ORDERING FREE PRODUCTS OF GROUPS

I. M. CHISWELL

To Professor Jdn Jakubik on the occasion of his 90" birthday.

ABSTRACT. A method of constructing orders on free products of groups is
given, based on work of Botto Mura and Rhemtulla, and of Holland and
Medvedev.

1. INTRODUCTION

In the book of Botto Mura and Rhemtulla [5, Theorem 2.3.1], there is an
argument, attributed to P. Hall, to prove the theorem of Vinogradov [6], that
a free product of ordered groups can be ordered. It is pointed out in Holland
and Medvedev [3] that the argument as given there does not work. However,
the argument does show that, given an order on a free product, more generally
a sequence of orders, a new order can be constructed. The details were carried
out, in the context of free groups, in [3], with some interesting consequences. In
fact, Holland and Medvedev went further, carrying out their construction using
only partial orders, and by iterating, they were able to construct orders on free
groups without an initial sequence of total orders.

One of several methods of ordering free groups is that given by Bergman [1].
This was adapted for free products of ordered groups in [2]. Given a family of
ordered groups and a total order on the index set, this gives a canonical way of
ordering the free product of the family. This was expressed in [2] by defining an
appropriate category and a functor from this category to the category of ordered
groups and order-preserving homomorphisms, which will be denoted by O.

The method of Bergman is formally similar, although different from the ar-
gument in [5]. Here a version of the construction in [3] will be carried out in
the context of free products, and in the style of [2]. This entails defining a cate-
gory whose objects are unfortunately rather elaborate, and in general the basic
construction does not appear to define even a partial order on a free product of
groups. However, it does work to define a total order when all the initial orders
involved are total orders. This leads to sufficient conditions for the procedure to
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define a partial order, and this result is enough for the construction of orders on
free products without an initial sequence of total orders. The basic construction
is carried out in the next section, and a normal form, analogous to that in [3],
is considered in the following section. Then a version of the iterative procedure
of [3] is carried out in Section 4, to construct total orders on a free product of
ordered groups, given a total order on the index set.

To fix terminology, some basic definitions will be recalled. A partial right
order on a group G is a partial order < on G such that, for all z, y and z € G,
x < y implies xz < yz. Similarly, a partial left order on a group G is a partial
order < on G such that, for all z, y and z € G, x < y implies zz < zy, and a
partial order that satisfies both of these conditions is called a two-sided partial
order, or just a partial order on G. If the order is total, the word ‘partial’ is
omitted (or sometimes replaced by ‘total’ for emphasis). Thus an order on a
group G is a total order satisfying both conditions. An ordered group is a group
G together with an order on G.

Given a partial right order < on a group G, the strictly positive cone is the
set P:={x € G |1 < z}. It has the properties

PPcP, PNnP'=0.

Conversely, given a subset of G satisfying these conditions, a partial right order
can be defined on G by: x < y if and only if x = y or yz~! € P, and P is
the strictly positive cone for this partial right order. Further, it is a (two-sided)
partial order if and only if x='Pz C P for all x € G, and it is a total order if and
only if G\ {1g} = PU P~!. In particular, the strictly positive cone of a partial
order on a group G is a normal subsemigroup of G. Note that the trivial partial
order (z < y if and only if x = y) gives a partial order on any group G, whose
strictly positive cone is empty. In what follows, the term “strictly positive cone”
will be abbreviated to “positive cone”.

2. NEw ORDERS FOR OLD

As indicated in the introduction, a category F will be defined, and a construc-
tion given which applies to objects of F, which in certain circumstances will lead
to an order or partial order on a free product of groups.

The objects of F are triples G = (G,{Gx | A € A}, {<;| i € N}) where G is
a group, {Gx | A € A} is a family of ordered subgroups of G, < is a partial
order on the set A, <; is a partial order on the group G, for all i € Ny,
and G = ,cp G (that is, G is the free product of its family of subgroups
{Gx | A € A}). Note that the orders <; can be arbitrary, in particular, the
restriction of <; to Gy, for i > 0, A € A, need not be related in any way to the
given order on G. It should also be emphasised that the given order on G, is
a total order.
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The set A is called the indez set of G and G is called a free factor of G. Also,
G is denoted by (G). The strict order corresponding to <; will be denoted by
<.

Let

G=(GAGr|re A} {<i[ieN})and H = (H,{H, | p€ M}, {=i| i € N})
be objects of F. An F-morphism from G to H is a pair
f=(p,{fAlX€A})

where ¢ : A — M is an order isomorphism, and for each A € A, f\ : Gy = H),
is an isomorphism of ordered groups, such that for all i € Nyg and g1, g2 € G,
g1 <; g if and only if gif <; gof, where f is the unique extension of the fy to
an isomorphism G — H.

Ifg= @, {g,|peM}):H — K is a morphism, fg is defined to be the
morphism (¢, {fagr, | A € A}), and the identity morphism 1g is defined to be
(ida, {idg, | A € A}). Clearly this makes F into a category.

The first aim is to define a subset Pg of (G), which in certain circumstances
will be the positive cone for a partial or total order on (G). To do this, an
auxiliary construction is necessary. Let v € A, and define A, = %, , G\.
Then set

L={a"'Ga|a€Al,).

Then L = %k ey, a 'Gya. To see this, if u = al_lglal . ..a;lgnan, where
a; €Ay, gj € G,\ {1}, for 1 < j <mand a; # aj4q for 1 < j < n, then viewing
this as a word in (J,., G and cancelling / consolidating to obtain a reduced
word, the letters g; (1 < j < n), the initial word a;' and the final word a,
remain. This follows by induction on n. Thus u # 1, hence L is a free product
as claimed.

Define an order on a 'G,a by: a~'ga < a~'ha if and only if ¢ < h in G,.
Then let <{, be the restriction of <; to A,. This gives a new object in F, namely

G, = (L7 {Gu,a | ac AV} ) {SH i€ N})

where, for a € Ay, Gb o = a~'G,a, and for i € Ny, <! is the restriction to L of
Si+1. Thus L = <gl,>

Remark 2.1. Strictly, the index set is {v} x A,, ordered via the ordering on
A,, but in what follows it will cause no confusion to view A, as the index set.

Take 1 # g € G and write g as a reduced word relative to the decomposition
*rea G, 83y g = g1 ... gk, where g; € G,. The G-length of g is defined to be
k.
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If the set {A\; | 1 < j < k} has a least element, it will be denoted by gmg.
Before proceeding, here are some properties of the function mg which will be
used later.

Remark 2.2. (1) If v = himg and g € %, , Gx = A, then (gh)mg = v.
(2) If 1 # h € (G,), then hmg = v.

The proofs are easy and left to the reader ((2) follows from the discussion
above showing that L is a free product). Suppose gmg is defined, and denote
it by v. Rewrite ¢ = g1...9x as g = agbiai...bya,, where a; € G, and
bj € *,.,,Gx = A,, which in turn can be rewritten as

g=(br...bn) [T ®js1---bn)"aj(bjsr. . b) = g'g" (2.1)
j=0

where ¢ = by...b, € A, and ¢g* € (G,). This decomposition is unique: if
g = W'h*, where b/ € A, and h* € (G,), then gp = ¢’ = b/, where p: G — A,
is the projection map, (which is trivial on G for A < v, and the identity on G
for A > v). Hence also g* = h*.

Remark 2.3. If g # 1 then ¢* # 1, and if g € G, then the G, -length of ¢g* is
less than the G-length of g.
Now define a subset Xg of (G) recursively as follows.
(1) If gmg is not defined, then g ¢ Xg.
(2) If g € G, then g € Xg if and only if g > 1 in the given order on G, .
(3) If ¢’ #1 (so g € G,), then ¢’ has shorter G-length than g, and g € Xg if
and only if ¢’ € Xg.
(4) If g ¢ G, and ¢’ =1, then g* has G,-length shorter that the G-length of g,
and g € Xg if and only if ¢g* € Xg,,.
Define Pg to be the normal subsemigroup of G generated by Xg.
Note that, if gmg is defined, then

g 'mg =gmg, ¢~ = (¢)7"(g'(¢") " (¢) ") } 22)
and (¢")"' € A, ¢ (") Mg € (G,), where v = gmg. '

It follows easily by induction on length that for all ¢ € G, at most one of g,

g1 € Xg, that is, Xg N Xg_1 = (. However, there is no obvious reason for

PgNPg ! = () to be true. Before considering situations where this is true, it will
be shown that the sets Xg are preserved by morphisms.

Lemma 2.1. Let
G=(GAGr| A€ A} {<i]i €N}, H:(Hv{HM|N€M}7{jiHEN})

be objects of F, and let f = (o, {fx | X € A}) be a morphism from G to H. Then
Xgf C Xyy; consequently, Pgf C Py.
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Proof. Firstly, for v € A, f induces a morphism f, = (¢, {fs | @ € A,}) from G,
to Hu,, as follows. For a € A,, define ayp, = af. Note that af € Ko< o H, =
M, ,, because ¢ is order-preserving. Also, ¢, : A, — M,, maps A, bijectively
onto My, and by the conditions for a morphism, it is order-preserving.

For a € A,, the mapping f, : a™'G,a — (af)"'H,,(af) is defined by
a"'ga  (af)~'(gf,)(af). This is clearly an isomorphism of ordered groups,
as f, is order-preserving.

Note that f, is f restricted to a~'G,a, and it follows that f, is f restricted
to (G,). Thus, for g1, g2 € (G,) and i € Ny,

a1 <l g2 = g1 <it1 92 = oif <1 gof = 1fy <) gof,,

hence f, is indeed a morphism of F.

To prove the lemma, it will be shown, by induction on n, that for all n and any
morphism f = (¢, {fx | A € A}) of F,say from G = (G, {Gx | A € A}, {<;| i € N})
toH = (H,{H, | peM} {=]ieN}), if g €(G), g#1, has G-length n, then
g € Xg implies gf € Xy,.

Assume then, that g has G-length n and g € Xg. Write g = ¢’¢g* as in the
recursive definition, so ¢’ € %, \ Gz, g* € (G,), where v = gmg. Then

h=gf = (g'f) (¢"f)
=(9'f) (g"f.)
and ¢'f € * o< on Hu g*f, € (Huy). Let g = g1 ... gy, be the expression of g as a
reduced word relative to the decomposition sk o, G, where gi, € G,. Then h =
hi...h, is the expression of h as a reduced word relative to the decomposition
*en Hy, where hy, = gi fa, € H, . Since ¢ is order-preserving, it follows that
hmy = vp. Therefore, K = ¢’'f and h* = ¢g*f,. There are three possibilities.
(1) If g € G, then ¢ > 1in G,,, and h = gf,, hence h > 1 in H,, since f, is
order-preserving, and by definition h € Xy.
(2) If ¢’ # 1, then ¢’ has shorter G-length than g, and ¢’ € Xg, so b’/ € X3 by
induction, hence h € X3 by definition.

(3) If ¢ =1and g € G,, then A’ = 1 and ¢g* has shorter G,-length than the
G-length of ¢ so by induction and the definition of Xg, X4,

gEXgig*Gngﬁh*:g*fVEquvéhGXfH,

This completes the proof that Xgf C X4, and it follows that Pgf C Py since f
is a group homomorphism. O

Definition. Denote by Fy the full subcategory of F whose objects are the objects
of F of the form

G=(G,{Gr| Ne A}, {<;|ieN})

where <; is a total order, for all i € N.
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Next it will be shown that, for objects G of Fg, the construction works well
and Pg = Xg is the positive cone for an order on (G). This is the situation
considered in [5], indeed the proof of the next two lemmas is essentially the
argument for [5, Theorem 2.3.1], although as presented there the argument does
not work.

If G is an object of Fy, then it is easily seen by induction on G-length, using
equations 2.2, that for all ¢ € G\ {1g} (where G = (G)), either g € Xg or
g~' € Xg; that is, G\ {lg} = Xg U X"

Lemma 2.2. Let G be an object of Fo. If g, h € Xg then gh € Xg.

Proof. Let v = gmg and k = hmg. Use induction on the sum of the G-lengths
of g and h.

Case 1. v < k. Then gh = g’h(h~tg*h), so (gh)’ = ¢g'h, and g'h € Xg, either
because ¢’ = 1 or because ¢’ € Xg and ¢’ has smaller G-length than g and the
induction hypothesis applies.
Case 2. k < v. Similarly gh = gh’ and either ' = 1 or the induction hypothesis
applies.
Case 3. kK =v. Then
gh=g'g"W'h* = (¢'h") (W~ g" W )h")

whence (gh)’ = ¢'h'. If ¢’ # 1 or ' # 1 then (gh)’ € Xg, so gh € Xg. Otherwise
(gh)’ =1 and gh = (gh)* = g*h*, and the sum of the G,-lengths of g* and h* is
less than the sum of the G-lengths of g and h. Hence by induction, (gh)* € Xg,,
so by definition gh € Xg.

This completes the proof. O

Thus if G is an object of Fy, Xg is the positive cone for a right order on (G).

Lemma 2.3. Let G = (G,{Gx | X € A},{<;| i € N}) be an object of Fy and let
x €(G). Then x~1Xgz C Xg.

Proof. Tt will be shown that, for all G, all € (G) and all g € Xg of G-length n,
2~ 'gx € Xg, by induction on n. Since (G) is generated by [J, o, Ga, it can be
assumed that z € G, for some k. Write g = ¢’¢g* as in the recursive definition,
so g € %k, .G, 9" € (G,), where v = gmg.

Case 1. k < v. Then (z7'gz)’ = g, so if g € Xg then by definition z gz € Xg.
Case 2. k = v. Then (z7tgx) = ¢/, so if ¢ # 1 then

gEXg =49 € Xg= (z7'gz) € Xg = gz € Xg.

If ¢ =1 then 2 1gx = (27 tgx)* = 27 g*x, x € (G,) and g = g* has shorter
G,-length than the G-length of g, so by induction

geXg=>g€Xg, = a lgr e Xg, = a gz € Xg.
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Case 3. k > v. Then (z71gz) = 27 '¢'z, so if ¢’ # 1, then ¢’ has shorter
G-length than g and the induction hypothesis applies.
Suppose g’ = 1. Then conjugation by z induces a morphism

f=(p,{falacA}):G, =G,

where ap = az and yf, = v 'yz for y € a~'G,a. Note that ¢ is order-
preserving, since <j is an order on G, so in particular a right order. Also, for
i > 0, <! is preserved by conjugation by x, since it is obtained by restriction
from <, 1, which is an order on G. Hence f is indeed a morphism. ! By Lemma
2.1,
geEXg=>g=g"€Xg, > gz =gf e Xg, = 2 gz € Xg

since v~ 1gx = (x71gx)*.

This completes the inductive proof. O

The last two lemmas establish the following.

Proposition 2.4. If G is an object of Fy, then Xg = Pg is the positive cone for
an order on (G). O

For an object G of Fy, define GQ to be (G) with the order defined by Pg,
and for a morphism f, define fQ to be f. It is easily checked that this defines a
functor @ : Fg — O.

In general, there seems no reason why Pg should be the positive cone for even
a partial order on (G). However, this proposition can be used to show that, for
certain objects of F, Pg is the positive cone for a partial order. Before stating
this result, it is convenient to define a partial order on the class of objects of F
and establish some of its properties.

Definition. Let
G=(GAGx | X e A} {<|ieN}), H:(H’{HM‘MEM}a{jz|Z€N})

be objects of F. Then G < H means that G < H, A C M, =<; is an extension of
<;, for all i € N, and for A € A, Hy, = G, (as ordered group).

Clearly this defines a partial order on the class of objects of F.
Lemma 2.5. Let

G=(GAGr[Ae A} {<i|ieN}), H=(H {H,|pe M} {=]iecN})
be objects of F, and suppose G < H. Then

(1) Forvel, G, <H,;
(2) Xg C Xy, hence Pg C Py.

11t is essential that <i+1 is an order, not just a right order, and this is why the argument
in [5] fails.
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Proof. (1) For v € A,
A—V:*G)\S *H,LL:MV

v<oA v<oM

where A € A, u € M, and (1) follows easily.
(2) It will be shown by induction on the G-length of g that if ¢ € Xg, then
g€ Xy. If ge G, for some v € A, then g > 1in G, = H,,, hence g € Xy.

Otherwise, g has a decomposition as g = ¢'g*, where ¢’ € *,c00Gx, 97 €
(Gv), and v = gmg = gmy,. Then ¢’ € %, , Hy, and by (1), g* € (H,).

If ¢ # 1 then ¢’ € Xg, and has shorter G-length than g, so by induction
g’ € X4, hence g € X4 by definition of X4.

If ¢ =1, then g* € Xg, , and the G,-length of g* is smaller than the G-length
of g, so by induction and (1), g* € Xy, , hence g € X4 by definition of Xy.
Thus X¢g C X3, and it follows that Pg C Py. O

Corollary 2.6. Let G = (G,{Gx | A € A},{<;| i € N}) be an object of F. Sup-
pose <; can be extended to a total order =; on G, for all i > 0. Then Pg is the
positive cone for a partial order on G, which can be extended to an order on G.

Proof. Define

G=(GAGN | e A}, {=i|lieN})
where = is an extension of < to a total order on the set A, so G is an object
of Fg. Then G < G, so Pg C Pg, and FPg is the positive cone for an order on G
by Proposition 2.4. Hence Pg N Py e Pzn PE_ 1 =, so Pg is the positive cone
for a partial order on GG, and this partial order is extended by the order defined

3. NorMAL FORM

Given an object G of F, a normal form will be established for the elements of
(G). Although the normal form will be shown to be unique, if it exists, there is
no guarantee, in general, that an element will have a normal form.

Let G = (G,{Gx | A € A},{<;| i € N}) be an object of F and let Ay € A.
One can form G,,, with index set Ay,. Given A\; € A),, the construction can be
repeated, obtaining (Gy,)a, with index set (Ay,)x,. Continuing (and omitting
parentheses) gives an object Gy,...x, of F with index set Ay,. ., -

Definition. A sequence of indices arising in this way, padded with 1’s to give

an infinite sequence (Ag, ..., An, 1,1,...) is called a G-descent sequence.
For later use, note that, by an easy induction, (Gx,..x,) = sk Gi;“')‘”‘
E€EANg..Ap
and
AL An—1A
A)\()“')\n = 3k GAO , where \ € A)\O“‘)\nil. (31)

An<nA
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(When n = 0, Ax,..a,_, is to be interpreted as A, and G;‘;”')‘"’“\ as Gy.)
Strictly (cf Remark 2.1), the index set of Gy, .x, i {(Ao,---, An)} X Axon,s
and for A € Ay, .x,, the free factor G, .a,x of Gy,..a, 1S Gié""\"’\. However,
to keep notation as simple as possible, the index set will be viewed as Ax,. x,-

Let G; = G with the ordering <;. Then a G-descent sequence is an element of
the set A x G1 X G3 X ..., and this set can be partially ordered lexicographically,
hence the set of G-descent sequences is partially ordered by restriction. For a
G-descent sequence XA = (Ao, ..., Ap,1,1,...), define, for g € G,

g = g,
(As usual, g** means (A1 ... \,) " Lg(A1... \n). If g € G, g> is undefined.)

Remark 3.1. If A = (Ao, A1, ..., A, 1,1,...) is a G-descent sequence and 1 #
h € Gy,, then h*mg = Ao.

Proof. Because \; € %, _ ) Ga, h* € (Gy,). Also, A1 € (G), and similarly
A2 € (Gay), A3 € (Grga,) etec. Since

(G) > (Gxg) = -2 (Grg.orn)s
A2 ... An € (Gy,), whence 1 # h* € (Gy,). By Remark 2.2(2), hA*mg = \g. O

Before proceeding to the discussion of normal forms, a result for later use will
be proved.

Lemma 3.1. Let G = (G,{Gx | A € A}, {<;|i € N}) and
G= (G {Gr | NeR}, {=i]i e N},

be objects of F with G < G. Then every G-descent sequence is a G-descent
sequence.

Proof. Let X = (Ao, A1,...) be a G-descent sequence. It follows by induction

on n, using Lemma 2.5, that (Xo,...,An,1,1,...) is a G-descent sequence and
Gro..nn < Gxgoin,- Since X = (Ao, ..., A\p, 1,1,...) for sufficiently large n, the
lemma follows. O

If X = (Xo,...,A\n,1,1,...) is a G-descent sequence, \; will be denoted by
A(j). This is to allow for the finite sequence of descent sequences occurring in
the normal form. The normal form is as follows.

Definition. If § = (G,{G, | A € A},{<;| i € N}) is an element of F and g € G,
then a G-normal form for g is an expression g = g7 .. .gz"”‘ for some G-descent
sequences Ap,...,Ar with Ay > ... > Ag in the lexicographic order, where
1#£g; € GM(O) forl1 <i<k.

If Ais a set of G-descent sequences and g has such an expression with all \;
belonging to A, g is said to have a normal form with exponents from A.
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Note that kK = 0 is allowed, that is, 1 always has a normal form, with
exponents from any set of G-descent sequences. The next lemma is needed to
show that the normal form, if it exists, is unique.

Lemma 3.2. Suppose G = (G,{Gx | X € A},{<;| i € N}) is an object of F,
g € G and g has a normal form

g=9" g
where k > 1. Let | be such that A\j11(0) = ... = Ax(0) but Ai+1(0) <o Ai(0)
(=04 A(0)=...=X(0)), s0 0 <l < k. Then
1) if g € G, for some v € A, then k =1;
) 9#1;
) gmg = )‘k(o)z
) ¢ =9; ...g;" andg*:gl)i;’l...gg"“.

Proof. First, since gfﬁl yes ,gg"“ all belong to (G, (o)) (cf the proof of Remark

3.1), gf‘f{l g,i"‘ € (Gx,(0))- Also, by Remark 3.1, g;\img =X;(0)for1 <i<k.
For 1 <i <,
Ak(O) <y )\1(0) <o Ai(O)

Al41

hence gf‘l ...gl)" € %, (0)<or Ga- Since g = (gi‘1 ...gl)‘l)(glJr1 ...g,i"“), (4) fol-
lows at once from (3).

Now suppose (1) is false, and take G, an object of F, G-descent sequences
AL, .. A and g; € Gy, (o) \ {1}, where k > 2, such that g := gi‘l . g,i"‘ e G,
for some v € A, and with k as small as possible.

Let p : G = %y, (0)<on Gr be the projection map. Then gp € G, either
because v > A(0), so gp = g, or otherwise because gp = 1, and

A
=g g
It follows that gfi{l . .gz"“ € G,, and since | < k, | < 1 by minimality of k.
Suppose ! = 1. Then g;"“ gg"‘ # 1 by minimality of k and because g # 1.

Hence v = (g;‘“rl . gp¥)mg = A(0) by Remark 2.2(2). Also, g;' € G,,, so
v = gt'mg = A1(0). But as noted above, Ax(0) <o A;1(0), a contradiction.
Hence | = 0, so A1(0) = ... = Ax(0) and (from the first sentence of the proof)
9 € (Gx,(0)). Hence g € Gy, (o), either because g = 1 or because v = gmg =
Ak(0) by Remark 2.2(2).

For1<i <k, let h; = g;‘i(l), so h; € Gy, (1), and let A = (As(1), Ai(2),...).
Then A is a Gy, (0)-descent sequence, A} > ... > A} in the lexicographic order
and h; # 1 for 1 < i < k. Therefore g has a Gy, (o)-normal form:

g=h} .
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Using the argument above, noting that Gy, (o) is a free factor of Gy, (o), A1(0) =
...=AX,(0), that is, A1 (1) = ... = Ax(1). Continuing, it follows by induction on
n that
A(n) =...=Xg(n)
for all n > 0, that is, Ay = ... = Ag. Since Ay > ... > A and k > 2, this is a
contradiction, establishing part (1).

Now (2) follows, since if g = 1, k = 1 by (1), hence g = g7 # 1 since g; # 1,
a contradiction. It remains to prove (3).

By (2), gl)r{l ...y # 1, and by Remark 2.2(2), (gl)r{l g )mg = Ak(0).
Since

gf‘l...gl)\le % Ga,
Ak(0)<0)\

it follows by Remark 2.2(1) that gmg = Ax(0). O

The next lemma is an addendum to part (1) of Lemma 3.2.

Lemma 3.3. Suppose G = (G,{Gx | A € A},{<;| i € N}) is an object of F and
veA If g € G,, where X is a G-descent sequence and 1 # g € X(0), then
v=A0) and A= (v,1,1,...).

Proof. By Remark 3.1, v = g*mg = A(0). Suppose A(1) # 1. Then

g = ()"

where h = A(2)A(3) ... (a finite product) and h € (G,) (cf the proof of Remark
3.1). But ¢* and ¢ are in different free factors of G, (G, and A(1)~'G,A(1)
respectively), so are not conjugate in (G,) (see, for example, [4, Ch.4, Theorem
1.4]), a contradiction. Hence A(1) = 1. It follows that Gx) = A(1) G, A(1) =
Gy, 50 g € Gaay. Also, X' := (A(1),A(2),...) is a G,-descent sequence, and
PN =ge Gx@1)- Applying the argument above, A’'(1) = A(2) = 1. Continuing
(formally, by induction on n), A(n) =1 for all n > 1, as required. O

Theorem 3.4. Suppose G = (G,{Gx | A € A},{<;|i € N}) is an object of F
and let g € G. If g has a normal form

g=g" g
where k >0, then k, g1,...,9x and A1, ..., A; are uniquely determined by g.

Proof. In view of Lemma 3.2(2), it can be assumed that g # 1 and k& > 1. The
proof will use induction on G-length. If g € G, for some v € A, uniqueness of
the expression in normal form follows from Lemmas 3.2(1) and 3.3, so assume
g€ G, for any v € A.

Let [ be such that A;(0) > XA41(0) = ... = Ag(0) 50 0 <1 < k), 1 =0
meaning that A;(0) = ... = A(0)). By Lemma 3.2, A;(0) = gmg, which will be
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r_ oA A A1 Ak fe o
denoted by v, and g’ = g7 ... g; " and g* = 9i41 -9k This gives a G,-normal
form for g*, namely
g* = hlAJ’ljil o h;‘k’

where h; = gi)‘i(l) and A, = (A;(1),X:(2),...). Applying a similar argument to
that just given, with ¢g* in place of g, shows that any G-normal form for g* gives
a G, -normal form for g* in the same way. Since g* has shorter G, -length than
the G-length of g, by induction it has a unique G,-normal form, hence has a
unique G-normal form. If ¢’ = 1, then this is the unique G-normal form of g.

Suppose g’ # 1. Then ¢’ has shorter G-length than g, so has a unique G-
normal form, and it follows by Lemma 3.2(4) that the G-normal form of g is
unique. O

Next, the question of existence of a normal form will be considered.

Definition. Let G = (G,{Gx | A € A},{<;| i € N}) be an object of F, and let
A be a subset of A. For positive integers k, set

kEA:={g1...9x| gi € Gy,, where \; € Afor 1 <i<k}.
Note that kA C (k+ 1)A (g; = 1 is allowed).

Definition. Two elements g, h of (G) are said to have compatible normal
forms if they have normal forms, say g = g7 ... g%, h = b ... h#* such that
{1, oy Ay 1, - - -, pg ;18 totally ordered in the lexicographic order on G-descent
sequences.

Remark 3.2. If v € A and p = (o, g1, - . .) is a G,-descent sequence, then

A= (v, po, 1, - - )
is a G-descent sequence, and if h € GHo (the free factor of G, corresponding to
o), S0 h = gho for some g € G, then h* = g*.

To prove existence of normal forms, an extra hypothesis is needed.
Definition. Let G = (G,{Gx | A € A},{<;| i € N}) be an object of F. Then G
is said to satisfy CNC if the following condition is satisfied.

if two elements of G have compatible normal forms, then

they are <;-comparable, for all ¢ > 1.

The next proposition is the existence theorem for normal forms which will be
used to construct total orders on free products in the next section. It is based
on [3, Lemma 11].

Proposition 3.5. Let G = (G,{Gx | X € A},{<;| i € N}) be an object of F
which satisfies CNC.

Let A be a subset of A, totally ordered by <g and let k > 1. Then there is a
set B of G-descent sequences, totally ordered by the lexicographic order, such that
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every element of kA has a normal form with exponents from B. Consequently,
kA is totally ordered by <;, for all i > 1.

Proof. First note that, if v € A and two elements of (G,) have compatible G, -
normal forms, then they have compatible G-normal forms. This follows easily
from Remark 3.2. It then follows that G, satisfies CNC.

The proof that the proposition is true for all such A is by induction on k. If
k =1, take

B={(\1,1,..) ] A€ A}.

Assume that £ > 2 and it is true for k — 1.

Forve A let A, :={pu € A|v <o p}; then (k—1)A, C A,. By the induction
hypothesis, (k—1)A, is totally ordered by <; for all ¢ > 1, in particular for i = 1,
so it is a totally ordered subset of A,. By the induction hypothesis, there is a
set of G,-descent sequences C,,, totally ordered by the lexicographic order, such
that every element of

D, = {g?l gzkjll | g: € Gy, a; € (k— l)AV}
has a G,-normal form with exponents from C,,. Let

B, = {(v, po, pr1,--.) | (o, pt1,...) € Cu}.

Then B, is a set of G-descent sequences, totally ordered by the lexicographic
order, and every element of D, has a G-normal form with exponents from B,,, by
Remark 3.2. Let B :=J, 4 B,. Since A is totally ordered by <o, B is totally
ordered by the lexicographic order. In fact, if v, v/ € A and v <g v/, then for all
A€ B, and X' € B,,, XA < X in the lexicographic order.

Let g € kA; it will be shown that g has a G-normal form with exponents from
B. This is obvious if g = 1, so assume g # 1 and write g as g = g1 .. . g, Where
gi € Gy, and \; € A for 1 < ¢ < k. Since A is totally ordered by <q, gmg is
defined, and will be denoted by v. The G-reduced form of g has length at most
k, and writing g = ¢’¢g* using equation (2.1), it is easy to see that ¢g* € D,,.

If ¢’ # 1 then v <g ¢'mg, and repeating this procedure with ¢’ in place of g,
and continuing, eventually g can be written as

g=T1...Tp

where 7; € D,, for some v; € A such that v, <¢ ... < v1. Now r; has a normal
form with exponents from B,,, and substituting these expressions for r; in the
expression for g shows that g has a G-normal form with exponents from B. [

Corollary 3.6. Suppose G = (G,{Gx | A € A}, {<;| i € N}) is an object of Fy.

Then every element g of G has a G-normal form.

Proof. Obviously G satisfies CNC, and one can take A = A in Proposition 3.5.
Since every element of G belongs to kA for some k, the corollary follows. O
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The next result in this section shows that, if an element g # 1 in (G) has a
normal form, then g € Xg U Xg_l.

Proposition 3.7. Suppose G = (G,{Gx | A € A},{<;|i € N}) is an object of
F, let g € G\ {1} and assume g has a normal form g = gf‘l g;"“ with k > 1.
Then

(1) if g1 > 1 in Gx (o) then g € Xg;

(2) if g1 < 1in Gx (o) then g leXg.
Proof. The proof is by induction on G-length. If g € G, for some v then g = g1,
by Lemmas 3.2(1) and 3.3, and the proposition follows in this case. Suppose
g &€ G,, for any v € A. By Lemma 3.2, g decomposes as g = g'g*, where
g €A, g* €(G) and v = gmg, moreover g’ = g ...gl)" for some [ > 0.
Further, g~ 1mg = gmg and the corresponding decomposition of g is given by
equations 2.2.

If ¢ # 1 then I > 1, and ¢’ has shorter G-length than g, so by induction and
the definition of Xg,
g1 >1inGx =9 €Xg=>geXg
and
g1 <1in Gy )= (¢) ' € Xg =g ' € Xg.

Suppose ¢’ = 1. Then | = 0 by Lemma 3.2(2), and by definition of I, A;(0) =
... Ak(0); denote A1(0) by v. Now g can be written as

g:g”‘:hi‘;...hQ;C

where h; = g™ and AL = (N;(1),A:(2),...). This is the normal form of g*

in G,, and the G,-length of g* is less than the G-length of g = ¢g*. Again by
induction and the definition of Xg,

hi>1in Gx o) = 9" € Xg, = g € Xg

and
1

hy <1in Gxr (o) = (99) " = (g_l)* € Xg, = g leXg.
Also, Gxr 0y = Ga,(1) = A1(1)71GL A1 (1); it follows by definition of G, that
hi>1in Gxj)© g1 >1in Gy and hy <1in Gxj0) & 91 <1in G,,
completing the proof. O

Corollary 3.8. Suppose G = (G,{Gx | A € A},{<;| i € N}) is an object of F.
Let

S ::{g)‘h“ | A, p are G-descent sequences, A > u, g € Gy, h € G o),
g>1lin G)\(O)}
U {g)‘ | A is a G-descent sequence, g € Gx(p),g > 1 in GMO)} .
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Then S C Xg, and if G is an object of Fy, then Pg is the subsemigroup of G
generated by S.

Proof. The elements of S belong to Xg by Proposition 3.7. Suppose G is an
object of Fy, and let P be the subsemigroup generated by S. It follows that
P C Pg;. By Corollary 3.6, every element of g has a normal form, and by
Proposition 2.4, P; = Xg. By Proposition 3.7, if g = gf‘l g,i"‘ (k>1)in
normal form, then g € Pg if and only if g1 > 1 in Gy, (o). Thus it suffices to
show that, if g = gf‘l ...gz""’ (k > 1) in normal form and g; > 1 in Gy, (g), then
g € P. This will be accomplished by induction on k.
If £k <2then g € S, so assume k£ > 3. Suppose gx—1 > 1. Then

Ane A i
g= (9?1 ~~9ki22)(9kf1192k)~

By induction, the first factor in this product is in P, and the second is in .S, so
geP.
Suppose gp—1 < 1. Then

9=(g" - (G ) (gl )M gr").

The two factors are in normal form, and again the first factor is in P by induction,
while the second is in .S, hence g € P, completing the proof. O

In the corollary, for any object G of F, if P is the normal subsemigroup of G
generated by S, it follows that P C Pg. If the procedure of [3] were followed
exactly, one would define Pg to be P, rather than use the recursive definition in
§2. However, it is not clear that P = Py in general.

Finally, here are two remarks which will be useful in the next section.

Remark 3.3. Let G = (G,{Gx | A € A},{<;| i € N}) be an object of F and
assume all G are non-trivial. Suppose A\, u € A, A # pu and take gy € G,
gu € G, with gy > 1 and g, < 1. Put g = grg,. Then:
if 4 <p A then ¢’ = gy, so g € Xg;
if A <g p then g = g#(gglgAg#), s0 ¢’ = gy, hence g ¢ Xg.

It follows that, if A has at least two elements, and G’ is an object of F, obtained
from G by changing the total order <, and possibly changing {<;|i € N5},
but otherwise leaving G unchanged, then Xg # Xg/.

Remark 3.4. If G is an object of F and A = (\g, A1, .. .) is a G-descent sequence,
then

<ng~.-An,> N Xg = ngo.,.xn
for n > 0. By induction on n, it suffices to show that (G,) N Xg = Xg, . But
if g € (Gy,) and g # 1, then gmg = A¢ by Remark 2.2(2), hence ¢ = 1 and
g = g", so by definition g € Xg if and only if g € Xg, .
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4. CONSTRUCTING ORDERS ON FREE PRODUCTS

The objects of the category G defined in [2] are pairs (G, {Gx | A € A}), where,
for all A € A, G is a totally ordered subgroup of G, the index set A is totally
ordered and G' = %5 Gx. Given such an object, and a sequence whose terms
are =1, an order will be constructed on G.

Fix an object G = (G,{Gx | A € A}) of G, and a sequence s = (s1,82,...)
with s; = &1 for all 7 > 1. Define

G(0) :== (G, {Gx [ A€ A}, {<i[1 € N})
where < is the given order on A and for ¢ > 1, <; is the trivial partial order of
equality on G; thus G(0) is an object of F. Let < be a total order on G; then
< extends <; for all ¢ > 1, so by Corollary 2.6, Pg(oy is the positive cone for a
partial order on G, which has an extension to a total order on G.

For m € N, assume an object G(m) of F has been defined with (G(m)) = G,
such that Pg(,,) is the positive cone for a partial order on G, which has an
extension to a total order on G. Set

Gm+1) = (G,{Gx | A€ A} {<"] i € N})
where <{ is the given order on A, and for ¢ > 1, <I" is the partial order
corresponding to Pg(y,) if s; = 1, and the reverse of this partial order if s; = —1.
Then Pg(y,41) is the positive cone of a partial order on GG which has an extension
to a total order on G, by Corollary 2.6. This recursively defines G(m) for all

m 2> 0; Pg(m) will be abbreviated to P, and the corresponding partial order on
G will be denoted by <™.

Lemma 4.1. For allm >0, G(m) < G(m+ 1) and Py, C Ppyt1.

Proof. Clearly G(0) < G(1), hence Py C P; by Lemma 2.5, and it follows easily
by induction on m that G(m) < G(m + 1) and P,, C P41 for all m, using
Lemma 2.5. O

Let P, := U;fzo P,,. It follows easily from Lemma 4.1 that P, is the positive
cone of a partial order on GG, which will be denoted by <“. This gives an object
of F,
G(w) = (G A{Gx | A € A} {<7| i €N},

where again <§ is the given order on A and for ¢ > 1, <¥ is <¥ if 5; = 1, and
the reverse order to <% if s; = —1. It will be shown that P,, defines a total order
on G, so that, in fact, G(w) is an object of Fy.

If (Ao, A1 - ..) is a G(m)-descent sequence, denote the index set of (G(m))x,...a,
by

Axgoxn (M)

for 0 < m < w. By equation 3.1, Ay, ., (m) = ¥, <mra Gy, , where
A€ A)\O,”)\nfl(m).
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Lemma 4.2. If A = (Mg, A1,...) is a G(w)-descent sequence, then there exists
M € N such that X is a G(m)-descent sequence for all m > M.

Proof. First, it will be shown by induction on n that for all such G-descent se-
quences A, (Ag, ..., A, 1,1,...) is a G(m)-descent sequence for some m € N. This
is clear for n = 0; assume it is true for n, and suppose that (Ag,..., A, 1,1,...)
is a G(m)-descent sequence. Then

A1
)\n-‘rl S AAO.A./\,L (W) = b S G)\[l)
An <@

An—1A

where A € Ax,..a,_,(w). 80 Apy1 can be written as Ap,41 = aj ...y, where
o; € Gi;”"\"‘”” for some p; such that A, <% u; and p; € Ax,..x,_, (w), so
(Mo, -y An—1, 5, 1,1...) is a G(w)-descent sequence. By the induction hypoth-
esis, (Mo,-.-, An—1, i, 1,1...) is a G(m;)-descent sequence for some m; € N.
Also, since P, = Ufio P;, it follows that A, <] u; for some r; € N. Let

reo=max{my,...,mg,r1,...,7E, M} .

By Lemma 3.1, (Ag,...,An, 1,1,...) is a G(r)-descent sequence, and for 1 < i <
k, sois (Aoy...y Ap—1, i, 1,1,...), hence pu; € Ay, .a,_,(r). Since P., C P,
An < pi for 1 <4 < k. Therefore,

A An_1A
Ant1 € %k GA; ! (>‘ € A)\O---)\n—l(lr))
An <A

= A, (7).

It follows that (Ag, ..., Ant1,1,1,...) is a G(r)-descent sequence, completing the
inductive proof.

Now choose n large enough so that A = (Ao, ..., A, 1,1,...), and M € N such
that this is a G(M)-descent sequence. Then by Lemma 3.1, A is a G(m)-descent
sequence for all m > M. O

Corollary 4.3. If A and p are G(w)-descent sequences and X < p in the lexi-
cographic order on G(w)-descent sequences, then there exists M € N such that,
for all m with m > M, X and p are G(m)-descent sequences and X < p in the
lexicographic order on G(m)-descent sequences.

Proof. This follows easily from Lemma 4.2 and the fact that P, = (J°_, P,

m=0

with P,, C P41 for m € N. O

Lemma 4.4. Let A\, A1, ..., A, be G(m)-descent sequences, with m € N, n > 1,
{A1,..., A} totally ordered, and X > max{A1,...,A,} (in the lexicographic
order). Let g € Gy with g > 1 and let g; € G, 0y for 1 <i <n. Then

A An 1A
gt ogpm < g
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Proof. Tt follows from Corollary 3.8 that {g},..., g} is totally ordered by
<™+l Choose i so that gi)‘i is the largest element of this set. Then
gt g < (g™

and again by Corollary 3.8, (gi")* <™+l gA, O

Lemma 4.5. If two elements of G have compatible G(w)-normal forms, then
they are <“- comparable.

Proof. Let g, h have compatible G(w)-normal forms, say
g:gi‘l...gl’e\k, h=hi" . h

where {A1,..., Ak, t1, ..., i} is totally ordered. It will be shown by induction
on k + [ that g, h are <¥-comparable. This is clear if k£ + [ = 0, so assume
k+1>0 IfA = p, let g = (hylg)Mga? ... gp%, B = hi? ... k", then by
induction ¢’, b’ are <“-comparable, hence so are g = h{""¢', h = h{"" 1.

Therefore, without loss of generality, assume Ay > pq, or k > 1 and [ = 0. By
Lemma 4.2 and Corollary 4.3, there exists m € N such that g = gf‘l .. .g,i"“, h =
Ryt h;” are G(m)-normal forms.

Assume g; > 1. Then by Lemma 4.4, (or by Corollary 3.8 if | =0, k= 1)

WA R (gL (g )R < g
hence h <™*1 g, s0 h <“ g since P,, 11 C P,,.
If g1 < 1, then similarly
957 - ger (M (R < (g™
and it follows that g <™*! h, so g <“ h. O
Theorem 4.6. The order <% is a total order on G.
Proof. By Lemma 4.5, the hypotheses of Proposition 3.5 apply to G(w); take A
to be the set of G(w)-descent sequences
{NL1,..) | AeA}.

This is totally ordered by the lexicographic order, because A is totally ordered,
being the original index set of the object G of G. Then

kEA={g1...g9x | for 1 <i <k, g; € Gy, for some \; € A}

so any two elements of G are in kA for sufficiently large k, and by Proposition
3.5, kA is totally ordered by <“. Hence <% is a total order. O

Thus G(w) is an object of Fy, hence Pg(,y is the positive cone for a total
order on G, by Lemma 2.4. One could try to continue the construction of P,
for ordinals m > w by defining P,,11 = FPg(y,), but the next corollary shows that
this gives nothing new.



ORDERING FREE PRODUCTS OF GROUPS 19

Corollary 4.7. P, = Pg(.)-

Proof. Clearly G(m) < G(w) for all m € N, so P, C Pg(, for all m € N by
Lemma 2.5, hence P, C Pg(,)- Since both P, and Pg(,, are positive cones for
total orders on G, it follows that they are equal. O

Thus, given the object G = (G,{Gx | A € A}) of the category G, an order
<“ has been constructed on G. (As it stands, this does not give a proof of
Vinogradov’s Theorem, since it was necessary to use it in order to show that
Py is the positive cone for a partial order on G. Even if an independent proof
could be given, it would result in a very elaborate proof of this theorem.) The
construction also depends on the sequence s, and to reflect this P,, will now be

denoted by P;, and G(w) by G(s).

Proposition 4.8. Suppose G = (G,{Gx | A € A}) is an object of the category
G, A has at least two elements and all Gy are non-trivial. If s = (s1, s2,...) and

s’ = (s],sh5...) are sequences with s;, s; = +1 and s # &', then Ps # P.

Proof. Suppose s, # s, with n as small as possible subject to this. Choose )y €
A such that Ao < p for some p € A. Then G(s),, satisfies the same hypotheses as
G(s) (index set has at least two elements, all free factors non-trivial). Proceeding
inductively, there is a G(s)-descent sequence X = (Ao, A1,...A\n—1,1,...), such
that Gx,..x,_, (s) satisfies the same hypotheses as G(s). Then X is also a G(s')-
descent sequence, and Gy,.. x, ,(s) and Gx,..r,_,(s") have the same index set
and corresponding free factors (as ordered groups), but with different orderings
on the index set. (The two different orderings are reverse orderings.) By Remark
3.3, Xg’\O-*-)‘nfl(S) #+ ngomxn,l(sl)’ and by Remark 3.4, Xg(s) #* Xg(sr). But by
Theorem 4.6, G(s) is an object of Fg, so by Proposition 2.4 and Corollary 4.7,
Py = Pg(s) = Xg(s), and similarly Py = Xg(4), hence Ps # Py O
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