7 Klein correspondenceand triality

The orthogonalgroupsin dimensionup to 8 have someremarkableproperties.
Thesenclude,in thefinite case,

(a) isomorphismbetweerclassicalgroups:

- PQ7(4a q) = PSL(Za qZ)’
— PQ(5,q) = PS{4,q),

— PQ*(6,q) = PSL(4,q),
— PQ(6,q) @ PSU4,q);

(b) unexpectedouterautomorphismsf classicagroups:

— anautomorphisnof order2 of PS4, q) for g even,
— anautomorphisnof order3 of PQ*(8,q);

(c) furthersimplegroups:

— Suzukigroups;
— thegroupsG,(q) and3D4(q);
— Reegroups.

In this section,we look at the geometricalgebraunderlyingsomeof thesephe-

nomena.

Notation: we useO" (2mF) for theisometrygroupof the quadraticform of
Witt index m on a vector spaceof rank 2m (extendingthe notationover finite
fieldsintroducedearlier). We call thisquadratidorm Q hyperbolic Moreover, the
flat subspacesf rank 1 for Q arecertainpointsin the correspondingprojectie
spacePG(2m— 1,F); the setof suchpointsis called a hyperbolicquadric in
PG(2m—1,F).

We alsodenotethe orthogonalgroupof the quadratidorm

2
Q(X1,- -, Xom1) = XaX2 + - - - +Xom1Xom + Xom1 1

by O(2m+ 1,F), againin agreementvith thefinite case.
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7.1 Klein correspondence

The Klein correspondenceelatesthe geometryof the vectorspaceV = F# of
rank 4 over a field F with that of a vector spaceof rank 6 over F carryinga
guadratidorm with Witt index 3.

It worksasfollows. Let W bethe spaceof all 4 x 4 skew-symmetricmatrices
overF. ThenW hasrank6: theabove-diagonaklementof suchamatrix maybe
choserfreely, andthenthe matrix is determined.

Onthevectorspacel, thereis a quadratidorm Q givenby

Q(X) = Pf(X) forall X e W.

Recallthe Pfaffian from Sectiond.1,wherewe obseredin particularthat,if X =
(Xij), then
Pf(X) = X12X34 — X13X24 + X14X23.

In particular W is thesumof threehyperbolicplanesandtheWitt index of Qis 3.
Thereis anactionp of GL(4,F) onW givenby therule

p(P): X+ PTXP
for P e GL(4,F), X € W. Now
Pf(PXPT) = det(P) Pf(X),
so p(P) preseresQ if andonly if detP) = 1. Thusp(SL(4,F)) < O(Q), and
sinceSL(4,F) is equalto its derived groupwe have p(SL(4,F)) < Q*(6,F).
It is easily checled that the kernelof p consistsof scalars;so in fact we have
PSL(4,F) < PQ™(6,F).
A calculationshavsthatin factequalityholdshere.(More onthis later,)

Theorem7.1 PQ"(6,F) 2 PSL(4,F). =

Examining the geometrymore closely throws more light on the situation.
Sincethe Pfaffianis the squareroot of the determinantye have

Q(X) = 0if andonly if X is singular
Now a skew-symmetricmatrix hasevenrank; soif Q(X) = 0 but X # 0, thenX

hasrank?2.

77



Exercise7.1 Any skew-symmetricn x n matrix of rank2 hastheform
X(v,w) =v'w—w'v

for somev,w e F".

Hint: Let B be sucha matrix andlet v andw spanthe row spaceof B. Then
B = x"v+y'w for somevectorsx andy. Now by transpositionwe seethat
(x,¥y) = (v,w). Expressx andy in termsof v andw, andusethe skew-symmetry
to determinehe coeficientsupto a scalarfactor

Now X(v,w) # 0 if andonly if vandw arelinearlyindependentlf this holds,
thentherow spaces spannedy v andw. Moreover,

X (av-+ cw be+ dw) = (ad — be)X (v, w).

Sothereis abijectionbetweerthe rank 2 subspacesf F* andthe flat subspaces
of W of rank1. In termsof projectve geometrywe have:

Proposition 7.2 Thek s a bijectionbetweerthelinesof PG(3,F) andthe points
on the hyperbolicquadricin PG(5,F), which intertwinesthe natural actionsof
PSL(4,F) andPQ* (6,F). m

This correspondences calledthe Klein correspondengeandthe quadricis
oftenreferredto astheKlein quadric

Now let A be a non-singularskew-symmetricmatrix. The stabiliserof A in
p(SL(4,F)) consistof all matricesP suchthatPAP" = A. Thesematricescom-
prise the symplecticgroup (seethe exercisebelov). On the otherhand,A is a
vectorof W with Q(A) # 0, andsothe stabiliserof A in the orthogonalgroupis
the5-dimensionabrthogonabroupon A (whereorthogonalityis with respecto
thebilinearform obtainedby polarisingQ). Thus,we have

Theorem7.3 PQ(5,F) = PS4,F). =

Exercise7.2 Let Abeanon-singulaskew-symmetricd x 4 matrixoverafield F.
Prove thatthefollowing assertiongreequivalent,for any vectorsv,w € F#:

(@) X(v,w) = v'w—w'v is orthogonalto A, with respecto the bilinear form
obtainedby polarisingthe quadratidorm Q(X) = Pf(X);

(b) vandw areorthogonalwith respecto the symplecticform with matrix AT,
thatis, vAtw' = 0.
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Herethe matricesA andAT aregivenby

0 Ay A3 Ay 0 aga —ax4 A3
A | A2 0 a3 A At | —3s4 0 a4 —A3
—a13 —a3 0  azs |’ aps —as O arp
—a14 —a4 -—ag O —a3 a3 —apz O

Now shaw thatthetransformationnducedonW by a4 x 4 matrix P fixesA if
andonly if PATPT = AT, in otherwords,P is symplecticwith respecto A,
Notethat,if A is thematrix of the standardsymplecticform, thensois AT

Now, we havetwo isomorphismgonnectinghegroupsPSi4, F) andPQ(5,F)
in the casewhereF is a perfectfield of characteristiQ. We canapply oneand
thenthe inverseof the otherto obtainan automorphisnof the groupPSg4,F).
Now we shav geometricallythatit mustbe anouterautomorphism.

Theisomorphisnin the precedingsectionwasbasedn takinga vectorspace
of rank 5 andfactoringout the radicalZ. Recallthat, on ary cosetZ + u, the
guadratidorm takeseachvaluein F preciselyonce;in particulaythereis aunique
vectorin eachcoseton which the quadraticform vanishes.Hencethereis a bi-
jection betweenvectorsin F# andvectorsin F° on which the quadraticform
vanishesThis bijectionis preseredby theisomorphism.Hence,underthis iso-
morphism the stabiliserof a point of the symplecticpolarspacas mappedo the
stabiliserof a point of the orthogonabpolarspace.

Now considerttheisomorphisngivenby theKlein correspondencdlointson
theKlein quadriccorrespondo linesof PG(3, F), andit canbe showvn that,given
anon-singulamatrix A, pointsof the Klein quadricorthogonalto A correspond
to flat lines with respecto the correspondingymplecticform on F4. In other
words,the isomorphisntakesthe stabiliserof a line (in the symplecticspace)o
thestabiliserof a point(in the orthogonakpace).

So the compositionof oneisomorphismwith the inverseof the otherinter-
changedhe stabilisersof pointsandlines of the symplecticspaceandsois an
outerautomorphisnof PSp4, F).

7.2 The Suzukigroups

In certaincasesye canchoosehe outerautomorphisnsuchthatits squares the
identity. Hereis a brief account.
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Theorem 7.4 LetF be a perfectfield of characteristic2. Thenthe polar space
definedby a symplectidorm on F# itself hasa polarity if and only if F hasan
automorphisno satisfyingo? = 2, whee 2 denoteshe automorphisnx — x? of
F.

Proof We take thestandardsymplecticform

B((X1,%2,X3,X4), (Y1, Y2,Y3,¥4)) = X1Y2 + XoY1 + X3y + XaY3.

TheKlein correspondenciakestheline spannedy thetwo points(x, X2, X3,X4)
and(y1,Y2,Y3,Ya) to the pointwit coordinates;j, for 1 <i < j < 4, wherezj =
XiYj + XjYi. ThispointliesontheKlein quadricwith equation

212734+ 213224+ 214223 = 0,

andalso (if theline is flat) on the hyperplanez;2 + z34 = 0. This hyperplands
orthogonato thepoint p with z;> = 734 = 1, 7j = 0 otherwise Usingcoordinates
(213,224,214, 223) iN p*/p, we obtaina point of the symplecticspacerepresenting
theline. This givestheduality d previously defined.

Now take a point q = (a1,a2,as,a4) of the original space,and calculateits
imageunderthe duality, by choosingtwo flat lines throughq, calculatingtheir
imagesandtakingtheline joining them. Assumingthata; andas arenon-zero,
we canusethe lines joining g to the points (a;, az,0,0) and (0, as,a;,0); their
imagesare (ajaz, apau, 8184, 82a3) and(a{, aﬁ, 0,a182 + azas). Now computethe
imageof theline joining thesetwo points,whichturnsoutto be (a2, a2, a3,a3). In
all othercasestheresultis thesame.So&? = 2.

If thereis a field automorphisno suchthat 62 = 2, thendo 1 is a duality
whosesquards theidentity, thatis, a polarity.

Cornversely supposehatthereis a polarity t. Thendrt is acollineation,hence
aproductof alineartransformatiorandafield automorphismsaydt = go. Since
& =2 andt? = 1, we havethato? = 2 asrequired. m

It canfurtherbe shown thatthe setof collineationswhich commutewith this
polarityis agroupG whichactsdoublytransitvely onthesetQ of absoluteoints
of thepolarity, andthatQ is anovoid (thatis, eachflat line containsauniquepoint
of Q. If |F| > 2, thenthederivedgroupof G is a simplegroup,the Suzukigroup
SZ(F).

Thefinite field GF(q), whereq = 2™, hasanautomorphisnw satisfyingo? = 2
if andonly if mis odd (in which case 2(™1)/2 is therequiredautomorphism)in
this casewe have |Q| = ¢ + 1, and |Sz(q)| = (¢?+ 1)g?(q—1). For q= 2, the
Suzukigroupis notsimple,beingisomorphicto the Frobeniuggroupof order20.
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7.3 Cliff ord algebrasand spinors

We saw earlier(Propositior8.11)that,if Q is ahyperbolicquadratidorm onF2™,
thenthe maximalflat subspacefor Q fall into two familiesS* and$~, suchthat
if SandT aremaximalflat subspaceshenSN T hasevencodimensionn Sand
T if andonly if SandT belongto the samefamily.

In this sectionwe representhe maximalflat subspaceaspointsin a larger
projective space basedon the spaceof spinois. The constructionis algebraic.
Firstwe briefly review factsaboutmultilinearalgebra.

LetV beavectorspaceoverafield F, with rankm. Thetensoralgebra of V,
written ®V, is the largestassociatie algebrageneratedyy V in alinearfashion.

In otherwords, ]
XXV=DRV,

n>0

where,for example,®2V =V ®V is spannedy symbolsv® w, with v,w € V,
subjectto therelations

(Vi+V2) W = VI QW+ Vo QW,
VR (W1 4 Wo) = VRW1 + VR W,,
(cvy@W= c(VRW) =V®CW

(Formally, it is the quotientof the free associatie algebraover F with basisV
by the ideal generatedy the differencesof the left andright sidesof the above
identities.) The algebrais N-graded,thatis, it is a direct sum of components
Vih = ®"V indexedby the naturalnumbersandVi, ® Vi, C Vi 4n,-

If (e1,-..,em) isabasisfor V, thenabasisfor ®"V consistof all symbols

al®ag®"'®ana

foris,...,in€ {1,...,m}; thus,

rk(éV) =m"

Theexterior algebra of V is similarly defined,but we addan additionalcon-
dition, namelyvAv = 0for all ve V. (In this algebrawe write the multiplication
asA.) Thus,theexterioralgebra/\V isthequotientof ®V by theidealgenerated
byvevforallveV.
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In theexterioralgebrawe havevAw = —wA V. For
0= (V+W)A(V+W) =VAV+HVAW+HWAV+WAW,

andthe first andfourth termson the right arezero. This meansthat, in ary ex-
pressione, A&, A--- A g, we canrearrangehe factors(possiblychangingthe
signs),andif two adjacenfactorsareequalthenthe productis zero.Thus,thenth
componeni\"V hasa basisconsistingof all symbols

e, Ne,A---Ae,

whereiq < iz < ... <ip. In particulay

sothat A"V + {0} for n> m; and

k(A\V) = ni <r:) —om

Notethatrk(A™V) = 1. Any lineartransformatiol of V inducesin anatural
way a lineartransformatioron ®"V or A"V for ary n. In particular the trans-
formation A™T inducedon A™V is a scalay andthis providesa coordinate-free
definitionof thedeterminant:

def(T) = KT.

Now let Q bea quadraticform onV. We definethe Clifford algebra C(Q) of
Q to bethelargestassociatie algebrageneratedby V in whichtherelation

v-v=Qu)

holds. (We use- for the multiplicationin C(Q). Notethat,if Q is thezeroform,
thenC(Q) is justtheexterior algebra.lf B is thebilinearform obtainedby polar
ising Q, thenwe have

V-W+W-V=B(V,w).

This follows because
Q(v+w) = (V4+W) - (V+W) =V:-V+V-W+W-V+W-W
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andalso
Q(v+w) = Q(v) + Q(w) +B(v,w).
Now, whenwe arrangehefactorsin anexpressiorike
al ) ag e am

we obtaintermsof degreen— 2 (andhencen—4,n—6, ... aswe continue).So
againwe cansaythatthe nth componenhasa basisconsistingof all expressions

al.eiz...an’

wherei < iz < ... < ipn, sothatrk(C(Q)) = 2™. But this time the algebrais
not gradedbut only Z,-graded. Thatis, if we let C° andC; be the sumsof the
componentsf even(resp.odd)degree thenC'-C! C C'*1, wherethesuperscripts
aretakenmodulo2.

SupposehatQ polarisego a non-dgieneratdilinearform B. Let G = O(Q)
andC = C(Q). The Clifford group ' (Q) is definedto be the group of all those
unitss € C suchthats~Vs=V. Notethatl'(Q) hasanactiony onV by therule

s:vi—slvs
Proposition 7.5 Theactiony of I'(Q) onV is orthogonal.
Proof
Q(stvs) = (s7lvg)? = sTHVPs = s71Q(v)s = Q(v),
sinceQ(Vv), beingascalarliesin thecentreof C. =

We statewithout proof:

Proposition7.6  (a) x(I'(Q)) = 0O(Q);
(b) ker(x) isthemultiplicativegroupofinvertiblecental element®fC(Q). =

Thestructureof C(Q) canbecalculatedn specialcasesTheonewhichis of
interestto usis thefollowing:

Theorem 7.7 Let Q be hyperbolicon F2™. ThenC(Q) = End(S), whee Sis a
vectorspaceof rank 2™ over F called the spaceof spinors In particular, I'(Q)
hasa representatioron S, calledthespinrepresentatian
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Thetheorentollowsimmediatelyby inductionfrom thefollowing lemma:

Lemma 7.8 Suppos¢hatQ = Q +yz,wheery andzare variablesnotoccurring
in Q. ThenC(Q) = Mx2(C(Q))).

Proof LetV =V’ (e f). ThenV’ generate€(Q), andV’, e, f generat€(Q).
We representhesegeneratordy 2 x 2 matricesover C(Q') asfollows:

v (VY 0
0 —v)’
e — 01
0 0)°
f — 00
1 0/)°
Somecheckingis neededo establisitherelations. =

Let S be the vectorspaceaffording the spin representationlf U is a flat m-
subspacef V, let fy bethe productof the elementsn a basisof U. (Notethat
fu is uniquelydeterminedup to multiplication by non-zeroscalars;indeed,the
subalgebraf C(Q) generatedy U is isomorphicto the exterior algebraof U .)
Now it canbe shavn thatCfy and fyC are minimal left andright idealsof C.
SinceC = End(S), eachminimal left idealhastheform {T : VT C X} andeach
minimal right idealhastheform {T : ker(T) D Y}, whereX andY aresubspaces
of V of dimensionandcodimensionl respectrely. In particulay a minimal left
idealanda minimal rightidealintersectn a subspacef rank 1.

Thuswe have a mapo from the setof flat msubspacesf V into the setof
1-subspacesf S.

Vectorswhich spansubspacem theimageof o arecalledpure spinors.

Theorem7.9 S= St @ S~, whee rk(St) = rk(S™) = 2™1, Moreover, anypure
spinorliesin either S™ or S~ accoding asthe correspondingnaximalflat sub-
spacdiesin St or$~. =

Furthermorejt is possibleto definea quadraticform y on S, whosecorre-
spondingpilinearform 3 is non-dgieneratesothatthe following holds:

e if mis odd,thenS™ andS~ areflat subspacefor y, and inducesa non-
degeneratgairingbetweerthem;
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e if mis even,thenS™ and S~ are orthogonalwith respectto B, andy is
non-dgyeneratdyperbolicon eachof them.

We now look briefly atthecasem = 3. In thiscaserk St =rk(S™) = 4. The
Clifford group hasa subgroupof index 2 fixing St andS-, andinducingdual
representationsf SL(4,F) onthem. We have herethe Klein correspondencia
anotherform.

This casem = 4 is evenmoreinterestingaswe seein thenext section.

7.4 Triality

Supposeéhat, in the notationof the precedingsection,m= 4. Thatis, Q is a
hyperbolicquadratidorm onV = F8, andthe spinorspaceSis the directsumof
two subspaceS"™ andS~ of rank8, eachcarryinga hyperbolicquadratidform of
rank8. Soeachof thesetwo spacess isomorphicto the original space/. There
is anisomorphisnt (thetriality map of order3 whichtakesV to St to S™ toV,
andtakesQto y|S* toy|S™ to Q. Moreover, T inducesan outerautomorphisnof
order3 of thegroupPQ™ (8,F).
Moreover, we have:

Proposition 7.10 A vectors € Sis a pure spinorif andonly if

(a) se Storse S; and
(b) y(s)=0. =

Hencert takesthe stabiliserof a pointto the stabiliserof a maximalflat sub-
spacdn ST to thestabiliserof amaximalflat subspacen S~ backto thestabiliser
of apoint.

It canbe shown thatthe centraliserof T in the orthogonalgroupis the group
G2(F), anexceptionalgroup of Lie type whichis the automorphisngroupof an
octonionalgebraoverF.

Furtherreferencedor this chapterarein C. Chevalley, TheAlgebraic Theory
of Spinos and Clifford Algebras (CollectedWorksVol. 2), Springey 1997.
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