfiest? = 1 andt=tht = h=* for all h € H. In otherwords, G is
agenealiseddihedmal group. If F = GF(q), thenO(2, q) is a dihedralgroup of
order2(g— 1). NotethatH = SO(Q) if andonly if thecharacteristiof F is not2.

Casen=2,r =0. Inthiscasethequadratidormis
2 2
ox] + PxiXz + Y3,

whereq(x) = ax? 4+ Bx+ yis anirreduciblequadraticover F. Let K beasplitting
field for g over F, andassumehatK is a Galoisextension(in otherwords,thatq
is separablever F: thisincludesthe caseshereeitherthe characteristigs not 2
or thefield F is finite). Then,up to scalamultiplication,theform Q is equivalent
to theK/F normonthe F-vectorspaceK. Theorthogonalgroupis generatedby
themultiplicative groupof elementof norm1 in K andthe Galoisautomorphism
o of K overF.

In the caseF = GF(q), this groupis dihedralof order2(q+ 1). In the case
F =R, theC/R normis

z— 2= |7,

andsotheorthogonalgroupis generatedby multiplication by unit comple< num-
bersandcomplex conjugation.ln geometriderms,it is thegroupof rotationsand
reflectionsaboutthe origin in the Euclideanplane.

Againwe seethatSO(Q) hasindex 2in O(F) if thecharacteristiof F isnot2.

Exercise 6.2 Provethat,if K is a Galoisextensionof F, thenthe determinanof
theF-linearmapx— AxonK is equatto Ny /¢ (A). [Hint: if A ¢ F, theeigervalues
of thismapareA andA°.]

Casen=3,r =1. In thiscaseandthe next, we describea grouppreservinga
guadraticform andclaim without proof thatit is thefull orthogonalgroup. Also,
in this casewe assumehatthe characteristiés notequalto 2.
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LetV = F2, andletW bethevectorspaceof all quadratidformsonV (notnec-
essarilynon-degyenerate)Thenrk(W) = 3; atypicalelemenbf W is thequadratic
form ux? + vxy+ wy?, wherewe have represented typical vectorin V as(x,y).
We usethetriple (u,v,w) of coeficientsto representhis vectorof w. Now GL(V)
actsonW by substitutionon the variablesin the quadraticform. In otherwords,

to the matrix .
a
A= (C d) € GL(2,F)

correspondshemap

W +Vxy+wy? —  u(ax+ cy)? 4 v(ax+ cy) (bx+ dy) +w(bx+ dy)?
= (ua+vab+wb?)x%+ (2uac+ v(ad + bc) + 2wbd)xy
+(uc®+ ved+wd?)y?,

whichis representetly the matrix

a> 2ac ¢
p(A)= | ab ad+bc cd | € GL(3,F).
b 2bd  d?
We obsere severalthingsaboutthis representatiop of GL(2,F):
(a) Thekernelof therepresentatiors {+l}.
(b) del(p(A)) = (delA))>.

(c) Thequadraticform Q(u,v,w) = 4uw— V2 is multiplied by a factordetA)?
by theactionof p(A).

Hencewe find a subgroupof O(Q) which is isomorphicto SL*(2,F)/{+1},
where SL=(2,F) is the group of matriceswith determinant-1. Moreover, its
intersectionwith SL(3,F) is SL(2,F)/{%1}. In fact, thesearethe full groups

O(Q) andSO(Q) respectiely.
We seethatin this case,

PQ(Q) 2 PSL(2,F) if |F|>2,

andthis groupis simpleif |F| > 3.
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Casen=4,r = 2. Our stratgy is similar. We take the rank 4 vector space
over F to bethe spaceM?*?(F), the spaceof 2 x 2 matricesover F (whereF is
ary field). The determinanfunctiononV is a quadraticform: Q(X) = det(X).
Clearly X is the sumof two hyperbolicplanes(for example,the diagonalandthe
antidiagonamatrices).

Thereis anactionof thegroupGL(2,F) x GL(2,F) on X, by therule

p(A,B): X — A 1XB.
We seethatp(A, B) preseresQ if andonly if det/A) = detB), andp(A, B) isthe
identity if andonly if A= B = Al for somescalarA. Sowe have a subgroupof
O(Q) with the structure
((SL(2,F) x SL(2,F))-F*)/{(AI,Al) : A e F*}.

Moreover, themapT : X — X alsopreseresQ. It canbe shovn thattogether
theseelementgyeneratéd(Q).

Exercise 6.3 Shav thattheabore mapT hasdeterminant-1 onV, while p(A, B)
hasdeterminanequalto det A)~2detB)?. Deduce(from theinformationgiven)
thatSO(Q) hasindex 2 in O(Q) if andonly if thecharacteristiof F is not 2.

Exercise 6.4 Show that,in theabose casewe have
PQ(Q) = PSL(2,F) x PSL(2,F)
if [F|>3.

Exercise 6.5 Usethe orderformulaefor finite orthogonalgroupsto prove that
the groupsconstructedn vectorspacef ranks3 and4 arethe full orthogonal
groups,asclaimed.

6.2 Characteristic 2, odd rank

In the casewherethe bilinear form is degeneratewe shav that the orthogonal
groupis isomorphicto asymplecticgroup.

Theorem 6.1 LetF bea perfecffield of characteristic2. LetQ beanon-dgeneate
quadratic formin n variablesover F, whee n is odd. ThenO(Q) = Sp(n— 1, F).
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Proof We know thatthe bilinearform B is alternatingandhasa rank 1 radical,
spannedy avectorz, say By multiplying Q by a scalarif necessarywe may
assumehatQ(z) = 1. Let G bethegroupinducedonV /Z, whereZ = (z). Then
G preseresthe symplecticform.

ThekernelK of thehomomorphisnirom G to G fixeseachcosetof Z. Since

Q(v+a2) = Q(v) +a,

andthemapa — a? is a bijection of F, eachcosetof Z containsonevectorwith
eachpossiblevalueof Q. ThusK = 1,andG = G.

Corversely let g be ary linear transformationof V /Z which preseresthe
symplecticform inducedby B. The above agumentshaws thatthereis a unique
permutationg of V lifting the actionof g andpreservingQ. Note that, sinceg
inducesg onV/Z, it preseresB. We claim thatg is linear. First, take ary two
vectorsv,w. Then

Q(vg+wg) = Q(vg) +Q(wg) +B(vg,wg)
Q(v) +Q(w) +B(v,w)
= Qv+w)
Q((v+w)g);
andthe linearity of g shaws thatvg+ wg and (v+ w)g belongto the samecoset

of Z, andsothey areequal. A similar agumentappliesfor scalarmultiplication.
SoG = Sp(n— 1,F), andtheresultis proved. =

We concludethat, with the hypothesesf thetheoremO(Q) is simpleexcept
forn=3orn=5, F = GK2). HenceO(Q) coincideswith PQ(Q) with these
exceptions.

We concludeby constructingsomemore 2-transitve groups.Let F bea per
fectfield of characteristiQ, andB a symplecticform on F2™. ThenthesetQ(B)
of all quadratidormswhichpolariseto B is acosetof thesetof “square-seminilear
maps’onV, thosesatisfying

L(x+y) = LOY+L(Y),
L(cx) = c2L(X)

(thesemapsarejust the quadratidormswhich polariseto the zerobilinearform).
In thefinite casewhereF = GF(q) (q even),therearethusg®™ suchquadratic
forms, andthey fall into two orbits underSp(2m, g), correspondingo the two
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typesof forms. The stabiliserof aform Q is the correspondingrthogonalgroup
O(Q). Thenumberof formsof eachtypeis theindex of thecorrespondingrthog-
onalgroupin the symplecticgroup,which canbe calculatedo be g™(q™+€)/2
for aform of typee.

Now specialisdurtherto F = GF(2). In this case,'square-semilinearfnaps
arelinear. So,givenaquadratidorm Q polarisingto B, we have

Q(B)={Q+L:LeV*}.

Further eachlinearform canbewrittenasx+— B(x,a) for somefixedac V. Thus,
thereis an O(Q)-invariantbijection betweenQ(B) andV. By Witt's Lemma,
O(Q) hasjustthreeorbitsonV, namely

{0}, {xeV:QW)=0x#0}, {xeV:Q(x) =1}.
So0O(Q) hasjustthreeorbitson Q (B), namely

{Q}, &B\{Q} QB

whereQ hastypee and Q¢(B) is thesetof all formsof typee in Q(B).
It followsthatSp(2m, 2) acts2-transitvely oneachof thetwo setsQ?(B), with
cardinalities2™1(2™+ ¢). The pointstabiliserin theseactionsare O¢(2m, 2).

Exercise 6.6 Whatisomorphismdbetweersymmetricandclassicagroupsareil-
lustratedby the above 2-transitive actionsof Sp(4, 2)?

6.3 Transvectionsand root e ements

Wefirstinvestigateorthogonaltransvectionghosewhich preserethenon-deyenerate
guadratidorm Q onthe F-vectorspaceV.

Proposition 6.2 Therearenoorthogonaltransvectionsvera fieldF whosechar-
acteristicis differentfrom2. If F hascharacteristic2, thenanorthogonaltransvec-
tion for a quadratic form Q hastheform

x— x—Q(a)"1B(x,a)a,

where Q(a) # 0 andB is obtainedby polarising Q.
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Proof Supposehatthetrans\ectionx — x+ (xf)a preseresthe quadraticform
Q, andlet B betheassociatetbilinearform. Then

Q(x+ (xf)a) = Q(x)
for all x e V, whence
(xf)2Q(a) + (xf)B(x,a) = 0.

If xf # 0, we concludethat (xf)Q(a) + B(x,a) = 0. Sincethis linear equation
holdson the complemenof a hyperplaneijt holdseverywherethatis, B(x,a) =
—(xf)Q(a) for all x.

If the characteristids not 2, thenB(a,a) = 2Q(a). Substitutingx = a in the
above equation,usingaf = 0, we seethatB(a,a) = 0, so Q(a) = 0. But then
B(x,a) = 0 for all x, contradictingthe nondegenerag of B in this case.

Sowe mayassumehatthecharacteristiés 2. If B(x,a) = Ofor all x e V, then
Q(a) # 0 by non-dgjenerag. Otherwise choosingx with B(x,a) # 0, we seethat
againQ(a) # 0. Then

xf = —Q(a)'B(x,a),
andtheproofis complete.(Incidentally thefactthat f is non-zeronow shavsthat
aisnotin theradicalof B.)

Exercise 6.7 In the characteristi@ case,replacinga by Aa for a # 0 doesnot
changeheorthogonalkrans\ection.

Thefactthat,if Q is a non-dgjeneratequadraticform in threevariableswith
Witt rank 1 shows that we canfind analoguef trans\ectionsacting on three-
dimensionakectionsof V. Thesearecalledroot elementsandthey will be used
in our simplicity proofs.

A rootelementis atransformatiorof theform

X = X+ aB(x, vV)u — aB(x, u)v — a?Q(Vv)B(x, u)u

whereQ(u) = B(u,Vv) = 0. Thegroupof all suchtransformationsor fixedu, v sat-
isfying the above conditions,togethemwith theidentity, is calleda root subgoup

Xu,v-

Exercise 6.8 Prove that the root elementsare isometriesof Q, that they have
determinantl, and that the root subgroupsare abelian. Show further that, if
Q(u) = 0, thenthegroup

Xu=(Xyy:VeE UJ—>

is abelian,andis isomorphicto the additive groupof u* /{u).
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Exercise 6.9 Write downtherootsubgroupX,  for thequadratidorm Q(xg, X2, X3) =
X1X3 — x% relative to to thegivenbasis{e;, e, e3}, whereu = e; andv = e;.

Now the detailsneededo apply Iwasava’s Lemmaare similar to, but more
complicatedthan, thosethat we have seenin the casesof the other classical
groups.We summarisghe importantsteps.Let Q be a quadraticform with Witt
rank at least2, and not of Witt rank 2 on a vector spaceof rank 4 (thatis, not
equivalentto x1x> + X3x4). We alsoexcludethe casewhereQ hasWitt index 2 on
arank5 vectorspaceover GF(2): in thiscasePQ(Q) = PSf4,2) & .

(a) Therootsubgroupsrecontainedn Q(Q), thederivedgroupof O(Q).
(b) TheabeliangroupX, is normalin the stabiliserof u.
(c) Q(Q) is generatedby theroot subgroups.

(d) Q(Q) actsprimitively onthesetof flat 1-spaces.

Notethatthe exceptionof the caseof rank4 andWitt index 2 is really necessary
for (d): thegroupQ(Q) fixesthetwo familiesof rulingsonthehyperbolicquadric
shavnin Figurel onp.41,andeachfamily is a systemof blocksof imprimitivity
for this group.

Thenfrom lwasava’s Lemmawe conclude:

Theorem 6.3 LetQ bea non-dgeneiatequadrmatic formwith Witt rankat least2,
but not of Witt rank2 oneithera vectorspaceof rank4 or a vectorspaceof rank5
over GK(2). ThenPQ(Q) is simple

It remainsfor usto discover the orderof PQ(Q) over a finite field. We give
theresulthere,anddeferthe proof until later Thefactsareasfollows.

Proposition 6.4 (a) LetQ haveWitt index atleast2, andlet F havecharacter
istic differentfrom?2. ThenSO(Q)/Q(Q) = F*/(F*)2.

(b) Let F be a perfectfield of characteristic2 and let Q have Witt index at
least2; excludethecaseof a rank4 vectorspaceover GF(2). Then

1SOQ): Q(Q)[ =2
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Theproof of part(a) involvesdefininga homomorphisnfrom SO(Q) to
F* /(F*)? calledthe spinor norm, andshawing thatit is onto andits kernelis
Q(Q) exceptin theexcludedcase.

In theremainingcasesyve work overthefinite field GF(q), andwrite O(n, q),
understandinghatif nis eventhenO?(n,q) is meant.

Proposition 6.5 Excludingthe caseq evenandn odd:

() [SO(n,0) : Q(n,q)| = 2.
(b) Forgodd,—I € Q%(2m,q) if andonlyif g" = ¢ (mod4).

Thelastpartis proved by calculatingthe spinornormof —I. Puttingthis to-
getherwith the orderformulafor SO(n, q) alreadynoted,we obtainthefollowing
result:

Theorem 6.6 For m> 2, excludingthecasePQ™ (4, 2), wehave

m-1
[PQ*(2m,q)| = (qm(ml)(qm—e) u(qz'—l)) / (4,0"—¢),

|PQ(2m+1,0)] = (q”‘zﬂ(qz‘—l)) /(2,q—1)-

Proof For q odd, have alreadyshowvn thatthe orderof SO(n,q) is givenby the
expressionn parenthesedlVe divide by 2 on passingo Q(n, g), andanother2 on
factoringout the scalarsf andonly if 4 dividesq™ — €. For g even,|SO(n,q)| is
twice the bracletedexpressionandwe losethefactor2 on passingo Q(n,q) =
PQ(n,q).

Now we notethat| PQ(2m+1,q)| = | PSg2m,q)| for all m. In thecasem=1,
thesegroupsareisomorphic sincethey arebothisomorphico PSL(2, q). Wehave
alsoseenthatthey areisomorphicif qis even. We will seelaterthatthey arealso
isomorphicif m= 2. However, they are non-isomorphidor m> 3 andq odd.
This follows from theresultof thefollowing exercise.

Exercise 6.10 Letqgbeoddandm> 2.

(a) ThegroupPSg2m,q) has|m/2| + 1 conjugag classeof elementof or-
der2.
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(b) ThegroupPQ(2m+ 1,qg) hasm conjugay classe®f elementwf order2.

Hint: if t € Sp(2m,q) ort € Q(2m+1,q) = PQ(2m+ 1,q) satisfies? = 1, then
V =Vt @V, wherevt = Av for v € V*; andthe subspace¥*+ andV— areor-
thogonal.Shav thattherearem possibilitiesfor the subspace¥ ™ andV~ upto
isometry;in the symplecticcaseyeplacingt by —t interchangeshesetwo spaces
but givesthe sameelementof PSg2m,q). In the casePSH2m,q), thereis an
additionalconjugag classarisingfrom elements € Sp(2m, q) with t2 = —1.

It follows from the Classificationof Finite Simple Groupsthat thereare at
mosttwo non-isomorphisimplegroupsof ary givenorder andtheonly instances
wheretherearetwo non-isomorphigroupsare

PSp2m,q) 2 PQ(2m+ 1,q) for m> 3, q odd

and
P (3,4) 2 PSL(4,2) = As.

Thelecturecoursewill notcontaindetailedproofsof thesimplicity of PQ(n, q),
but at leastit is possibleto seewhy PSO™ (2m, g) containsa subgroupof index 2
for g even. Recallfrom Chapter3 that,for the quadratidorm

X1X2 4 -+ - + Xom—1X2m

of Witt index min 2m variablesthe flat m-spacedall into two families # + and
F—, with the propertythattheintersectiorof two flat m-space$asevencodimen-
sionin eachif they belongto the samefamily, and odd codimensiorotherwise.
Any elementof the orthogonalgroup mustfix or interchangethe two families.
Now, for g even, SO*(2m,q) containsan elementwhich interchangeshe two
families: for example,the transformationwhich interchangeshe coordinates
andx, andfixesall the others. So SO" (2m,q) hasa subgroupof index 2 fix-
ing the two families, which is Q*(2m,q). (In the casewhereq is odd, sucha
transformatiorhasdeterminant-1.)
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