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Prologue: Simple examples

» Comparison of two groups
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» Comparison of two groups

estimated difference 0 =Yy,—Y,

Var(éA‘ ) =
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optimal choice
>neven: N,=N,=N/2

>N odd:

n,=(n=x1)/2



» Comparison of two groups
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» Linear reqgression
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> Linear reqgression

- D (=Y =Y

estimated slope =
e £ > (x=%)

design region: 0<Xx<1

optimal choice
»neven: X;=0or1,each n/2times



1. A shortcut to linear models

» general linear model
random
/[ )
Y (Xj)=1(X;) B+g

----- variable Var(g )

I\)

> regression functions f =(f.....,

> parameter B=(L,... ,Bp) &J



Vector notation
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» “design” matrix

(N*p)

F=—

=Fp+¢
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\f(xn)T/

Cov(Y)=

Cov(e) = GZIn



Estimation

» Gauss Markov Theorem

e

Is best linear unbiased esrimator for 3

» covariance matrix
0 2 (T Y]
Cov(B) = o?(FF)
=~ Fisher informationj

> “Iinformation matrix”

M=F'F) =>f(x)f(x;)"
i




» Linear regression

» dimension P =2

» regression functions f,(x)=1, f,(X)=X

» information matrix (2%x2)

[ Zx-\ &h
F'F= )l = 1 X.
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2. Designs and design criteria

> “exact design”  (Xy,...,Xp)

» information matrix

M(Xq,.... X[y ) = Z1f(x DE(x)!
]=

» aim: choose Xj,...,X from design region X

to. minimise M AEOC COV(@

resp. v(X) = F(X) M_1f(x) Lpredlctlon varlancej




Design criteria

equivalently —Indet M
> minimis% Y j

D: dCtM-1

A trace M~

MsE: | FOOTM'f(x) dx

G: max f(X)' M 'f(x)




3. Approximate designs

52( X Xm j<— design points
S(Xy) ... &(Xy)) <+ weights

» Information matrix
M(&E) =D E(x (X)) (X))

> &S*D-optimal < &* minimises detM(f)_1
etc. ...



Embedding of exact designs

Xy e Xy
(Xgpeeees Xn) = & =

1 1
\n n/

> information matrix

M(&) =1 D f(x)f(x;)"

B %M :| standardisedj




Convexity

> set = of approximate designs is convex

a-s+(1-a)-&,is a design

» standard criteria @ := — (—0,] are
convex

Oa-gi+(1-a)- o) <a-P(5) +(1-a) D(s,)

D-criterion: @ (&) =—Indet M(&)



4. The Equivalence Theorem

» directional derivative

Fg (s 77)—11m [@((1~a)-c+a-17)-D(S)]
at £in the direction of 77

» note:

Fp (&;5)=0

» reqgularity condition:

{f(X);xe X} is compact



The General Equivalence Theorem

£ minimises (&) ( & D-opt.)

if and only if

Fo(E3m)=0  forall 7

—
cf* maximises n}?in Fg (5*;77)



Sensitivity
» O diffferentiable

Fp (£;7) =Y n(X) Fyy (&;6y) 5, =]

> sensitivity function P(X; &) =—Fg (S5 04)

£ minimises ®(&)
= p(x:E)<o  forall X

o 5* minimises m)éanﬁ(X;g*)



Sensitivity
> sensitivity function P(X; &) =—Fg (S5 04)

zj* minimises @ (&)
= p(x;:E)<0  forall X

< 5* minimises m)’ilxqﬁ(x;é:*)

TR g =0 for &7 (x>0



D-criterion
D (&) = —Indet M(&)
Fp (&;7) = p—te(M(7)M (&)™)
P(%E) =£(X) M(E)'F(X) - p

Kiefer, Wolfowitz (1960)

./f* D-optimal <
vOGE ) =f(X) M(E)F(X)< P for all X

= 5* G-optimal



Linear criteria
D(&) = tr(AM(&)™)
Fop (£:17) = tr( AM() ™) — tr(AM(&) "M ()M (&)™)
P(%;E) = £ () M(E)AM(E) ' (x) - tr(AM(&) )

Fedorov (1971): A=I

./f* A-optimal =
£(X)"M(E) () < tr(M(E) ™) for all X

E" c-optimal < (£()"M(&)"¢)2 <c"M(&) ¢




Pros and cons

» usually not constructive
exception:polynomial regression

» efficiency bounds

» algorithms



Polynomial regression

Y(X)=L X+, ,,+ 0 pX P14 e

0<x<1

¢(X; &) polynomial of degree 2(p-1)

» minimal support

(0 Xo o Xp g

D-optimal: 5*(Xj) =1/p

1 )

E0) £() o Sy §M,



Efficiency bounds
Fp (&) < D(7)—D(E) convexity
O(&) S D) +max p(x;&)

» D-criterion

efth (¢) = [

1
YTV s maxv(d)
det M (& )1 S P axv
detM(&)

» A-criterion

off, (&)= 2D M ()" M(&)?H(x)
§ D) tr(M(&) ")



Algorithms

%steepest descent”]

Xp = arg nxlea% P(X;$n_1)

on =(1—an)ep_q+ ané‘xn

»"“Fedorov” /Gdd one point’j

» “Wynn”
an =argmin @((1-a)g, 4 +ady )
c n

En > &




o? unknown

> information matrix (for @ = ([3,02) )

(M@ 0

1
. 0 ey

Mg(f) —

2 1
Me(é‘)_1 = [O— MO(é:) 204)/:C0nstantj
o

— same story as before



5. Random Coefficient Regression

» individual curves are given by a common
linear model

= (X)) bi+e

explanatory
varlable |JN N(O o )

|ndependent
> individual parameters: b‘l((ﬁa D)

Epopulation parameterj/




Design
» Individual design

[ x. . )
1 " I
&=\, g

E() e €K,

» population design

é,:( ERS ]
¢ (siy) - 6(Giy)

» problem: set of information matrices is not convex
> mi =M



Single group designs

¢

» information for population parameter

Mg (&) = (M) + D)~

W modeﬂ
iInformation




Linear criteria

» minimise \A, IMSE, Cj

tr(A (L M(E) " + D))

constant !

- Tl AM(£) ")+ (D)

» result Luoma (2000), Liski et al. (2002)

Cf,: optimal in reduced model
—

& optimal in RCR model




An Equivalence Theorem

» convexity

® convex
— @ convex in Mﬁ(g) _ (%M(.f)_1 +D)_1

E D- optimal for[3 =
£() M) Mg (EHM(E)E(X)
Str(MB(.f )M(.f )" forall x

_ Fedorov, Hackl (1997
locally optimal at D ( )



Variance components

» convexity fails (within individuals)
even for single parameters (e.g. d,,)

» “equivalence theorems” (which?)
give only necessary conditions



A Multivariate Equivalence Theorem

» generalised multivariate designs
~ (Xq1seees Xqm) 0 (Xjqoeees Xpy ) | «— settings
W, W,

S

<«— weights
» generalised multivariate information
M(&) = 2:21 W.F, (I, + F; DF)'F,’
> 2" maximises det M(&) (&" D-opt.)
if and only if
sup  trV(x) "Fx)M( ) 'F(x)"<p

X=(X{,--- X ) Fedorov (1972)




Epilogue: Open Problems

» unbalanced designs
(e.g. individual designs singular)

» single group designs not applicable for
treatment comparisons

» non-linear models
(linear approximation: appropriate?)

Need for a more general approach !!!
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