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Abstract

We establish two embedding theorems for tree-free groups. The first result embeds a group
G acting freely and without inversions on a A-tree X into a group G acting freely, without
inversions, and transitively on a A-tree Xinsucha way that X embeds into X by means of a
G-equivariant isometry. The second result embeds a group G acting freely and transitively
on an R-tree X into RF(H) for some suitable group H, again in such a way that X embeds
G-equivariantly into the R-tree X associated with RF(H). The group RF(H) referred to
here belongs to a class of groups introduced and studied by the present authors in [3]. As a
consequence of these two theorems, we find that R F-groups and their associated R-trees are
in fact universal for free R-tree actions. Moreover, our first embedding theorem throws light
on the question, arising from the results of [7], whether a group endowed with a Lyndon
length function L can always be embedded in a length-preserving way into a group with a
regular Lyndon length function; modulo an obvious necessary restriction we show that this
is indeed the case if L is free.

1. Introduction

By a tree-free group we mean a group having an action on a A-tree, for some (totally)
ordered abelian group A, which is free and without inversions. This means that every non-
identity element acts as a hyperbolic isometry (see [2, Chapter 3]). This paper arose from our
efforts to verify some of the results in the paper of Alperin and Moss [1], one of the seminal
papers on R-trees. The first is Theorem 3.4, that a group G with a real length function can
be embedded in a group G which is a “principal ideal group”. The construction involves
taking the corresponding R-tree X on which G acts, and adding copies of X, joined together
at a single point, at every point in the closure of the set of branch points, then iterating the
construction, to obtain an R-tree X,. Elements of G are then defined as certain geodesic
paths in X. There is a natural length function on G; however, the detailed proof that Gisa
group, and that X, is the canonical tree associated to the length function, are omitted, and
appear to be rather problematic in that context. Consequently, we have adopted a different
approach, defining G as aset of equivalence classes of sequences under certain rewrite rules,
defining the length function directly, then using the canonical construction of a tree from a
length function to obtain an analogue of X, (now called X). We also make two changes;
firstly, copies of X can be attached at any point, not just at points in the closure of the set of
branch points. Secondly, when this is done, there is no need to confine attention to R-trees;
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the argument applies to A-trees, for any A. The outcome is the following improved result;
cf. Theorem 5.4.

THEOREM. Let G be a group acting freely and without inversions on a A-tree X. Then
there exist a group G and a A-tree X, such that G acts freely, without inversions, and
transitively on X together with an embedding G — G and an equivariant isometry X — X.

Our argument bears no obvious resemblance to that in [1]; however, like the one in [1], it
only applies to actions which are free and without inversions.

Our second embedding result is based on [1, Theorem 4.2]. Here, it is left unexplained
why the function F, in the proof is admissible. Specifically, this involves a certain quotient
set S of a group G; it appears difficult to see how the map with domain § needed to define
admissibility on p. 65 can be chosen so that it is injective. However, with some effort, the
original argument can be adapted to show that, if a group G acts freely on an R-tree X, then
there is an embedding of G into RF(H) for some group H, where RF(H) is one of the
groups constructed and investigated in [3]. Moreover, there is an equivariant embedding of
X into the canonical R-tree X on which RF(H) acts.

To prove this, we let H be the quotient set S above, given an arbitrary group structure, and
replace the ordered pairs (s, 57) of elements of S used in [1] by sflsz. We give the details
to show that this construction works.

It is clear that our results depend heavily on the connection between Lyndon length func-
tions and actions on A-trees, which we summarise next. The definition of a Lyndon length
function is given after [2, Chapter 2, Corollary 4.5]. In particular, if L : G — A is a map,
where G is a group and A is an ordered abelian group, we let

c(g.h) = 3{L(g) + L(h) — L(g"'h)}.

THEOREM 1.1. Let G be a group and let A be an ordered abelian group.

(1) If G acts on a A-tree (X,d) and x € X is any point, define L,: G — A by
L,(g) =d(x, gx). Then L, is a Lyndon length function satisfying c(g, h) € A for all
g, heqG.

(i1) Conversely, given a Lyndon length function L: G — A satisfying c(g, h) € A for all
g,h € G, there are a A-tree (X, d) on which G acts and a point x € X such that
L=L,.

Proof. See [2, Chapter 2, Theorem 4.6] and the preceding paragraph.

The proof of (i) depends on the fact that A-trees are 0-hyperbolic. If (X, d) is any A-metric
space, and x € X, set

(v -2 =3{d(y,x)+dz,x) —dx,»}, y.zeX. (1-1)

Then (X, d) is O-hyperbolic if at least two of (x - y),, (¥ - z), and (x - z), are equal, and not
greater than the third, for all x, y, z, # € X. (See [2, Section 2, Chapter 1] for more details.)
We shall make use of the interpretation of the function c(g, &) in (i) as d(x, w) = (gx - hx),,
where [x, gx] N [x, hx] = [x w].

Finally, we shall be dealing with actions in which every non-identity element acts as a
hyperbolic isometry, so we note the following criterion.
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LEMMA 1.2. Suppose a group G acts by isometries on a A-tree (X,d) and let x € X
be any point. Then an element g € G acts as a hyperbolic isometry of X if, and only if,

L.(g%) > L.(g).
Proof. This follows from [2, Chapter 3, Lemma 1.8].

Remark. Following [7], a length function L: G — A such that L(g?) > L(g) for all
non-trivial elements g € G will be called free. (Lyndon used the term archimedean.)

2. The rewriting system R

Let G be a group acting by isometries on a A-tree X = (X, d). We shall assume that the
action of G is free and without inversions. Let B = {b; : i € I} be a set of representatives
for the G-orbits. We assume that O € 7, and we shall take b, as basepoint in X. It is probably
implicit, but we assume that the map i — b; is bijective, and that X N [ = .

We consider words X = 5155 ..., (s; € X U TI) over the alphabet X U I; we shall usually
separate the letters s; by commas to improve readability, and often add parentheses at the
ends of a word. Let R be the set consisting of the following rewrite rules.

(1) gbi,i,x — gx,forge G,i € I,and x € X;
(2) i,b; —> &, where ¢ is the empty word, for all i € I.

In the usual way, R induces a relation — on (X U I)*, the free monoid generated by the
set X U I, namely the binary relation given by

X;] — X; < X, results from x; by a move of type (1) or type (2).

Let — be the reflexive, transitive closure of —, and let = be the equivalence relation
generated by — . Explicitly, we have x =y for x, y € (X U I)* if, and only if, there exists
a sequence

X=X|,X2,...,Xm=y,

where x, € (XU I)*for1 < u <m,m > 1,and for | < p < m, either X, —> X, or
Xu+1 — Xp.
As usual, the length of a word

X=(5,58,...,8), s;eXUI,

is n; and a word x € (X U I)* is reduced, if none of the rewrite rules (1), (2) can be applied
to it. We note that, since the rewrite rules shorten the length of a word, R is ferminating; that
is, for each x € (X U I)* there exists t = ¢(x) € Ny such that no chain of direct moves (1) or
(2) applied to x has more than ¢ terms. Recall that a rewriting system R on a set S is called
locally confluent if, whenever X € § can be transformed into y, by one direct move, and into
y2 by another, then there exists z € S, such that z can be reached from each of y;, y, by an
appropriate chain of direct moves.

LEMMA 2.1. The rewriting system R on (X U I)* is locally confluent.

Proof. According to [5, Lemma 12.17], it suffices to show that, for each pair of rewrite
rules u; —> t; and u, — t,, the following are satisfied,

() if uy = rs and u, = st w1th r,s,t € (X U D* and s =+ ¢, then there exists
w € (X U I)* such that ;1 —> w and rt, —> w;
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(i) ifu; = rstandu, = s withr, s, ¢t € (XUI)* and s # ¢, then there exists w € (XUI)*
such that ¢, 5 wand ript s w.

Note that in our case, u; = u, implies t; = 1,, so that (i) and (ii) are trivially satisfied (but this
makes essential use of the fact that the action of G is free). Thus, we may assume that u; +
u». To verify (i), if both rewrite rules are of type (1) above, they have the form gb;, i, hb; —
ghb; and hb;, j,z —> hz (so s = hbj, etc.). Then it is easy to see that we may
take w = ghz. It is impossible that both rules are of type (2), so assume one is of type
(1) and the other is of type (2). There are two possibilities; the first is that the two rules have
the form gb;, i, b; —> gb; and i, b; —> ¢ (so s = (i, b;)). Then we may take w = gb;. The
second is that the rules have the form i, b; —> ¢ and b;,i,y —> y (sos = b;, t; = € and
t, = y, etc.) Then we can put w = (i, y).

To verify (ii), the only possibility is that u; — ¢, is of type (1) and u, — ¢, is of type
(2), and they have the form gb;, i, b; —> gb; and i, b; —> ¢ respectively. Thus s = (i, b;),
r = gb; and t = ¢. Then we can let w = gb;.

PROPOSITION 2.2. Each equivalence class of (X U I)* under = contains exactly one
reduced word.

Proof. Since the rewriting system R on (X U I)* is terminating, and locally confluent
by Lemma 2.1, this follows by a well-known result of M. H. A. Newman (the “Diamond
Lemma”); cf. [10], or [4, Chapter 1, Lemma 5.1].

3. The group G
Consider the subset
S = {0y i1 X1y ey X)) i 20, x, € XO< <), iy e I 1<V <},
of (X UT)*, and let ~ be the equivalence relation induced by R on the set S; that is, we have
x ~ y if, and only if, there exists a finite sequence

X=X,X2,...,.X =Y,

where m > 1,x, € Sforl < u < m, and, for 1 < u < m, either x, — X, or

X,+1 — X,. Clearly, the equivalence class [X] of a word X € § under ~ is contained in the

equivalence class of x under the relation =; in particular, [x] contains at most one reduced

word by Proposition 2.2. Also, each class [x] does contain a reduced word, since the rewrite

rules (1) and (2) both shorten the length, and § is closed under moves of types (1) and (2).
We define a binary operation on S by

x.y := the concatenation x, 0, y.

This operation is clearly associative, and ~ is a congruence on S, so S/~ is a semigroup,
with respect to the operation [x][y] = [x.y]. Further, we have, for x € S,

x.(bo) = %, 0, by -2 x <L by, 0, x = (by) X,

so that [(bg)] is a (two-sided) identity element for S/~. Moreover, for
X = (gobj,, i1, 810, 12, ..., 1y, 8ubj,) € S, 3-1)
let
X := (bo, jus &y ' Bins 1> 85 1Binss - 15 &1 bivs Jos 85 Do) (3-2)



Embedding theorems for tree-free groups 5
A straightforward calculation, involving an alternating chain of moves, then shows that
[xI[X] = [(bo)] = [X][x];

hence, S/~ is a group, which we denote by G.ltis easy to see that G is independent, up to
isomorphism, of the system of representatives for the G-orbits used in its definition.

4. The length function L

For a reduced word x € § as in (3-1), set

L([x]) := d(bo, gobj,) + ) _ d(by, gkby).
k=1

Since each equivalence class of S contains a unique reduced word, this defines a map
L: G —> A. We shall show that L is a Lyndon length function on G.

LEMMA 4.1. For [x] € G, we have L([x]) = L([x]™").

Proof. Letx € S bereduced and as in (3-1), and consider X. If, for some k£ with 1 < k < n,
a type (1) move

8 iy ety &ilibi s —> &' 8l ibie
were possible in X, then it would follow that j;_; = i, so that the type (1) move
8k—1bj_,, ix, 8kbj, —> gk—18kbj,

would be possible in x, contradicting the fact that x is reduced. Hence, the only possible
type (1) move in X is

bo. ju- &' biy —> &' bis Jn = 0. 1)
Similarly, we see that the only possible type (2) move in X is
Jos go_lbo —> ¢, Jo=0and gy =1. 4-2)

Moreover, carrying out these moves, where possible, gives the reduced word in the equival-
ence class [x]~!. Using the facts that d (b, by) = 0, that G acts by isometries, and that d is
symmetric, the result follows now by a straightforward computation.

Next, we shall calculate c([x], [y]) for [x], [y] € G. Our result is as follows.
LEMMA 4.2. Let
X = (-x()s ila-xla . "7ims-xm)a y = ()’07 jl? )’17 ceey jns yn) S S

be reduced words. Let k > 0 be maximal with respect to the condition that

(-xO’ilaxlv'--yik) = (J’O,J.l, yla-~'ajk)7
and let
(X0, i1, X1, ..o Xk—1), k=15
w=wxy) =
g, k=0.
Then

c(x], [yD = LW, Y)D) + (i - yolu, (4-3)
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where L([W(X, y)]) has to be interpreted as 0 if w = ¢, iy := 0, and, for points x, y, b € X,
(x - y)p is as in (1-1); in particular, we have c([x], [y]) > L([w(x,y)]) and c([x], [y]) € A.

Proof. The fact that c([x], [y]) € A follows from (4-3) together with [2, Chapter 2,
Lemma 1.6]. Since c([x], [y]) is symmetric by Lemma 4.1, we may suppose without loss of
generality that m < n. Let

’ (b()’ ikvxk’ MR im9-xm), k 2 1 d , (b09 jk: ykv AR jn’ yn)7 k 2 1
X = and y :=
X, k=0 y, k=0.

We note that X', y’ are reduced words, unless k > 1 and either iy = 0 or j; = 0, in which
case we can use the type (1) moves

bo, 0, X —> Xk and bo, 0, Y —> Yk

to delete by, iy or by, j, where possible, after which the resulting words are reduced. It
follows from this discussion and a computation similar to one occurring in the proof of
Lemma 4.1 that

L([x]) = L([w]) + L([x'])
and
L([yD) = L([w]) + L(y'D.

Also, we have x ~ w.xX' and y ~ w.y, hence X.y ~ x'.y’; here, the concatenations &.x
and e.y are to be interpreted as x and y, respectively. We now concentrate on the case when
k < m. Writing x, = g,b,, for 0 < £ < m, we claim that

- -1 ~1 —1 . .

X/-y, ~ (bOa Mms 8 bi,,,a Mm—1s s gk+1bik+|a ks 8k Yiks Jk+15 Yi+1s -« 5 Jns J’n)- (44)

Indeed, if k > 0, then

g'y/ = (1 . bOv ik’ gkbltkv e im7 gmbu.,,,)~(b01 jk» Vis oo jns yn)
= (bOa Mms g,;lbim’ Mm—15 -5 Mk, g]:lbik’ 07 bO)'(b07 jkv ykv ey jnv yl’l)
~ (bOa Mo s g;lbima Mm—15 «« 5 Lk gk_lbika jka Vis + -+ jm yn)

~ (b()s Mo s g;lb[“,’ Mm—1s - gk__:lbikHa Mk gk_lykv jk+la Yi41s oo o5 jn’ yn)v

where we have used the fact that iy = j; for k > 0 in the last step. If, on the other hand,
k = 0, then

;'y/ = )_(y = (b()’ Mo s g,;lbimv Mm—15 -+ L1, g;lbi,, Mo, g(;lbo)'(y07 j17 Vis oo jrn yn)

~ (b()v Hm s g;lbima Mm—=15 -+ KU1, gl_lbily Mo, g()_]y07 j17 Viseoes jl’l’ yn)a

which coincides with the right-hand side of (4-4) in the case when k = 0, as desired.
The only possible type (1) move in the word on the right-hand side of (4-4) is

b()a Mm s g,;lbi,,, — gy;lbi,,,a Mm = Oa
while the only possible type (2) move is

i 8 Ve — & X = Wi
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This follows from a discussion of possible type (1) and type (2) moves similar to one in the
proof of Lemma 4.1, using the fact that x and y are reduced. Moreover, having performed
these moves in (4-4) where possible, the resulting word is reduced, since k < m and therefore
ix+1 #* Jjisr1 by choice of k. It follows that

L(x]'[yD) = L(X.y'])

= Y dbi, x) +d0x, y0) + Y dibj, yo)

=k+1 {=k+1

= L(X']) — d(bi, xx) + d(x, yi) + LAY'D — d(bji, yo),

and therefore
c([x], [yD = LW + 3{d (b, xi) +d(bj,, yi) — d(xi, yi)}

= L(wD + (xx - Yoo, »

as claimed.
It remains to deal with the case when k = m. Again writing x,, = g,b,,,, we have, for
m >0,

;‘y/ ~ (b07 MM’ gn_/,lym’ jm+17 ym+1’ st jrla yn)'

The only possible type (1) move now is

bOa Mm s g,,:lym — gn:lym’ Mm =0, (45)
while the only possible type (2) move is

Lons 80 Vm — & Xn = Y- (4-6)

If u,, = 0, performing the type (1) move (4-5) results in a reduced word, whereas for p,,, & 0
and x,, = Y., performing the type (2) move (4-6) results in a reduced word for j,+; * O,
while for j,,+; = 0 a further type (1) move

h07 Jm+15 Ym+1 > Ym+1

is necessary to reach a reduced form. Given this, a routine calculation yields that, for
k=m>0,

n

LAXI'[yD) = LAX.YD) = dG, yu) + Y, d(bj,, v,

L=m+1
and the rest of the proof proceeds as before.

We are now ready for the main result of this section.

PROPOSITION 4.3. The mapping L is a Lyndon length function on G with c(g,h) € A
forall g, h € G.

Proof. In view of Lemmas 4.1 and 4.2, we only need to show that, if

. . ./ ./ </ /!
X = (X0, i1, X1, oo 00, X0), Y = (V05 115 Vs oo vsipgs Ym)s Z=10(20,1{,21,.-.,10,,2:) €S

are reduced words, then at least two of the three values

c(x], [yD, c(lyl, [zD), c([x], [z])
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are equal, and less than or equal to the third. Let p(x, y) denote the largest common prefix
of the words x and y, with a similar definition applying to the pairs y, z and x, z. Without
loss of generality we can assume that p(x, y) = p(y, z) is a prefix of p(x, z). We distinguish
two main cases according to whether p(x, y) ends in a point or an index.

Case (a). We have p(X,y) = Xxo, i1, X1, ..., Xe—1 for some k > 1 (i.e., p(X, y) is non-empty
and ends in a point). Then, in the notation of Lemma 4.2, k = ¥ — 1, and so

(-x(],i],X],-..,xK_z), K>2
w(x,y) =
g, K = 1’
and’ by (43)7

c(x], [yD = L(wXx, Y)D) + (X1 - Ye—1)p,

=L(wx,y)D) +db;_,, xc1)
= L([px,y)D)
= c([y], [z]).

Moreover, if i, = i/, we have p(x,y) = p(X, z), and hence w(x, y) = w(x, z), whereas for
i, =i/, the string p(x, y) is a prefix of w(x, z). Consequently, for i, % i/,

c([x], [2]) = L(IW(X, 2)]) + (Xe—1 - Ze-1,,

1

= L(W&, YD + (-1 - Y1)y,

= c([x], [yD
= c(lyl, [zD,
while, for i, = i/,
c([x], [z]) = L(Iw(x,2)]) = L([px, y)]) = c([x], [yD) = c(ly], [z]).

Case (b). We have p(X,y) = Xg, i1, ..., Xc_1, i for some k > 0 (i.e., p(X,y) is empty or
ends in an index). In this case, w(x,y) = w(y, z) is a prefix of w(x, z), and we have

c(XI, lyD = L([w(x, )] + (xc - )b,
as well as
c(lyl, [z]) = L((wX, )] + Y - 2, -

We now distinguish two subcases.
Case (by). Suppose that x, = z,.. Then

c(Ix], [yD = c(ly], [z])

and
c([x], [z]) = L(wx, y)]) +d (b, x.)

2z L(wX, Y)D + (xc - y)p, = c(X], [yD,
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since, by the triangle inequality,
(e - Yolb, = 31d(bi, x) +d by, yo) — d(xe, yio)}
< 3Hdbi, x) +d (b, yo) — d by, yo) +d (b, x)) = d by, x,).
Case (b,). Suppose that x,, & z,. Then p(x, z) = p(Xx, y), so W(X, z) = w(X, y), and
c([x], [z]) = L(AwW(x, Y)]) + (xXc - 2, -
In this case, the desired result follows since X is 0-hyperbolic, so two of the quantities
X = Y s O = 2y s K = 2,
are equal, and less than or equal to the third. This completes the proof.

Given the last result, it follows from of Theorem 1.1 (ii) that there exists a A-tree
X = (X, d) on which G acts by isometries, with a basepoint b such that L = L, is the
displacement length with respect to b.

5. The action of GonX
LEMMA 5.1. The action of G onXis free and without inversions.

Proof. We need to show that if g € G, g + 1, then g acts as a hyperbolic isometry on i;
that is, L(g?) > L(g). Let g = [x], where x € § is reduced, and write

X = (gobj07 il’ glbjla LR inv gnbjn)y
as previously. We use induction on n. We have
XX = (gobj07 il? glbjl’ ceey in: gnbj,ly 0’ gObjov ila glbj19 ceey inv gnbj,,), (51)

and this word is reduced, unless either (1) go = 1 and j, = 0, or (2) j,, = 0. If the right-hand
side of (5-1) is reduced, then

L(g*) = L(g) + d(bo, gobj,) > L(g),
as (1) does not hold, so g is hyperbolic. Otherwise we have two cases to consider.
Case (a). Suppose that go = 1 and j, = 0. Thenn > 1 (since g # 1), and
X.X ™~ (bO? il? glbjla ) in’ gnbj,,’ ila glbjla ey in’ gnb],,) (52)

If j, =+ i, then the word on the right-hand side of (5-2) is reduced, and, since x is reduced,
we have

L(g*) > L(g) +d(bi,, g1bj) > L(g),
so again g is hyperbolic. Next, suppose that j, = i;. Then, if n = 1, we have
xx ~ (by, i1, g1b;,).(bo, i1, g1bi,) ~ (b, i1, &1bi,),
and
L(g*) = d(by. gbi) > d(by,. g1bi,) = L(g)

in this case, because g; # 1 as x is reduced, and G acts freely and without inversions. Hence
g is hyperbolic. Now assume that n > 2; then

XX~ (b09 il’ glbjla LR i}’u gnglbjlv i29 e inv gnbjn)
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If either i,  j, or g, + gfl, then this is reduced, and hence

L(g%) > L(g) +d(b,, g.g1bj,) > L(g),

so g is hyperbolic.
Suppose i, = j; and g, = gl_l. Then n > 3 as x is reduced; in this situation, let

u:.= (b(), il, glbjl) and X/ = (b(), iz, gajza ey gn—lbj,,,|)-
Then
u= (bOa jla g]_lbila 07 b()) ~ (bO’ j17 gl_lbil)’

and we find that x ~ u.x’.u. It follows that g = [u][x'][u]™', so [x'] + 1 since g + 1; and,
by induction, we infer that [x] is hyperbolic, hence so is the element g.

Case (b). Suppose that j, = 0. If n = 0, then
XX ~ (gobo, 0, gobo) ~ (85bo),
and go = las g =+ 1, so
L(g*) = d(bo. g3bo) > d(bo. gobo) = L(g).
since G acts freely and without inversions. Assume that n > 1. Then
XX~ (8objys i1 8155y - -+ Ins 8n&0bjys 115 81655 - s in, &ubj,).
This is reduced unless i, = jo and g, = g, ! and if it is reduced, then
L(g*) > L(g) +d(b;,, gugobj) > L(g);

thus, g is hyperbolic.

Suppose that i, = joand g, = g, ! Then n > 2, otherwise x ~ (by), contradicting our
hypothesis that g & 1. We have

XX~ (gobjo, i1, 810, - - s In—1s Euo1bj,_,, 11, &1P),, - -, Jo, &nbj,).
If i; # j,_ then this is reduced, and, since x is reduced, we obtain
L(g*) > L(g) +d(bi,, g1b;,) > L(g);
hence, g is again hyperbolic. It remains to consider the case when j, = 0, i, = jo, 8, = &; n
and i} = j,—. Letu := (gobj,, i1, bo), and set
(g1bo), n=2

(glbj]’i2’ gzbjza---9in—ly gnflbo), n 2 3
Then
a = (by, 0, by, jo, g5 ' bo) ~ (bi,, jo, & 'bo),

and it is easily checked that x ~ u.x'.u. It follows again that g = [u][x'][u] !, so [x'] # 1,
and by induction [x'] is hyperbolic, hence so is g. This complete the proof of the lemma.

We call a Lyndon length function L: G — A strongly regular if, for each g € G and every
y € A such that 0 < y < L(g), there exist elements g;, go € G such that g = g,
L(g)) = y, and L(g;) + L(g2) = L(g). Our next result spells out the precise connection
between strong regularity of a length function on a group G and the associated action of G
on the corresponding A-tree.
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LEMMA 5.2. Suppose that a group G acts by isometries on a A-tree X = (X, d), and let
Xo € X be any point. Then the following assertions are equivalent:
(i) the group G is transitive on the subtree spanned by the orbit of xy;
(ii) the displacement function L,, is strongly regular.

Proof. See [3, Section A.3, Proposition A.32].

Remark. The reader may wonder why we have introduced the term strongly regular here.
The reason is that there exists already a notion of regular length function in the literature,
which has proved useful; cf., for instance, [7]: a Lyndon length function L: G — A ona
group G is called regular if, for any two elements g, i € G, there exist elements u, g;, h; €
G such that g = ugy, h = uhy, L(g) = L(u) + L(g1), L(h) = L(u) + L(hy), and L(u) =
c(g, h). It is shown in [3, Section A.3] that a strongly regular length function L: G — A
with the property that c¢(g, h) € A for all g,h € G is in fact regular; thus, in particular,
justifying our terminology (cf. [3, Proposition A.30]).

LEMMA 5.3. The action ofé on X is transitive.

Proof. 1t follows from [2 Chapter 2, Theorem 4. 6] (with X' = Z = X and w = b, so
w is the identity map), that X is spanned by the orbit Gb. In view of the previous lemma, it
therefore suffices to show that L = L, is strongly regular.

Let x be a reduced word as in (3-1), and let y € A be such that 0 < y < L([x]). Set iy :=
0, so that L([x]) = ZZ:O d(b;, gkb;,). Let N € Ny be minimal subject to the condition that

< YN d by, giby), and let 8 ==y — Y0 ' d(by,, gibj,), thus 0 < 8 < d(biy, gnbjy),
and§ > Ofor N > 1.

Let z be the point on the segment [b;,, gnb;, ] of X at distance § from b;,, and define

(gobj,, i1, g1bj,, ... in—1, En—1bjy_,,in,2), N =1

Theny € S is reduced, and

N-1 N-1
L(IyD) = ) _d(by,. gib;) +d(b;y.2) = Y _d(by,. gib;) + 8 =y.
k=0 k=0

By Lemma 4.2,
c([X], [yD = L([(gobjy, i1, &1bjy, - - - in—1, gn—1bjy D + (gnbjy - 2,
= L([(gobj,» 11, &1bj, .. in—1, gn-1Djy_)]) +d(biy, 2)
= L([lyD.
Letting g := [x], g; := [y], and g; := gflg, we have found that L(g;) = v and
L(g) = L(Iyl"'[x]) = L(x]"'[yD) = L(x]) — L(y]D) = L(g) — L(g),
which shows that L is strongly regular, as desired.

We are now in a position to establish our first main result.
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THEOREM 5.4. Let G be a group acting freely and without inversions on a A-tree X.
Then there exists a group G acting freely, without inversions, and transitively on a A-tree X,
together with a group embedding ¢: G —> G and a G-equivariant isometry pi: X — X.

Proof. Define ¢: G —> G by ¢(g) = [(gbo)]. Then ¢ is a group homomorphism since,
forg,h € G,

@(8)¢(h) = [(gbo)][(hbo)] = [(gbo).(hbo)] = [(gbo, 0, hbo)] = [(ghbo)] = ¢(gh),

where we have used the type (1) move gby, 0, hby —> ghby in the next to last step.
Moreover, since the action of G on X is free, we have, for g € G, that

p(g) =1 < [(gh))] =[(b))] <= gby=by <= g =1,

using the fact that (gby) and (by) are reduced words. Hence, ¢ is an embedding.
Since the action of G on X is transitive by Lemma 5.3, we have

X ={[xlb: [x] € G},
and the metric d on X is given by
d([x1b, [ylb) = d (b, [x]'[ylb) = L([x]"'[yD).
as L = L,,. Define u: X —> X by u(gb;) := [(gb:)]b. Then
d(u(gby). w(hby)) = L([(gh)] " [(hb)])
= L([(bo, i, ¢~ 'bo)1[(hb))])
= L([(bo, i, g by, 0, hb;)])
= L([(bo, i, &' hb))])
=d(b;, g 'hb;) (whether or not (by, i, g~'hb;) is reduced)
= d(gbi, hb,),
s0 i is an isometry. Finally, u is G-equivariant as
1u(hgby) = [(hghi)1b = [(hbo)1[(gb)]b = [(hbo)11u(gb:) = @(h)n(ghy).
This completes the proof of the theorem.

A question arising from the results of [7] is the following. Can a group with a Lyndon
length function L always be embedded in a length-preserving way into a group with a regular
Lyndon length function? With an obvious necessary restriction, Theorem 5.4 provides an
affirmative answer to this question in the case when L is free.

COROLLARY 5.5. Let G be a group endowed with a free length function L: G — A
satisfying c(g,h) € A forall g,h € G. Then G can be embedded in a length-preserving
way into a group with a free, regular length function.

Proof. By Part (i) of Theorem 1.1 and Lemma 1.2, our hypotheses guarantee existence of
a A-tree X = (X, d) on which G acts freely and without inversions, and such that L = L,
for some point xo € X. By Theorem 5.4, G can be embedded into a group G acting freely,
without inversions, and transitively on a A-tree X. Furthermore, X embeds by means of a



Embedding theorems for tree-free groups 13

G-equivariant isometry p into X in partlcular the group embedding is length-preserving
with respect to the length function L =1L 1w(xe) ON G, the latter being strongly regular by
Lemma 5.2, and satisfying

(g, h) = (Bu(xo) - hp(x0))ue) € A

for all g, heG by Lemma 1.6 in [2, Chapter 2]. According to the remark preceding Lemma
5.3, L is regular, and it is free by Lemma 1.2, whence the result.

6. Some remarks concerning the A-tree X

We shall prove one general result about the structure of X, by calculating the degree of
its points. Recall that, if X = (X, d) is a A-tree and v € X, then the set of directions at v is
the quotient of the set of segments {[v, x] | x € X, x # v} by the equivalence relation =
defined by

w,x]=v,y]l < [v,x]Nv, Yyl + v} = x-y), >0

(cf [2, Chapter 2], after Lemma 1.7). The degree of v, denoted by degy (v), is the cardinality
of the set of directions at v. (Degree is also called valency or index of ramification in the
literature.) We denote the equivalence class containing [v, x] by (v, x).

PROPOSITION 6.1. In Theorem 5.4, the degree of every point of X is Y i degx (D).

Proof. Since G acts transitively, it is enough to show that degg (b) = ) ,_, degy (b;). To
do this it suffices to define a bijective map

ga:]_[Di—>D,

iel
where D; is the set of directions at b; in X, and D is the set of directions at b in X. We set

@((bi, x)) = (b, gb),

where g = [(by, i, x)] € G, for x € X, x & b;. (Note that (b, i, x) is reduced unless i = 0,
when the reduced form of g is [(x)].)

We need to show ¢ is well-defined and one-to-one. If g, h € G, then, as noted in the
introduction,

(gb - hb), = c(g, h).

Suppose g = [(bo,i,x)] and h = [(bo, j, y)]. If i £ j, it follows from Lemma 4.2 and
the observation that (z - by),, = 0 for any z € X that c¢(g,h) = 0. (There are several
cases, depending on whether i, j are equal to zero or not.) If i = j, then Lemma 4.2 gives
c(g, h) = (x - y)», (again there are several cases). This shows that ¢ is indeed well-defined
and one-to-one, and it remains to show that it is onto.

Since G acts transitively, a direction in D has the form (b, gb), where g € G, g + 1, say
g = [(xo, i1, X1, ..., Iy, x,)] in reduced form. Suppose xo = hb;, where h € G.

If xo =+ by, then (b, gb) = @((by, xo)) since @({(by, x0)) = (b, [x0]b) and, by
Lemma 4.2,

c([xol, 8) = (xo - x0)p, = d(bg, x0) > 0.
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If xo = by, thenn > 1 since g + 1, and x; # b;, since the expression for g is reduced.
Hence (b, gb) = ¢({b;,, x1)), because ¢({b;,, x1)) = (b, [bo, i1, x1]1b) and, by Lemma 4.2,

c([(bo, i, x1)], &) = L([bo]) + (x1 - x1)p, =d(bj;, x1) > 0,
because (bg, i1, x1) = (xo, i1, x1) is reduced. This completes the proof.

If we take X to be an arbitrary A-tree and G to be the trivial group in Theorem 5.4,
we obtain the result that any A-tree can be embedded in a metrically homogeneous A-tree.
However, by Proposition 6.1, the degree of the points in X will, in many cases, exceed
the degree of any point in X. Thus, our construction will not yield Theorem 2.3 in [6] for
R-trees. Moreover, the R-trees T, constructed there are complete, and by contrast we have
the following result.

PROPOSITION 6.2. In Theorem 5.4, if A = R and X has more than one G-orbit, then X
is not complete as a metric space.

Proof. Define a sequence (g,),>o of elements of G recursively as follows. Put gy =
[(bo)]; if g, has been defined and g, = [(xo, i1, ..., i, X,)] in reduced form, and x, is in
the G-orbit of b;, choose i, € I such thati,;, + j, and choose x,;; € X such that
0 <d(b;,,,, Xnt1) < 1/(n + 1), then put

8n+1 = [(an il7 ey in, Xns in+l7 xn+1)]a
which is in reduced form.
Then for n > m,
denbr ) = L& e = 3 dbyx) < —— oo s
gm vgn - gm gﬂ - = Ipy vr (m + 1)2 nzv

hence (g,b),>o is a Cauchy sequence in X.
Suppose (g,b),>0 converges; since the action of G is transitive, it converges to gb for
some g € G, say g = [(Yo, j1, - --» Jjm> Ym)] in reduced form. Let k be maximal subject to

(-xOs il,X], "'7ik) == (y07 jlv ylv "'7jk)

and apply Lemma 4.2 to the reduced words for g, and g, where n > m. We obtain

d(gub, gb) = L(g;'g) = L(g,) + L(g) — 2¢(gn, &)

= db;.y)+ Y dbi.x) — 205 Yo,
r=k

r=k
2 d(bj,, yi) +dbi, xi) — 20x - Yy, +d(bi,,, s Xmt1)

=dxg, yv) +d(bi,.,., Xmy1)

> d(by,,,, Xni1) > 0,

i1

for all » > m. This contradicts g,b —> gb as n —> 00, hence (g,b),>o is a Cauchy
sequence which does not converge, as required.

If, in Theorem 5.4, G acts transitively on X, then G — G, given by g — [(gbg)] is
a group isomorphism, and X — X, given by gby > [(gho)]b is a metric isomorphism.
Thus, if A = R, in this case X is complete if, and only if, X is.



Embedding theorems for tree-free groups 15
7. The group RF(G) and its associated R-tree X

In recent joint work, the present authors have introduced a new construction, which as-
sociates to each (discrete) group G a group RF(G) together with a canonical R-tree action
RF(G) — Isom(Xg); cf. [3]. To some extent, in particular when working with hyperbolic
elements, these groups RF(G) appear as continuous analogues of free groups, whereas in
other respects they behave more like amalgamated products, while in fact being neither. For
the benefit of the reader, and since [3] has not yet appeared in print, we briefly review here
the definition of the group RF(G) and its associated R-tree Xg.

Given a group G, let F(G) be the set of all functions f: [0, ] — G defined on some
closed real interval [0, o] with @ > 0. The real number « will be called the length of the
function f, denoted L(f). The formal inverse f~' of an element f € F(G) is the function
defined on the same interval [0, o] as f by

O =fle-9", 0<é<a

We have (f~')~! = f. A function f € F(G) is reduced, if to every interior point &, in the
domain of f with f(&) = 1 and every real number ¢ satisfying 0 < ¢ < min{o — &, &}
there exists § such that 0 < § < ¢ and f(& + 8) + (f (& — §))". Clearly, every element
in F(G) of length 0 is reduced; and if f is reduced, then so is its formal inverse f~!. We
denote by RF(G) the set of all reduced functions in F(G).

We now proceed to define a multiplication on F(G). Given f, g € F(G) of lengths «,
respectively, let

supE(f, 8),  fla) = (g(@) "

0, otherwise,

g0 = ¢&o(f, 8) ==

where
&/, ) = [e € [0, minfe, B)] 1 f(w—8) = (g(8))" forall s € [0,£]}.
and define fg on the interval [0, @ + 8 — 2g¢] by
1 (&), 0<é<a—e
(fe)(E) == fla—¢0)g(e0), §=a—¢
g —a+2g), a—g<&<La+p—2e.

One can show that the product of two reduced functions is again reduced, so that the above
multiplication restricts to a binary operation on RF(G). Denote by 1 the function of length
0 with 15(0) = 1. It is easy to see that, for f € F(G),

lof=f=/rlg
and
ffl=1=f7"%,

which shows in particular that 15 is a neutral element for RF(G) with the above multiplic-
ation, and that the formal inverse f~! of an element f € RF(G) is its inverse. Moreover,
one can show that our multiplication is associative on RF(G), although the proof of this, as
given in [3, Chapter 1], is surprisingly hard; hence, RF(G) when equipped with the multi-
plication defined above is a group. We note that the group G we started from is embedded
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into RF(G) as the subgroup

Go={f € RF(G) : L(f)=0}.

Further, it is not hard to see that the map L: RF(G) — R associating with each reduced
function f the length L(f) of its domain is a (real) Lyndon length function. This yields (by
Theorem 1.1(i1)) the existence of an R-tree X; = (X5, dg) on which RF(G) acts, with a
canonical basepoint x( such that L = L,,. In particular, the stabilizer stabg r)(xo) of the
point x( under the action of RF(G) is given by

stabr 7 (x0) = Go;

in particular, the action of RF(G) on Xg is not free, whenever G is non-trivial. One can
show that X is metrically complete, and that the action of RF(G) on X is transitive (see
[3, Sections 2.2 and 2.4]).

8. Universality of RF-groups and their associated R-trees

Let G be a group acting freely and transitively on an R-tree X = (X, d), and choose a

basepoint y, € X. Following [1], define an equivalence relation ~ on G — {15} by
g hie= cg”' h™) = 3{Ly, (g7 + Ly,(h™") — Ly, (gh™")} >0

(transitivity of ~ follows from the fact that (c(g, k), c(h, k), c(g, k)) is an isosceles triple
for all g, h, k € G; see the definition after [2, Chapter 1, Lemma 2.6]). Let s, denote the
equivalence class of g, set s;, := {lg}, and let S = {s, : g € G}. Endow S with a group
structure (which is arbitrary and need not be related to the structure of G), and denote the
resulting group by H.

In what follows, we shall use some notation concerning A-trees which can be found in
[2, Section 1, Chapter 2].

For g € G, we define F,: [0, L, (g)] — H as follows. Let £ be such that 0 < § <
L,,(g); the point in the segment [yy, gyo] at distance & from y, has the form g¢y, for some
unique g: € G (since G acts freely and transitively), and we let

Fg(%‘) = sg_sl Sg’]gfi (g e Gv ;;-' e [07 Lyo(g)])
By definition, F, € 7(H) and L(F,) = L,,(g).
LEMMA 8.1. For each g € G, we have F, € RF(H).

Proof. This is clear if g = 15, so we may assume that g % 15. It is enough to show that
Fy,(¢) # 1y for every & € [0, L,,(g)]. Fix such a value of £, and let 7 = g;; we have to
show that s;, # s,-1,. This is clear if h = 1 (i.e., if § = 0), so we may assume that /1 + 1.
Now, the desired assertion is clear if # = g (i.e., if § = L, (g)), so we may assume further
that & % g. Since hyy € [yo, gyol, we have yo € [h~!yy, k' gyo], so

d(h™" yo. y0) + d(yo. h™"'gyo) = d(h™" yo. k™" gyo) = d(yo. g¥0):
that is,
Ly, (B + Ly, (h™'g) = Ly, (g).
It follows that c(h~', h='g) = 0, so h % g~ 'h, as required.

LEMMA 8.2. Let g,h € G. For 0 < § < c(g,h), we have F,(§) = F,(§); but
Fg(c(gv h)) + Fh(C(g7 h))a MnleSSg =h.
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Proof. In the notation of [2, Chapter 2, Lemma 1.2], let Y (yo, £Yo, hyo) = kYo, where
k € G, and suppose that 0 < & < ¢(g, h). Then

[y0, &¥ol = [yo, & Yo, kyo, g¥ol,

hence
[¢: ' o, & ' &vol = [ ' o, Yo, & ko, & ' gol-
Therefore
d(yo, g 'gvo) = d(yo, & 'kyo) + d(g; "kyo, g ' gy0)
=d(yo, & 'kyo) + d(yo, k' gy0);
that is,

Ly, (g7'8) = Ly (g:'k) + Ly, (k™'g),

and, consequently,

1
C(gglk7 gglg) = 5 {Lyo(gglk) + L\o(gglg) - Ly‘o(kilg)} = Lyo(gglk)

Also, gz yo = hg Yo, both being the point on [y, kyo] at distance & from y, so gz = he.
If & < c(g, h), then g yo # kyo, so g + k, and hence

c(g: 'k, g7'8) = Ly, (g:'k) > 0,

SO Sg-1g, = Si-1g,. Symmetrically, interchanging g and &, we find that s;-1,, = s¢-1,; and,
since g¢ = hg, it follows that s,-1,, = s5-1;,. Hence, we find that

Fg(é) = sg_slsg*‘gg = Sh:lslr‘hs = Fh(g)’ 0< S < c(gv h),

as claimed.

If & = c(g, h), then g¢ = k = h, and we have to show that, if g & &, then 5,11 + 55-14.
Since g~'k, h~'k cannot both be equal to 1, it is enough to show that c(k~'g, k~'h) = 0,
which in turn is equivalent to the assertion that

L,(g'hy=L, (kg + L,k 'h). (8-1)

Now [gyo, htyo]l = [gy0, kyo, hyol, implying [k~ gyo, k' hyol = [k~' gyo, yo. k' hyol.
It follows that

d(yo, 8™ hyo) = d (k™' gyo, k™" hyo) = d(k™'gyo. yo) + d(yo. k™' hiyo),
whence (8-1).
LEMMA 8.3. Foreach g € G, we have Fy-1 = Fg_'.
Proof. We note that
L(Fy1) = Ly, (g) = L(F; ).
Further, since, for 0 < & < Ly, (g), [yo0, gYol = [0, ¢ Y0, &yol by definition of g¢, we have
(87" vo, yol = [87" y0. 87" g2 0, ¥ol

as well as (g~ yo, g7' gz y0) = d (Yo, 8z y0) = &.
Hence,

d(yo, 8 "'gey0) =d(yo, 8 'vo) —& = L, () — &,
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so that g~' g yo is the unique point of the segment [y,, g~ 'yo] at distance L, (g) — & from
¥o. By definition,

Fr(L(Fp) = §) = Fy1(Lyy (8) — §) = Sg1g, 557 = (F(§) 7,
and the lemma follows.
COROLLARY 8.4. Forall g, h € G, we have &y(Fy, F},) = c(g™', h).
Proof. If g=' = h,thenc(g™', h) = L,,(g) = L,,(h). On the other hand, by Lemma 8.3,
F(L(FQ) = §)Fi(§) = Fy(L(Fy) — §)(F(L(F) —§) " =15, 0 <& < L(Fy);
hence,
€o(Fg, Fy) = sup E(Fy, Fy) = L(Fy) = Ly,(8),

as desired.
Now assume that g‘l =+ h. By Lemma 8.2, we have

Fer(§) = Fu(§), 0<&<c(g' h),

Fei(§) # Fu(§), &=c(g " h).
By Lemma 8.3, this implies that

Fo(L(F) —§)F, () =16, 0<E& <c(g™', h),

Fo(L(Fp) —§)Fy(§) + 1, £=c(g"', h),
and the corollary follows.

LEMMA 8.5. The mapping ¥: G —> RF(H) given by g +— F, is an injective group
homomorphism.

Proof. By Corollary 8.4, we have c(g™', h) = &o(Fg, F), and  is length preserving by
the definition of F, so that L, (g) = L(F,) and, by definition of the function c,

L(Fg) = Ly,(gh) = Ly, () + Ly, (h) —2c(g™, )
= L(Fg) + L(F,) — 2"S‘O(ng Fy) = L(Fg Fy).

Now, let g, h € G, and let Y (yo, g~ yo, hyo) = kyo. Then c(g™", h) = d(yo, kyo) = Ly, (k).
Moreover, we have gkyy = Y (gyo, Yo, €hYo), SO

c(g, gh) = d(yo, gkyo) = d(g~" yo. kyo) = d(g™"yo, y0) —d (Yo, kyo) = Ly (&) —c(g~", ),
since kyy € [0, g 'yo]. This is illustrated by the following picture, and its translate by g.
hyo

c(g™' h)

Yo kyo
L)'o(g) - c(g_l7 h)
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By Lemma 8.2,
Fon(§) = Fo(§), 0< & <Ly(g) —c(g ' h). (8-2)

Next, suppose that § = L, (g) — c(g™', h), so that the point at distance & from y, on
[yo, ghyol and on [yo, gyol is gkyo. Thus, (gh)s = gk = g, and so

Fen(§) = 55 s
aswellas  F,(§) = sg_k1 Sk.
Also, kyy is the point on [yo, hyo] at distance c(g~!, h) from y,, thus
Fu(c(g™" ) = s¢ " s
From the last three equations, we conclude that
Fy(Ly,(8) = c(g™" 1) Fy(c(g™" 1) = Fo(Ly,(8) — c(g™" ). (83)

Finally, suppose that L (g) — c(g7'h) <& < L,,(gh). Then the point p at distance &
from y, on [yg, ghyo] is at distance

£ —d(yo, gkyo) =& — L, (g) +c(g',h) >0

from gkyy. Further, [gyo, ghyol = [gY0, gkyo, P, ghYol, 50 [Yo, hyol = [0, kyo, 87 P, hyol,
and

d(yo, g7 p) = d(yo, kyo) + d(kyo, 8" p)
=c(g™", h) +d(gkyo, p)

=& — Ly, (g) +2c(g™", ).

Thus, setting §' := & — Ly, (g) + 2c(g™', h), we have g™'p = hgyo, hence p =
ghe'yo, and so (gh); = ghe. It follows that F,,(§) = s;hi, Sp-1p, - It is easy to see that

kyo = Y (yo. heyo. &' yo), s0
h;lkyo = Y(hglyo, Yo, hglg_lyO),
and hence C(hg/l, h;lg—l) = d(yo, h;lkyo) =d(p, gkyo) > 0. Since clearly h¢/, ghe + 1g,

it follows that Sghy = Shy» SO Fj (&) = sh—s1 Sn-1ny, = Fen (8). Summarizing, we have shown
that

Fo(§) = Fy(§ — Ly, () +2c(g7" ), Ly (9) —c(g™' h) <& <Ly(gh). (84)
Combining Equations (8-2), (8-3) and (8-4), we obtain, abbreviating &9 (Fy, F}) to &,
Fo (&), 0<§& <L(Fy) —¢
Fop(§) = | Fg(L(Fy) — &0) Fu(eo), & = L(F,) — &

Fy(§ — L(Fy) +2g0),  L(Fg) — &9 <§ < L(Fgn)

= (F; Fy)(6),

for 0 < § < L(Fg). Thus Fy;, = F, F), showing that ¢ is a group homomorphism. Also,
since v is length preserving, it has trivial kernel, so is injective.

We are now in a position to establish our second main result.
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THEOREM 8.6. Let G be a group acting freely and transitively on an R-tree X = (X, d).
Then there exist a group H, an injective group homomorphism : G — RF(H), and a
G-equivariant isometry v: X — Xg.

Proof. Given a basepoint yy € X, we have already constructed a group H and an injective
homomorphism ¥: G — RF(H). Define a map v: X — Xy by

v(gyo) := ¥ (g)xo = Fyxo,
making use of the fact that the action of G is free and transitive. Then we have, for g, h € G,
d(v(gyo), v(hyo)) = d(Fgxo, Fxo) = d(xo, ngthxO)
= L(F;'Fy) = L(Fy) = Ly, (g7')

= d(gyo, hyo);

that is, v is an isometry. Also, v is G-equivariant, since

v(hgyo) = ¥ (hg)xo = Y (h)Y(g)xo = Y (h)v(gyo),
and the proof of the theorem is complete.
Finally, combining Theorems 5.4 and 8.6, we obtain the following important result.

THEOREM 8.7. Let G be a group acting freely on an R-tree X = (X, d). Then there exist
a group H, a group embedding x: G — RF(H), and a G-equivariant isometry A: X — Xy
containing the canonical basepoint x in its image.

It would be interesting to combine the work of Morgan and Shalen on free R-tree actions
of surface groups with the main results of this paper to explicitly exhibit surface groups
embedded into RF-groups; see [8], [9] and also [11].
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