Resonances for rational Anosov maps on the torus
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Abstract

A complete description of resonances for rational toral Anosov diffeomorphisms preserving
certain Reinhardt domains is presented. As a consequence it is shown that every homotopy
class of two-dimensional Anosov diffeomorphisms contains maps with the sequence of reso-
nances decaying stretched-exponentially. This is achieved by introducing a certain group of
rational toral diffeomorphisms and computing the resonances of the respective composition
operator considered on suitable anisotropic spaces of hyperfunctions. The class of examples is
sufficiently rich to also include non-linear Anosov maps with trivial resonances, or resonances
decaying exponentially, as well as with or without area-preservation or reversing symmetries.

Contents

1

Introduction

1.1 Statement of results . . . . . . ... e e

Cone conditions for Anosov diffeomorphisms on T?

2.1 A pedestrian approach . . . . . . ... ...
2.2 Anosov diffeomorphisms with strong mapping conditions . . . . . . . ... ... ..

Composition operator for Anosov maps with constant invariant cone fields

3.1 Hardy-Hilbert spaces on Reinhardt domains . . . . . . . .. .. ... ... .....
3.2 Hardy-Hilbert spaces for toral diffeomorphisms . . . . . . ... .. ... ... ...
3.3 Relation to transfer operator . . . . . .. ... oL Lo

Resonances for certain rational Anosov maps

Anosov maps with different decay rates for resonances

5.1 A special group of toral diffemorphisms . . . . . ... ... ... ... ... ...
5.2 Explicit homotopies of Anosov diffeomorphisms . . . . . ... .. ... ... ....

A Auxiliary results

Notes on the special group of toral diffeomorphisms

2020 Mathematics subject classification. 37C30, 37D20, 32Q02, 32H04

5
)
8

13
13
19
25

26

33
34
35

39

42

*Department of Mathematics, University of Warwick, Coventry, UK. Email: julia.slipantschuk@warwick.ac.uk

tSchool of Mathematical Sciences, Queen Mary University of London, UK. Email: o.bandtlow@qmul.ac.uk
HInstitut fiir Mathematik, Universitit Rostock, Rostock, Germany. Email: wolfram.just@uni-rostock.de



1 Introduction

Anosov diffeomorphisms are the simplest truly hyperbolic dynamical systems, whose long term
asymptotic behaviour characterized by correlation decay or rates of mixing are classical topics in
smooth ergodic theory and statistical physics. The main tool for studying statistical properties for
Anosov maps T acting on a compact manifold M is the weighted composition operator' defined by

Crw: f=w-fol,

where w is a smooth function on M and Cr, acts on a suitable space of distributions. There
is a considerable amount of recent literature devoted to the construction of so-called anisotropic
spaces for hyperbolic dynamical systems, on which the above operator is quasicompact, implying
a spectral gap and exponential decay of correlations. The general idea behind the construction of
these spaces is to create sufficient smoothness in the expanding direction and dual smoothness in

the contracting direction, see | , , , , , B], to name but a few.
If the Anosov map is real-analytic, it is sometimes possible to prove compactess and even nu-
clearity of the above operator, see | , J, FR], implying that its non-zero spectrum is a sequence

of isolated eigenvalues known as Pollicott-Ruelle resonances, which determine all intrinsic expo-
nential mixing rates of the given system. However, quantitative results such as location, or the
very existance, of non-trivial resonances are rare, a few instances in different hyperbolic settings
being | , ]. Even for Anosov diffeomorphisms on the torus T?, arguably the simplest set-
ting of uniformly hyperbolic dynamical systems, it was established only recently in [A] (after an
idea of F. Naud) that non-trivial resonances exist generically. In [SBJ] the authors presented a
one-parameter family of Anosov maps, proving the presence of infinitely many distinct resonances
by calculating their location explicitly, and also conjectured locations of resonances for another
family of Anosov maps, which was recently proven in [PoS]. In both cases, after establishing com-
pactness of the transfer operator on a suitable anisotropic Hilbert space (originally introduced in
[F1R]), the eigenvalues are read off from an upper triangular matrix representation of the operator
with respect to a weighted Fourier basis. These results, though valuable for rigorously establishing
the location of resonances for these particular families, are rather ad hoc as they do not reveal
the underlying spectral structure of the associated operator. In this context, a key contribution
of this article is to explain the underlying structure of resonances for a class of rational Anosov
diffeomorphisms. For this it will be helpful to work with simple anisotropic spaces, which, albeit
less general, interact well with the analytic structure of the underlying map.

For analytic Anosov maps on T? with constant invariant stable and unstable cone fields we
define anisotropic Hilbert spaces of hyperfunctions as a closure of Laurent polynomials under a
weighted L? norm with the weight function adapted to the invariant cones, and show that the
respective weighted composition operator is well defined and trace-class. These spaces are iso-
metrically isomorphic to a direct sum of Hardy-Hilbert spaces on log-conical Reinhardt domains,
with the logarithmic base induced by the stable and unstable cones. Using this viewpoint and
assuming additionally that these Anosov maps extend holomorphically to certain domains in @2’
we are able to explicitly compute all the eigenvalues of the respective composition operator. In
addition we present a group of (non-linear) toral diffeomorphisms which satisfy these assumptions
and provide examples in each homotopy class of toral Anosov diffeomorhisms for which the com-
position operator has infinitely many distinct non-trivial resonances (A, )nen whose rate of decay
is stretched-exponential, that is, the upper bound of exp(—anl/Q) for some a > 0 is tight.

Results in [BJS] on resonances for analytic expanding circle maps of degree d, with |d| > 2,
arising from finite Blaschke and anti-Blaschke products, made it possible to establish exponential
lower bounds for the decay rate on a dense set of analytic expanding circle maps [BN]. In the
same vein, the class of non-linear toral diffeomorphisms presented in this paper will be an essential

1 This operator is also referred to as the transfer operator or Koopman operator, depending on the weight.



ingredient in proving that, generically, the stretched-exponential decay rate of resonances is optimal
within the class of analytic Anosov diffeomorphisms on T?. Moreover, as all constructions are very
explicit most of our results should extend to Anosov maps in higher dimensions. These are,
however, beyond the current scope and will be pursued in subsequent works.

1.1 Statement of results

We will only consider toral Anosov diffeomorphisms with constant expanding and contracting cone
fields. Restricting to constant invariant cone fields enables us to work with simple anisotropic
Hilbert spaces H,, which can be seen as the completion of Laurent polynomials under the v-
weighted L2 inner product for a cone-wise exponential weight function v: Z? — Rsq, that is
v(n) = e/ where f: Z?> — R is piecewise linear, with the pieces being cones in R?. We will
make an additional assumption on the invariant cone fields, termed strongly expanding constant
invariant cone field condition or short-hand (sec), see Definition 2.12 for the precise definition. If
the (constant) unstable invariant cone field can be chosen to correspond to the positive/negative
quadrants j:R2>O, we refer to these as positive, and call the respective condition (p-sec).

Theorem 1.1. Let T be an analytic Anosov diffeomorphism of T? satisfying the (sec) assumption
and w: T? = C an analytic function. Then there exists a cone-wise exponential v: 7> — R>q such
that

f—=w-foT
s a well-defined trace-class operator on H,,.

For a special subclass of analytic Anosov diffeomorphisms where cone fields can be chosen
to correspond to quadrants of R? and the diffeomorphisms extend holomorphically to certain
domains of @2, we are able to compute all eigenvalues of the above operator explicitly in terms
of multipliers of fixed points on these domains. To state the results we introduce the notation
Y = {0 = (01,00): 01,00 € {#£1}}, and D7 = {z € C2: |21|7* > 1,|22|°> > 1} with 0 € % for
the four bidisks in C2. It will further be convenient to write N'* = N2\ {(0,0)}, N~ = N2, and
decompose ¥ as ¥ = U X! with ¢ = {0 € ¥: 01 - 09 = (},£ € {£1}. The notation T* for
¢ = —1 stands for the inverse of T. We write C7 = Crp; for the unweighted composition operator.
Theorem 1.2. Let T be an analytic Anosov diffeomorphism on T? satisfying the (p-sec) assump-

tion. Then there exists a cone-wise exponential v: Z> — R>o such that Cr is a well-defined
trace-class operator on H,, and its spectral determinant is an entire function of the form

det(Id —2C7) = (1 — 2)xr(2),

where X is an entire function with zeros outside of cl(D). Moreover, if T* holomorphically extends®
to D? for all o € ©¢ and ¢ € {1} then xr is the product of two entire functions x;l and X;l;

whose zeros are given explicitly. Specifically, for every ¢ € {£1} exactly one of the following cases
holds:

(i) if T*(D°) C D7 for all o € X¢, then
xr(z) =[] T a-227)
neN*t oext

where Ay = (M\s.1, A\o,2) are the multipliers® of the unique attracting fived point z} € D of T,
and s = 0 if T is orientation-preserving and s = 1 if it is orientation-reversing. Additionally,
it holds that 2% = 1/2* _ and A\, = A\_, for o € X.F.

2Here we view T2 as a subset of C x C and consider extensions of T and T~ to subsets of C x C as holomorphic
in the same sense as for mappings of the Riemann sphere.
Ty,
Oz

3The multipliers of T' at a point z are the eigenvalues A = (A1,A2) of D, T = (
AT = AT A\52 forn € 72.

) at z. We write
k,l



(ii) if T*(D?) C D=7 for all o € X, then

xr(z)= [T I @-=2)"2

neNtoext

where Ao = A_, are the multipliers of the unique attracting fized point 2% € D7 of T,
Additionally, A\, 1 and A\, 2 are either real, or complex conjugates of each other.

Clearly, certain linear toral diffeomorphisms satisfy the assumptions of this theorem. For
example, the well-known cat map (21,22) — (2722, 2122) satisfies assumption (i) and hence we
can compute all fixed points and their multipliers, which however are all trivial (that is, zero) in
this case. The group Aut(T?) of linear diffeomorphisms (automorphisms) of the torus is isomorphic
to GLg(Z). In order to construct non-linear maps, we shall consider a group of diffeomorphisms
generated by a finite set I' of generators of Aut(T?) and a (uncountably infinite) set G of certain
rational diffeomorphisms preserving T2. One particular choice for this set is

G ={(21,22) > (ba(21),22): a € D}

with b(2) = (2 — a)/(1 — az). We call F the group of diffecomorphisms generated by TUG. A
certain subset of F comprises of hyperbolic diffeomorphisms satisfying the assumptions of Theo-
rem 1.2. The explicit construction of elements of this set (see Section 5.1) allows us to compute
the sequence of eigenvalues of the corresponding composition operators and present examples with
qualitatively different decay rates of this sequence (stretched-exponential, exponential, and triv-
ially super-exponential/all-zero). Using the structure of conjugacy classes of GL2(Z) we obtain the
following theorem.

Theorem 1.3. Every homotopy class of analytic Anosov diffeomorphisms on T? contains (non-
linear) Anosov diffeormorphisms T € F, such that for suitable H, the corresponding operator Cp
is well defined and trace-class, with the entire function z — det(Id —zCr) = (1 — 2)xr(2) as its
spectral determinant. In particular, denoting by (A, )nen the sequence of eigenvalues of Cp ordered
by modulus in decreasing order, and counted with multiplicities, we obtain the following.

(i) For every homotopy class H and n > 0, there exists T € H N F such that the eigenvalue
sequence of Cr satisfies
lim _IOgl)‘n| _
n— o0 n1/2 o
(i) For every homotopy class H of orientation-preserving Anosov diffeomophisms and n > 0,
there exists T € H N F such that the eigenvalue sequence of Cr satisfies
. —log [An|
im —————— =7
n—o00 n
(#ii) Every homotopy class H of Anosov diffeomorphisms not containing a linear conjugate of one
of {(z1,22) = (2¥22,21),k € N} has an element T € H N F not smoothly conjugated to a
linear Anosov diffeomorphism, such that

xr(z)=1
for all z € C.

Remark 1.4. We note that the maps T € F above can be written in closed form. In contrast
to the more common setting of analytic perturbations of linear maps (see, for example, [A, D,
these maps are not required to be C' close to the respective linear automorphisms, that is, the C*



distance can be arbitrarily large. In fact, as the proof of Theorem 1.3 will show, the spectral gap
for the composition operator associated to the maps in (i) and (i7) can take an arbitrary value in
(0,1). Moreover, under the additional assumption that T is orientation-preserving, in case (i) the
second-largest eigenvalue Ay € D and the decay rate 7 > 0 can be chosen arbitrarily, independently
of each other. The behaviour in (i) is believed to be generic for two-dimensional Anosov maps,
whereas the cases (i7) and (i4i) are exceptional. We also note that under the assumptions of
Theorem 1.2 (as well as of Theorem 1.3), the spectral determinant can be shown to coincide with
the usual dynamical determinant, as the usual trace formula (see, for example, [F'RR, Proposition
5]) can be established in this setting.

Remark 1.5. As shown in [I'(;], any homotopy class H of analytic Anosov diffeomorphisms on T2
is path-connected, so that in fact, in the cases (i)-(éi¢) in Theorem 1.3, any 7" € H is homotopic
via a continuous path of toral diffeomorphisms to a T' € H with the respective spectral property.
Moreover, by the famous Franks-Newhouse classification theorem, every Anosov diffeomorphism of
codimension 1 on a closed Riemannian manifold* is topologically conjugate to a hyperbolic toral
automorphism, see for example [I1i]. Thus, since any two smooth surfaces that are homeomorphic
are also diffeomorphic, in the above theorem T? can be replaced with any two-dimensional closed
Riemannian manifold.

This paper is organised as follows. Starting with a motivational example of the composition op-
erator for the cat map in Section 2.1, we discuss its boundedness and compactness on an anisotropic
space of hyperfunctions relevant to the current work. In Section 2.2 we consider a class of analytic
toral Anosov diffeomorphisms with strongly expanding constant invariant cone (sec) fields and
show how properties on the tangent bundle are translated into properties of the map in a small
complex neighbourhood of the torus. We start Section 3 by summarising properties of Hardy-
Hilbert spaces on log-conical Reinhardt domains and realizing the anisotropic Hilbert spaces of
hyperfunctions from Section 2.1 as direct sums of these Hardy-Hilbert spaces. The main theorem
of this section is Theorem 3.24, which together with a standard factorisation argument yields a
trace-class weighted composition operator for analytic Anosov maps with the (sec) property, thus
proving Theorem 1.1. Section 4 is devoted to the proof of Theorem 1.2, that is, the computation of
resonances of the composition operator associated to rational Anosov diffeomorphisms satisfying
the (p-sec) condition and preserving certain polydisks. In Section 5 we prove Theorem 1.3. For
this, we first introduce in Section 5.1 the group of diffeomorphisms F, discuss their properties and
present examples of Anosov maps with and without additional properties such as area-preservation
and symmetry reversal. In Section 5.2, using conjugacy classes of toral Anosov automorphisms,
we construct non-linear Anosov maps in F satisfying the assertions of Theorem 1.3.

2 Cone conditions for Anosov diffeomorphisms on T?

2.1 A pedestrian approach

In this section we want to explore functional-analytic properties of composition operators associated
to Anosov automorphisms on the torus on Hilbert spaces that can be defined as the completion of
the space of Laurent polynomials with a norm depending on a certain weight function. We take
the well-known cat map as an example of a toral automorphism, and discuss boundedness and
compactness of the associated composition operator depending on the weight function. The main
result of this section is to show that for a suitable weight function the composition operator is
Hilbert-Schmidt. Since most of our work in this paper focuses on the two-dimensional case, for
convenience we introduce the following shorthands.

4An Anosov diffeomorphism is said to be of codimension 1 if the codimension of either its stable or unstable
foliations has dimension 1.



Notation 2.1. For o, 3 € R? (or Z?) we write a > 8 if a1 > 31 and ay > 32, and moreover for
¢ € R the notation « > ¢ will be used as a shorthand for a; > ¢ and as > ¢ (and analogously for

other comparison operators). For z € C? (or R?, Z?) and n € Z? we use the multiindex notation

2" = 211 25?, and we write |z| = (|z1], |22])-

2.1.1 Weighted Hilbert spaces
Let T? = {z € C? : |21| = |22| = 1}, and let P denote the space of Laurent polynomials on T2,
P={f:T*>C:f(z)= > faz", with f, € C,N € N}.
n€Z?,|n|<N
For any v : Z?> — R g, we define an inner product on P by
<fa g>l/ = Z fngny(n)2,
nez?

where (f)nezz and (gn)neze are the Fourier coefficients of f and g, and we denote by || - ||, the
corresponding norm. Note that v(n) = ||p,||, for n € Z2, where p,, is the monomial z > 2".

Definition 2.2. We write #,, for the completion of P with respect to the norm || - ||,

It turns out that H, is a separable Hilbert space, which contains the Laurent polynomials as a
dense subset, with an orthonormal basis given by the normalised monomials
Zn

enl2) = n 2.
n( ) y(n)’ €Z

2.1.2 Composition operator for the cat map

()

induces the well-known toral automorphism 7': T? — T? given by (21, 22) — (2322, 21, 22), known
as the cat map. We shall study the properties of the composition operator C'1 associated to T' when
considered on different Hilbert spaces H,. In particular, we will see that for certain choices of v the
operator Cp is Hilbert-Schmidt. A bounded operator L on a Hilbert space H is Hilbert-Schmidt
if >, || Len||? < oo where {e,} is an orthonormal basis of H. A sufficient condition for this is that
there are 6§, ¢ > 0 such that for all n it holds that

The hyperbolic matrix

[ Lenl < 6 exp(—clnl). (1)

We can compute ||Cre,|, explicity, as

Crenl = 3 () samnssoens = (L)) @)

mezZ? V(n)

We first consider weight functions v adapted to the dynamics of T" introduced in [F'R]. For this,
we denote the unstable/stable eigenvalues of A by A, /s = ©*2, where ¢ = (1++/5)/2 is the golden
mean, and write V' = (v,, vs) for the matrix with the corresponding (normalised) unstable/stable
eigenvectors as its column vectors. We write (-, -) for the standard inner product on RZ.

Lemma 2.3. For any a = (a1,a2) > 0 and v(n) = v4(n) = exp(—a1|(n,vy)| + az|(n,vs)|), the
composition operator Cr is a well-defined Hilbert-Schmidt operator on (Hy,|| - ||.)-



Proof. By using (An, v, s) = (n, ATvu/s> = Ay/s(n, vy s) and (2), we obtain
[Crenlly = exp(—aiAu[(n, vu)| + a2As|(n, vs)]) - expar|(n, vu)| — az|(n, vs)|)
= exp(—a1(Au = D(n, vu)| = az(1 = As)[{n, vs)l)-
As (A, —1) >0, (1 = A;) > 0, and all norms on R? are equivalent, we obtain inequality (1). O

It turns out that replacing V' by the identity matrix yields an operator that is not even compact.
We omit a proof, as this follows by a direct calculation.

Lemma 2.4. Let a = (a1,az) € RZ; and v(n) = v4(n) = exp(—ai|ni| + az|na|). The operator Cr
is bounded on (Hy,| - ||l,) if and only if a1 = as. It is never compact on (Hy, | - ||.).

On the other hand, as will become apparent in the next section, working with a diagonal matrix
V yields more convenient function spaces (specifically, Hilbert spaces of holomorphic functions on
polydisks). We can restore the nice properties of the compositon operator in this setting, by
allowing a to be a function of n € Z2.

Definition 2.5 (Quadrant-wise exponential weight). Let o,y € R? and define a: Z? — R? as

(n) a, ifny-ng >0
a.~(Nn) =
“r v, ifni-ng <0,

and v(n) = vq,(n) = exp(—(aa,,(n),|n|)). We call such weight function quadrant-wise exponential.

Lemma 2.6. Let v = v, be a quadrant-wise exponential weight. If o € R% and v € RZ, then
the operator Cr is a well-defined Hilbert-Schmidt operator on H, .

Proof. For n € Z? we denote

p(n) = (aa,y (1), [n]) = (a0~ (An), [An]),

so that A
[Creall, = 525 = exp(e(m).

To prove the lemma, it suffices to show that there exists ¢ > 0 such that
p(n) < —c(jm| + [n2|)  (Vn € Z2). (3)

Set m = An. We note that since ||n||s < ||[A71]|||m]||2 and by the equivalence of norms in R?, there
exists & > 0 such that [my| + |ma| = ||m|l1 > é||n|ly = &(|n1| + |n2|), for all n € Z% and m = An.
There are three cases we need to take care of.

(i) m1-ne > 0. Note that in this case |m| = |An| = Aln| and my - my > 0. It follows that
p(n) = (a,[n| = Alnl) = (o = AT, |n]) = —(a1 + az)lm| — anfna| < —cr(lna| + [na),
for any 0 < ¢1 < ;.

(ii) my - mg < 0, which implies ny -ny < 0 as n = A~lm and ny - ny = (M1 — ma)(2me —my) =
3mimo —2m3 —m? < 0. Noting that |nq| = |[m1 —ma| = |m1|+|mz| and |na| = [2ma —m4| =
2|ms| + |m1| we obtain

p(n) = (v, [n] = Iml) = mlma| + y2(jma| + [m2]) < —ca(|na| + [n2)),

for any 0 < co < —72€.



(iii) ny-n2 < 0 and my - mg > 0. In this case
e(n) = (v, In))—= (e, [m]) < max(y1,y2)(In1|+[nz|)—min(aq, az)(|ma|+|ma|) < —cs(|na|+[nzl),
for any 0 < ¢3 < 2min(—71, —7v2, @16, a2¢).

Combining the above, we have that (3) holds for all n € Z? with ¢ = min(cy, ca, ¢3). O

Remark 2.7. It turns out that the use of quadrant-wise exponential weight functions is not
restricted to linear toral Anosov diffeomorphisms, but can also be applied to certain non-linear
maps. It is possible to show that for any map in the family of non-linear maps studied in | ], one
can find suitable « and ~y, such that the associated composition operator considered on the Hilbert
space H, with v = v,  is Hilbert-Schmidt, and even trace-class. The proof is a straightforward but
lengthy calculation involving properties of the underlying map summarized in | , Lemma 2.3].
See also [PoS] for this and related results.

2.2 Anosov diffeomorphisms with strong mapping conditions

In this section, we establish more general conditions on the toral diffeomorphisms which will be
sufficient to prove that the associated composition operator is trace-class on a suitable weighted
Hilbert space. In particular, we characterise maps that satisfy the conditions of the main result
of the next section (Theorem 3.24). We start by recalling some well-known facts about cones and
Reinhardt domains.

2.2.1 Convex cones in R2

A cone A C R? is a set such that if v € A, then \v € A for all A > 0. A cone shifted by a vector,
that is a set of the form x + A, where z € R? and A C R? is a cone, is called an affine cone. For
Pu,ps € R? denote by P = (p,,ps) the matrix having p, and ps as its column vectors. For an
invertible matrix P denote by Ap the convex open polyhedral cone in R? (positively) spanned by
p. and pg, that is,

Ap = {Px = 21p, + z2ps: © > 0} = P(RZ).

Writing W = (w,,, ws) = (PT)™1, this can equivalently be expressed as
Ap = {z € R%: (wy,,z) > 0, (w,, ) > 0}.
Its polar cone is given by
(Ap)° ={z € R?: (z,p) <Oforallpc Ap} ={z € R?: PT2 <0} = W(R%O).
While Ap is the image of the positive quadrant of R? under P, it will later be useful to consider

o1 O) for ¢ € ¥, where®
0 09

Y :={o=(01,092): 01,02 € {£1}},

and denote by A% the image of the quadrant R = I7(R%) under P, that is A% = P(R°) for
o € 3. A short calculation reveals that the cone A% can be written as

the images of all quadrants. For this, we write 7 = (

% ={x € R?: oy (wy,x) > 0,02(ws,z) > 0}.

All the above cones have (0,0) as their apex. As we shall see shortly we will need to work with
cones translated by a vector. For this, let us denote by R§ the image under /9 of the first quadrant
translated by 6 € R?, that is R = I°(R2, + §) = R + v with apex v = I74.

5For brevity, when using o = (01,02) € ¥ as an index, we will often just write out its signs, e.g. writing RT+
for RHLFTD ) RT= for RHFL=1)  ete.



Definition 2.8. For § € R?, 0 € ¥ and P € GL2(R) we denote A% 5 the convex affine cone

Ps=P(R) = A% +vps, (4)
with apex vp 5 = Pvf.

We note that o1(wy,v% ) = o1{PTw,, [76) = 01((1,0),1°6) = & and oa(ws,v3s) = Ja.
Using these equalities, A% ; can be rewritten as

Aps={z € R?: 0y (wy, x — vhs) > 0,09 (ws, . — % 5) > 0}
= {z € R?: gy (wy, x) > 81, 002 (ws, ) > 5o }.

(5)

2.2.2 Log-conical Reinhardt domains of C?

The translated convex cones in (4) will be useful for defining certain two-dimensional complex
domains. For this we first require some definitions.

Notation 2.9. We denote the Riemann sphere by C= CU{oo}, and write C2=CxC. Forz € @2,
v € R? and a € Z* we write |z| = (|21, ]22]), 2% = zi“zé”, e? = (e¥1,e"2), and for z € (C\ {0})?
we write log |z| = (log |21],10g |z2]). For any domain D C C2, we write Dt = D N (C\ {0})2.

Definition 2.10. A domain D C C? is called polycircular or a Reinhardt domain if it is invariant
under polyrotations, that is, if 2 € D implies wz = (w121,w222) € D for all w € T2, The set
|D| :={|z]: 2 € D} C (R>o U {oc})? is called absolute domain of D, and A = log|DT|:= {log|z| :
z € DT} € R? the logarithmic base of DT. A Reinhardt domain D is called log-conical if the
logarithmic base of DT is a convex open affine cone.

We define T2 = {z € C? : |z1]| = p1,|22| = p2} for p € R, and write A2 = U, ep T2
Further let £(A ) C R? denote the union of the set of faces of A, that is £(A) = A\ {p} with p the
apex of A. Then, every convex open affine cone A C R? induces a log-conical Reinhardt domain
in C? via

D = cl(eAT?) \ M2
where the closure is taken in C2 (that is, it may contain points of the form (z1, z2), with either
z1, Or 22, or both, taking the values 0 or co). We shall denote by D%, P 5 the log-conical Reinhardt
domain induced by the convex affine cone A% 5 in (4). We can calculate

o + _ A% 2
(DP,5) =e"PoT" = U TET - U Texp('uPJJrz

TEAF 5 xEAG
— {2 € (C\{0})?: || = e+ [o] = (ORSI4e2 4 € Ag)
= {z € (C\ {0})%: |2|71¥% > 1 |2|72%s > P2},

which yields )
D%é = {z S C2. |Z|01wu N el |Z|02w5 > 652},

The distinguished boundary or Shilov boundary of D%, P 1s a torus in C? given by

o’P’é — H* %}5 — {Z c CQ: \21| — e(U%,&)l’ |22| — e(’UIU).é)’z}.



2.2.3 Anosov toral diffeomorphisms with constant invariant cone fields

Definition 2.11 (Toral Anosov diffeomorphisms). Let M = ([0,2n]/ ~)2. A smooth diffeomor-
phism T': M — M is called Anosov if there exist two uniformly transversal open continuous cone
fields £ = {K"(x)}, K* = {K?*(x)} with cones K"(x), K*(z) C T, M, a norm || - || on T, M and
A > 1 such that, for all x € M,

(i) D,T(cI(K*(x))) € K*(T(z))U {0}, D,T (cI(K*(x))) ¢ K*(T~'(x)) U {0} and
(i) |D.T ()| > M|l Yo € cl(K*(z)) and ||D,T~(v)|| > Ao Yo € cl(K*(x)).
Without loss of generality, the cone fields can be chosen to be complementary, that is, K*(z) =
T, M\ cl(K"(z)) for all x € M.
If the expanding and contracting cones K*(z) and K*®(z) can be chosen independently of ,

that is® K% K* C T, M such that K%(z) = K" and K*(z) = K* for all x € M, then we say T is
an Anosov diffeomorphism with constant invariant cone fields.

Let T be a toral Anosov diffeomorphism with constant complementary cone fields ¥ = {K"“}
and K£* = {K*}. Then K* can be decomposed as K" = K} U—K, where K is a convex cone, so
there exists a matrix P € GLa(R) such that K% = A, = PI7(R2%,) with 0 = (+1,+1). Adopting
the notation

Y={oeX:o,=0y} and X '={s€X:0; =03}

we can write K" = J,csu AD and K° = J; o5 AS.
Definition 2.12. Let T': M — M be a smooth Anosov diffeomorphism.
(i) We say that T has P-induced constant invariant cone fields if it has constant invariant cone
fields K* = {K§} and K° = {K§} given by K§ = J,csn Ap; and K§ = Jscx-1 AD 5 with
P € GLy(R) and § € R2.
(ii) We say that T has P-induced strongly expanding constant invariant cone fields (sec) if it has

P-induced constant invariant cone fields and if there are 8,6 € R2>0 and 0 € X!, 5 € 71
such that, for all x € M,

(D,T)v € K} and (D, T3 € K3, (6)
where v = v% 5, 0 = v7,-. In the special case P =T, we refer to Ki = RZ,URZ, as positive,
and call (6) the (p-sec) condition.

Figure 1 illustrates the (p-sec) condition. Note that (i) is satisfied by all smooth toral Anosov
diffeomorphisms with constant invariant cone fields, whereas (ii) is a stronger condition, which
eventually will be required to prove compactness of the associated weighted composition operator
(see Section 3).

Remark 2.13. The cone conditions in (6) are often easy to check. For example, the (p-sec)
condition requires K = R2 jURZ, and K§ = R?\ cl(KY). Assuming D, T = (iz Zz> preserves
RQZO for all x € M, the first part of (6) is automatically satisfied if either inf,ecpra, > 1, or

infaeprdy > 1, orif
1-—- 1-d
sup ( CLgc)~sup < x><1.
xeM bx zeM Cy

A similar condition for the first part of (6) in the case when D, T maps RQZO to Rng can be deduced
easily, as can be analogous conditions for the second part of (6).

6Here we slightly abuse notation, using the canonical identification T M =2 R? for all z € M.
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(Dx'f“‘l)é\ / (<o
5

Figure 1: Illustration of the (sec) condition in Definition 2.12(ii) for P =1 and Kj = K} % 4.

We shall next state conditions that can be easily deduced from the fact that the map T possesses
constant invariant expanding and (co)-expanding cone fields, that is, from (i) in Definition 2.12.

Lemma 2.14. Let T: M — M be a smooth Anosov diffeomorphism with P-induced constant
invariant cone fields for some P € GL2(R). Then, for any §,6 € RZ, 0 € ! and 6 € X7, there
exists q € A‘;g with (D, T)q € A% 5 for all x € M.

Proof. Fix 6,6 € R%,, 0 € ¥ and 6 € ¥, and recall that the (constant) (D,T)-invariant cone
given by the matrix P is K* = Ap U —Ap, with Ap = P(R2,), and either (D,T)(Ap) C Ap or
(DZT)(AP) C —Ap (for all x € M). For x € M, we define N, = P‘l(DwT)P, and observe that
either N, (R%,) C RZ, U {0} or N,(R%) C RZ, U {0}, for all z € M.

Applying Lemma A.2 to {N, : @ € M}, there exists ¢’ € R such that N,(¢') € R for all

x € M. Using (4), we obtain that Pg' € P(R?) = A7, and (D,T)(Pq') € P(Rg) = A% for all

x € M, finishing the proof with ¢ = P¢’. O

Let m(x1,22) = (€1, ¢'*2) be the canonical diffeomorphism from M to T2. We denote by T'
the diffeomorphism on T? uniquely determined by the equation To7w = 7o T. We will say that
T: T? — T2 satisfies the (sec) (or (p-sec)) condition, if the corresponding T: M — M does. As
the next (key) lemma will show, for analytic toral Anosov diffeomorphisms with constant invariant
cone fields, properties of the derivative DT on the tangent bundle can be translated into properties
of the map T in a small neighbourhood of T?. With slight abuse of notation, we continue writing
T for its analytic extension to such small neighbourhood of T?2.

Definition 2.15. We say that a diffeomorphism 7': T2 — T? is orientation-preserving (orientation-
reversing) if the determinant of D,T' of the conjugated map 7': M — M is positive (negative) for
all z € M. We say T is area-preserving if |det D, T| =1 for all x € M.

Lemma 2.16. Let T: M — M be an analytic Anosov diffeomorphism with P-induced constant
invariant cone fields for some P € GLy(R), and T the conjugated diffeomorphism on T2. If there
are § € R2, 0 € %, and ¢ € R? such that (D, T)q € A% s for all x € M, then there exist € > 0
and 6" > & such that for all t € (0,€) we have '

T(T2%q) C D3y,

where D%, s, is the Reinhardt domain induced by the logarithmic base A% 5.
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Proof. We denote w'!) = oyw, and w® = gyw, (recalling W = (wy, ws) = (PT)™"). Using (5),
we observe that (D,1)g € A% ; translates to the inequalities

Z Z il l(Ikwl > 05, forj=1,2andallxec M.
1=1,2 k= 12

Next, for z € M, s € R and a € R?, we define

fo(s) = alog|Ti(&(s))|

1=1,2

with &,(s) = (esntiT esa2tiz2) ¢ T2, We note that f¢ is continuously differentiable on (0, )
for sufficiently small €, with

a 1zkak1—'l§ )) Sqk
2 po=n( ¥ ¥ A, ),
1=1,2 k=1,2

where 0, T; denotes the (complex) derivative of the [-th component of T with respect to the k-th
variable. It follows that

o w(J) zzkale Ty eizz) ) _ aj’l G)
% z 5 0= Z Z Tl eiT1 ezwz) qrxw; =R Z Z aixkq}ﬂ‘ul > 6j

1=1,2 k=1,2

for j = 1,2 and all x € M. By compactness of M and continuity, we can fix ¢’ > ¢, so that
%f;”(]) (s) > d%, j = 1,2, holds for all z € M and all s € (0,¢”) with a sufficiently small ¢ € (0, ¢').
Since f2(0) =0, we obtain that

3) )

3w log |Th (€4 (t)| = f2

1=1,2

t .
0= 1270 = [ g ds > 5t

for j = 1,2 and t € (0,€¢”). Exponentiating both sides, it follows that T'(,(t)) € D% s for all
z € M. Since {{,(t) : x € M} = T?,, this completes the proof. O

If in addition T satisfies the (sec) condition, then one can establish all the required properties
(for Theorem 1.1) for T in a neighbourhood of T?. First, we need to introduce corresponding
notions on Reinhardt domains induced by convex cones. For § € R? and P € GL2(R), let Aps
denote a two-dimensional ‘annulus’ containing T?, given by

Aps={2€C* — || <P tlogl|z| < |d]}.
For brevity we also write As = Ay = {z € C*: — || < log|z| < |4]}.

Definition 2.17. Let T: T? — T? be an analytic map with holomorphic extension to a neigh-
bourhood of cl(Aps) for some § € R2, and P € GLy(R). For £ € {1,—1} and A € R% the map
T is said to have the (¢,9, A, P)-strongly expanding mapping property if one of the following two
alternatives holds:

(EP) T(T% ;) € DEACTDE 5 for all o € ¢ (“T preserves expanding direction”),

(ER) T(T%5) € DpATDpf forall o € ¢ (“T reverses expanding direction”).
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Proposition 2.18. Let T: M — M be an analytic Anosov diffeomorphism with constant P-

induced strongly expanding invariant cone fields for some 6,6 € R2, in (6). Then there exists

n € R% ) such that the corresponding diffeomorphisms T and T~ on T? can be analytically extended
to Apy, and there are A, A € R2>O with A > § and A < 6, such that

(i) T is (1,t6,tA, P)-strongly expanding for all sufficiently small t > 0,
(ii) T~ is (fl,tA,tg,P)—stmngly expanding for all sufficiently small t > 0.
Moreover, for any o € ©',6 € £~ and any 6, A € RZ,,

(iii) there exists q € A‘;s such that T?,, C D;té and T(T?,) C D% for all sufficiently small t.

Proof. To prove (i), we apply Lemma 2.16 with ¢ = vf 5, 0 € X', Since tq = tv} 5 = v} 5 and
therefore T?,, = T% 5, there exist € > 0 and A > 4§, such that for all t € (0,¢), T(T%,;5) C
D% AT D%,s. Item (ii) follows analogously by applying Lemma 2.16 with ¢ = v;‘j’g, e xi,

to the map T~!. Finally, for (iii), by Lemma 2.14 there exists ¢ € R? satisfying tq € Ai’j .5 (e

T?, C Df; .;) and D,T(tq) € A% a for allt >0 and z € M. Then, by Lemma 2.16, there exists
A’ > A and € > 0 such that T(T?2,,) C Df,n, C Dgp for all t € (0,€), as required. O

Corollary 2.19. If an analytic Anosov diffeomorphism T on M satisfies the (sec) condition for
some P € GLy(R), then there exist a, A,y,T',n € R2>0 with a < A<nand ' <~ <n, such that
the corresponding diffeomorphisms T and T on T? can be analytically extended to Ap,, and the
following mapping properties hold:

(i) T is (1,a, A, P)-strongly expanding;
(ii) T~ is (—1,T, 7, P)-strongly exzpanding;
(iii) For any o € X1, € ©71, there exists q such that T2, C D?'y NAp, and T(T2,) C D% 4.

Proof. Using notation from Proposition 2.18, (i)-(iii) are satisfied with o = 5, A = tA, ' = tA,
v = td, for sufficiently small ¢ > 0. O

3 Composition operator for Anosov maps with constant in-
variant cone fields

In this section, we shall consider (weighted) composition operators associated to analytic Anosov
diffeomorphisms satisfying the (sec) condition. In this setting, using Corollary 2.19, we will show
that there exist Hardy-Hilbert spaces induced by a suitable cone-wise exponential weight, such
that the operator is trace-class.

3.1 Hardy-Hilbert spaces on Reinhardt domains

Before moving to the more general case of Reinhardt domains, we present a few simplified examples
in which the domains are chosen to be polydisks.

Example 3.1. Let P be the identity matrix I. Then A‘ISD,5 = RY, that is, it is one of the four
quadrants translated by (£81, £62). For simplicity we write D = Dy s for the disk induced by the
cone Rj. Its distinguished boundary is given by

O*D =T = {2 € C?: |z1] = 7% |zp| = €72%2}.
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2.0 2.0
D(;Jr (D;r—)/
D;- (Dy7)
Dy~
++
1.5 i 1.5
1.0 1.0
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0.0 - 0.0 -
0.0 0.5 1.0 15 2.0 0.0 05 1.0 15 2.0

|z |z

Figure 2: Absolute domains of the four polydisks D§ for ¢ € ¥ and § = (0.1,0.2) (left) and
depiction of the dual domain (Dj ~)" of D~ (right).

(i) Fix 0 = (=1,—1). Then, for § = (0,0) we obtain a unit bidisk, that is, D = D?. If § # 0,
then DY is a bidisk centered at (0,0) with radii e”1% and e?2%.

(ii) The four domains depicted in the left panel of Figure 2 (reduced representation in the plane
of absolute values (|z1], |22])) corresponds to 6 = (0.1,0.2) for all o € X.

To proceed to the general case of Reinhardt domains, we introduce some general notation and
list simple facts about toral automorphisms.

Definition 3.2. For
A= (“11 “12> € GLy(Z)
a22

a21

we define 74: T2 — T? to be the toral automorphism given by 74(z1, 22) = (%‘f“z;”’,zfglzgm).
With slight abuse of notation we also write 74 for the extension of the map to C2.
Lemma 3.3. Let A, B € GLy(Z) and f € L?(T?). Then:

(i) TAoTp = Ta.B, and in particular 721 =Ty 1.

(ii) The map T4 preserves T2 and is holomorphic in a neighbourhood.

(iii) fo7a € LA(T?), and ||f o rallgazs) = I 2.

We note that by Lemma A.1 in the appendix, every Reinhardt domain D% 5 C C? is the image
of a bounded Reinhardt domain in C? under a holomorphic map of the form 74, A € GLy(Z).

Remark 3.4. In analogy to the case of the one-dimensional Riemann sphere, here we extend the
notion of holomorphic functions on domains in C2 to those on domains in C2 in the obvious way.
For a domain D c C2, a function f: D — C is holomorphic if there exists a domain D C C2 and
a biholomorphic mapping ¢: D — D such that fog¢: D — C is holomorphic.

14



Definition 3.5. For § € R?, ¢ € ¥ and P € GLy(R), the Hardy-Hilbert space Hg 5 := H*(D% )
consists of all holomorphic functions f: Dg ; — C such that

1 .
sup 7/ |f(e"T) 2 dt < oo.
[0,27]2

rEAj'Dyé (27‘—)2

In the case P =1 (that is, D% 5 a polydisk), we will write Hf = HP ; for brevity.

Remark 3.6. As the definition indicates, the next results (Lemma 3.7 and Proposition 3.9) will
establish that the space HP ; with the inner product (7) indeed forms a Hilbert space.

We recall that D% 5 = T 5 = T2 and proceed with the following generalization of a

exp(v3,5)?

classical result for the polydisk D? = Dy

Lemma 3.7. For any f € Hp 5 there exists [* € L2(’]I‘7,)5) (the “boundary value function” of f),
which satisfies

Jim / F(emFit) — F*(e"Ratit)[2 gt = 0.
[0,27]2

o o
TGAR&,T—WP)(;

Proof. Since D% 5 = Dg;,is’*l) and for P/ = PI° € GLy(R), we can assume without loss of
generality that o = (—1, —1). The case of P being a non-negative matrix and § = 0 (i.e., Dg s C D?
a bounded Reinhardt domain) is classical, see [U, Section 2.5] or [[.], and the more general case
of § € R? follows immediately. For general P € GLo(R) and f € H P, We write P = AP with

A € GLy(Z) and P € GLy(R) non-negative (Lemma A.1). We use 74: D%, ; — D% s and consider
the function f =fory € Hg 5 By the previous case, there exists f* cL? (T;’; 5) such that

lim / |F(e7 ity — f*(e"Ps T2 dt = 0.
[0,27]2

o o
rEAﬁ,é’T_H}I:’,é

Writing f* = f* o 7';1, we obtain

lim / |f-(er+it) _ f*(ev;75+it)|2 dt
[0,27]2

o o
TEAP,(;,T*)’UP,J

= lim / |f oTa(e™) — f* o Ta(e"Fs T2 dt = 0. O
[0,27]2

7"€A;'3 é,r%v}”a s
We define an inner product on Hp 5 by setting
(fag)H;YS = <f*7gi*>'ﬂ‘?5 = (f*ag*)Lz(T;é)a (7)

and we will omit the star notation for the boundary value function whenever there is no ambiguity.
Here the L? inner product between f* and g* is defined conventionally as

o Y. BN dt I
(f* 9" )L2(1g :/ Fr(evmstityg (e s = [ (2)g*(2) dm(2),
(T%5) 0,272 (27)2 T,
where dm(z) = 2%;1 2%22 is the normalised Lebesgue measure on T% ;.

Notation 3.8. We denote by A7L® the polar cone of A2 = P(R), and note that A7® =
(PT)=Y(cl(R™9)). We write Z% = Z?> N A%°. For P = I, we will use the shorthand Z% = Z7.

Proposition 3.9 (Alternative charaterisations). Let § € R?, 0 € X and P € GL2(R).
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1) The function p,(z) = 2" isin H s iff n € Z%.
Py P
(ii) Let f be given by f(2) = >, cp2 fuz". Then, f € Hps iff f = 0 for n ¢ Z% and
Sneze [fal?€2 M 0Re) < oo,

(iii) Hp s is a Hilbert space with inner product given by (7). Moreover, for f € Hg ; with f(z) =
Znezg fn2™, we have

2 = swp o [ [ HET Pl = 3 [fa PR
Po reng (2m)% Jio2q)2
! rEAL 5 27

LASYAS

(iv) Hp ;s is the closure of {p,: n € ZH} with respect to the norm || - || g , -

Proof. We begin by recalling that A% s =A%+ v; 5> and observe that

1 / |pn(er+it)|2 dt = sup eQ(n,r) _ 62(71,71;5) sup 62<n’r>
[0,27]2

SUp %
2
reAY ;5 (2m) reAY rEAY

for any n € Z2. Since the supremum is finite if and only if (n,r) < 0 for all » € A%, that
is, if and only if n € Z% = Z*> N A%°, statement (i) follows. Next, we formally calculate for

f(2) =2 cpe [nz" that

1 / 12 1 NN .
— |f(em ™)) dt = frenrtit) frnem(r+it) dt
(2m)? [0,27]2 (2m)? [0,27]2 n§2 7716222

1 )
= S P [ Il
n%Q (2m)? [0,27]2
_ Z |fn|2€2<n,r).
neZ?

If f, # 0 for some n ¢ Z%, by the above argument, the supremum over r € A% s is infinite, and
hence f ¢ Hp ;. On the other hand, for n € Z% and r € A% 5, we have (n,r) = (PTn, P~1r) =
(I7PTn, I°P~'r) with I7PTn € RZ; and I7P~'r € RZ + 4, so that
(n,r) < <I”PTn,5> = (PTn,I"5> = <n,v$v5>.
Therefore, if f, =0 for all n ¢ Z% and 3, . | f |22 VP8) < oo, then
1 / ity (2 2 2(n,r) 2 2(nw )
sup R = sup 3 [fae) = 37|, 262
reAL 5 (2m)? [0,27]2 reAT 5 n%Z:Q n%z

implies f € HP s, proving (#4). For (4i%), it remains to show the last equality, which follows
immediately from the last calculation and (7), as for any f € Hp ; we have that

1 / rity|2 2 2(n,w% s)
sup fle dt = E fn|fe\rrel,
(27‘(’)2 10,272 | ( )| | ‘

SV

nezy,
Finally for (iv), we assume without loss of generality that o = (-1, 1) (since Hg ; = H};I},”gl)).
The case of P a non-negative matrix is proved in [MX, Proposition 3.6]. For general P € GLy(R),

we write P = AP with A € GLy(Z) and P € GLy(R) non-negative, and use the biholomorphic
mapping 74 : D% - — D% 5, noting that HfOTAHHg S = | fllrrg , for any f € Hg 5. Since A maps A
bijectively onto Z%, we have {p,: n € Zp} = {p, o Ta: n € Z%}, and the general case follows. [

16



We next show shows that two Hardy-Hilbert Hp 5 and HP, 5 are isomorphic, whenever PP e
GLy(Z). For any § € R?, 0 € %, P € GLy(R) and A € GLy(Z), we observe that A(A%s) =
(AP)(RF) = A%ps: and AP € GL2(R), from which it follows that

Ta(D5) = Ta(e"PoT?) = MaraT? = DG p 5.

Proposition 3.10. Let § € R?, 0 € 3, P € GLy(R) and A € GLy(Z). Then the operator C-,
gwen by Cr, f = fo7a is an isometric isomorphism from Hp s to HE 5.

Proof. Let f =3 ;2 fupn € Hipg, that is, by Proposition 3.9, f,, = 0 for all n ¢ Z%p, and
ez [fal?eXmVars) < oo, and write g = Cy, f = f o 7a. For n € Z? we have

Pp, © TA(Z) — (23111212112)711 (21121 Z;zz)ng — Z¢1111n1+1121nzz;21n1+022n2 _ pATn(Z)-

Therefore, it holds that

9= Z JnPnoTa = Z Jnparn = Z .f(AT)*lnpna

nez? nez? nez?
and hence g = 3, /> gnpn With g, = feary-1,. Further, since
AGp = ((AP)T)THe((R™7)) = (AT)TH(PT) T H(l(R™7)) = (AT) TH(AR),

it follows that (A”)™'n € A%} iff n € AG°. Therefore, g, = f(ar)-1, = 0 whenever n ¢ Z%.
Moreover,

l9llrg, = D lgal?e* o)
P,§

nez?
_ Z |fn|262(ATn,P'ug> _ Z |fn|262(n,APU§) _ Z |fn|2€2<n’vzp*5> _ Hf”%[gnw
nez? nez? nez?

which by Proposition 3.9(ii) implies that g = C., f € Hp, and ||Cr, fllug, = || fllug, , for all
[ € Hjp;, finishing the proof. ' ‘ O

The next two propositions are important ingredients for proving the main result of this section.

Proposition 3.11. Let K be a compact subset of Df 5 C C? and f € HE s = H2(D§’;75). Then,
there is a Cg > 0 such that

sup |f(2)| < Ck||fllmg,,-

zeK ’

Proof. For P =T and o = (—1,—1) (that is, D% 5 a polydisk with radii (e=%,e~%2)) the result
follows directly from [BJ1, Lemma 2.9]. In partfcular, with D'’ D% s a domain containing K,
and U(D') the space of functions holomorphic on D’ and continuous on cl(D’) endowed with
the supremum norm, the natural embedding HHT({ — U(D') is bounded, and its operator norm
provides the constant C'x.

For the general case, let ¥(z) = 277 = (21 °',2,°?). By Proposition 3.10, the operator
Cyorp: Hy 5 — Hp s Is an isometric isomorphism, and the result follows by observing that

sup |f(z)| = sup  |forporp(z)|
zeKCD% 5 z€(Yorp) LK)

with (¢ o 7p) "1 (K)CTDj ™. O
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Definition 3.12 (Dual domains and dual space).

(i) We denote by (Hg 5)" the dual space of Hp s = H*(D% ), that is the space of all continuous
linear functionals on Hp ;.

11 e denote by the dual domain o , which is given by = D,7 ; (see the
ii) We d b D"Pé he dual d f D% 5, which i b Dj‘,)é’ DP,‘75 h
right panel of Figure 2 for an illustration of the case P = D).

Clearly, (Dg;)") = D% s and Tg; = Tp7 5.

Proposition 3.13. (Hp ;)" = (H*(D%;)) is isometrically isomorphic to Hp? 5 = H*((D%;)"),
via the isomorphism J: Hp? s — (Hp ;)" given by

g {9y,

Proof. We begin by showing that J is injective. Assume J(g) = 0 for some g € Hp7 5, g(2) =
Znez;a gn2", that is, (f,g)1e , = 0 for all f € Hp ;. In particular, for every m € Z% we have

0= <pm,9>11‘<;,75 = Z Gn (P> Pn) TS s — Z gn€ e(mInvEs) m,—n — J—m-
neLy’ neLy’

It follows that g, = 0 for all n € Z and hence g = 0, proving injectivity of J.

To show that J is surjective, let £ € (Hps)'. By the Riesz representation theorem, there
exists g € Hp;, so that £ = £, = (-,g)ng ,, and we can write g(z) = Znezgg gn2". We define
h(z) = Enez o Gone XM with = v} 5, and observe that h € H?*((D%4)') = Hp” 5. For

-r l

z=c"e" € Th;, t € [0,27)?, we have e7*"z = e~ "¢’ = 1/Z, and hence

Z g—n€ nr)zn_ Z g—nZz = Z gnz”:g(z).
nezp’ nezy’ nezyg,

By (7) this implies
(J(h))(f) = <f> h>Tj'p75 - (fa g)Hj',y{; - g(f)a

for any f € Hg ;. Hence J(h) = ¢, proving surjectivity of .J.
Note that the Riesz representation theorem also yields [|€y||(srg ) = llgllmg - On the other
hand, for J(h) = ¢, as above, we have

B2 e = 3 a7 = 37 lgone 200 PR = 37 g P10 = gl

n€LL’ neLL’ neLy
and so we obtain HJ(h)H(Hg&)/ = ”hHHEfia’ proving that J is an isometry. O

Remark 3.14. Using the above proposition we have the following reformulation: if f € Hg 5 then

1Fllag,, = sup {|(f,90nz,,| - 9 € HA(DR)) 0P liglira(og, ) <1} (8)

where as before, P denotes the space of Laurent polynomials.
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3.2 Hardy-Hilbert spaces for toral diffeomorphisms

For convenience, here we introduce notation to succinctly express monomial bases for various
Hilbert spaces which we will require below.

Notation 3.15. Let R%° be the (closed) polar cone of R? for any o € ¥. Define
Ro° if ¢ = (~1, 1),

R70 = $ 7O\ {(0,0)} if 0 = (+1,+1),
int (R”’o) if o€ E_la

and let Z‘}’; =72nN P(]:z‘”’)7 noting that the R, o € ¥, form a partition of R2. In analogy to the
characterization of Hp ; in Proposition 3.9(ii), for o € ¥, § € R? and P € GLy(R) we define

H}o;,ﬁ = H2< %,5) = {feH?D,E:(.ﬁpn) —OfOI‘?’L¢Z }
Writing e, = % with v(n) = |pnllag, = e™vPs) we note that {e, : n € Z%} forms an
orthonormal basis for H ;, which is a Hilbert space with the same norm || - ||gg ,. Furthermore,
for conveniently handling dual spaces, we set Z‘I’) = 72‘1’3, and

HE s ={f € H*(Dgs): (f,pn) = 0,1 ¢ L3}
Remark 3.16. With the above notation, the isomorphism defined in Proposition 3.13 also forms
an isometric isomorphism between Hy7 5 and (Hp ;)"
Notation 3.17. For ¢ € {1, -1}, we write

U D% s, and (Df;,é)/ = U DP6 U DP 8

oext cext cext
and note that the distinguished boundary of Df:,,é is 3*13%5 = Upexe T% -

See the left panel of Figure 2 for an illustration in the case P = I: the green and pink rectan-
gles represent Dllfﬂ 5» Whereas the orange and blue rectangles represent D;ﬁ%, with correspondingly
coloured stars representing the respective distinguished boundaries.

Definition 3.18. For ¢ € {1, -1}, define 7—[%5 =P, cxe H'j‘w, which is a Hilbert space with the
inner product of f = (f7),ext, 9 = (97 )gext € ’Hfg,é given by

(f»g)Hf,,a = Z (Jwagg)H;g5

oext

As before, for the case P = I where the domains D% 5 are polydisks, we will use the shorthands
7° =17g, Dy = Df, D§ = Db 5, HY = Hfs, and Hf = H{ ;.

Remark 3.19. Nominally, an f € ’Hf;’ 5 is a tuple f = (f7),exe of two holomorphic functions
with distinct domains, f7 € H 5 = H*(D%5). It will be useful to alternatively consider H} 5 as
(isomorphic to) a function space, which requires us to distinguish two cases:

(i) If 6 € RZy, then Aps = D% 5N Dp5 # 0, and for any f = (f7,f77) € HE, .5 we can define a

holomorphic function f on Aps by f (2) = f7(2)+ f9(2), yielding an isometric isomorphism
between HYp, 5 = HQ(D" ) B HQ(DP6) and (a subspace of) H%(Aps).
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(ii) If 8% > 0 for some k € {1,2}, then D% ;N Dp% = @, and for any f = (f°,f77) € ’wa we
can define a holomorphic function f on D%a = D% 5 U Dp% by f(z) = f79(z) for z € Dg,
o € X, yielding an isomorphism between ’H,fp’ 5» and (a subspace of) the space of holomorphic
functions on D% s which extend to square-integrable functions on G*Dé s =0"D% ;U0 Dpf.

2.0 2.0
15 15 x
| .
&0 &0
D))
0.5 D7y 0.5 Dr;)
(DY (Dp,)
D~ Dy,
Dt Dr.,
0.0 - 0.0 -
0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20

|z |z

Figure 3: Absolute domains for the Reinhardt domains underlying H, = Hp,,—, with a =
(0.1,0.2), v = (0.4,0.3), for P =T (left) and the rotation matrix with rotation angle 7/10 (right).

We can now express the weighted function spaces with respect to quadrant-wise exponential
weights considered in Section 2.1 as direct sums of Hardy-Hilbert spaces on certain disks, see Figure
3 (left). For this, let o,y € R?, v = Vo, —~ the associated quadrant-wise exponential weight (see
Definition 2.5) and H, = H, _ the resulting Hilbert space, given as the completion of P with
respect to the norm || - ||, (see Definition 2.2). Then

Ho y=HLOoH ! =H"eHTeH Te O

= H*(D;) @ H*(DIY) @ H*(DI7)) @ H*((D5 ™))

(e

with the isometric isomorphism given by

F= fapn= ([oens  f7=") fubn-

n€zZ? neze

With the obvious generalization of the weight function v = vp,,_, one can also define this for
P #1, obtaining the more general space H, = Hp o _ = ’H}D,a @ H;l_,y, see Figure 3 (right).

Remark 3.20. The above isomorphic representation of H, reveals an intuitive structure of this
Hilbert space. For o,y € R2>0, by Remark 3.19, the first part H}g’a can be viewed as (isomorphic to)
“H? (D}g,a)”, the space of functions holomorphic on D11>,a extending to square-integrable functions
on Q*D};’a. The second part 7-[;71_ s on the other hand, can be seen to be isomorphic to the dual
(7—[1_%)’ (see Lemma 3.29), with 7-[13’17 isomorphic to a space “H? (D;ﬁy)”: the space of holomorphic
functions on D;,lw extending to square-integrable functions on (‘3*7);717.
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Notation 8.21. For f € H} 5 for some £ € {1,—1}, or f € Hp,, EB”H}LA{, we denote the canonical

projection onto one of the components as 1o (omitting the dependence on P), given by

fiop, = P, ifne Zj;,
0 otherwise,
so that if f = > /o fapn (in the sense of Remark 3.19), then of = ZneZ; fnpn, where the

operator’s domain and range can be inferred from context. Similarly, we write II7 f = Znez% fnbPn.

Remark 3.22. With the isometric isomorphism ®: Hp , ® ’H;}_W — Hp o, —~, We can now use
any well-defined operator L on Hp,,_, to define a conjugated operator on the respective space of
function tuples. With slight abuse of notation, in such cases we will continue denoting the respective
operator on 7—[}10‘ &) 7—[1,3’177 by the same symbol L. Furthermore, every toral automorphism o,
Q € GLy(Z), yields an isometric isomorphism C,,: Hjps — Hp s for any P € GL2(R), 6 € R?,
o € ¥ (Proposition 3.10), which can be used to define an operator ’pr’a@’Hé};ﬁV — H}”a@/H;’Lv
given by (f7)gex — (f[" (f7071Q))sex, conjugated to the composition operator f — fo7g viewed
as an operator from Hgpa,— to Hpa,—~. We will refer to all three of these operators as Cr,,.

The above decomposition of the space H, will allow us to prove the main result of this section
(Theorem 3.24) for holomorphic maps on the torus satisfying the strongly expanding mapping
property from Definition 2.17, by adapting a method previously used in the one-dimensional setting
of analytic expanding circle maps 7: T — T, see [BJS]. To summarize, writing U, = {z € C: |z| <
r} and U, = U, U (C\ (T sr)) with 7 € (0,1), analyticity and expansivity of 7 imply that
there exists € (0,1) such that 7 extends holomorphically to a suitable neighbourhood of T, and
7(0U,)CU,. This in turn guarantees compactness of C; on H2(U,) ® H3(C \ cl(U;,,)). In the
same spirit, for T': T? — T2 an analytic Anosov map, if T* is (£, 54, Ay, P)-strongly expanding for
¢ € {1,—1} and suitable d,, A, € R2,, then

* 7yl ¢ ¢
T(0"Dps,) C Dpa, CDpy,»
which will be used to prove compactness of C on H @ (Hé_—ll ) with similar techniques as in [BJS].

Lemma 3.23. Let T be a map with (£,0,A, P)-strongly expanding mapping property, then for
every 0,6 € Xt there is 6 € ¢ such that

T% s C cl((D3s)") and T(T3 ;) C D ACTDEs.

Proof. The first property is obvious as ']I‘&P’(; C cl((Dg)") for all 6 € ¢, Next, if T satisfies the
(EP) property, pick 6 = &, whereas if T satisfies (ER) pick 6 = —4. O

Theorem 3.24. Let T be an analytic diffeomorphism of T2. Further assume that there are
a,v,A,T,n € R2, with o,y < n, and P € GL2(R), such that T and T~ can be analytically
extended to Ap, and the following mapping properties hold:

(i) T is (1,a, A, P)-strongly expanding;
(ii) T=t is (—1,T, 7, P)-strongly exzpanding;
(iii) For any ¢ € ', 0 € X', there exist T2 C D%, N Ap, with T(T?I)CCD;A.
Then, the composition operator Cp given by
fr—foT

maps Hp o, _r continuously to Hp o, .
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(6,0) = (~) G,0)= (—++) (6,0) = (++,--) (6,0) = (++,++)
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1.50

1.00

0.75

0.50
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0.00
0.0 0.5 10 15 20 00 0.5 1.0 15 20 0.0 0.5 1.0 15 20 00 05 1.0 15 2.0

(6,0) = (+-,+-) (G,0) = (+--+) (6,0) = (-+,+-) (6,0) = (-+,-+)

2.00
175
1.50 - -
125
1.00
0.75
0.50

0.25

0.00
0.0 0.5 10 15 2.0 0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20 00 0.5 1.0 15 2.0

2.00 (6,0) = (+--) (6,0) = (+-,++) 6.0)= (-+-) (6,0)= (-+,++)

175
1.50 - -
125
1.00
0.75
0.50

0.25

0.00
0.0 0.5 10 15 2.0 0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20 00 0.5 1.0 15 2.0

2.00 (6,0)= (—~+-) (6,0) = (~-+1) (6,0) = (++,+-) (6,0) = (++,-+)

175
1.50
125 - +
1.00
0.75
0.50
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0.00
0.0 0.5 10 15 2.0 0.0 0.5 1.0 15 20 0.0 0.5 1.0 15 20 00 0.5 1.0 15 2.0

Figure 4: Depiction of the 16 different cases for the absolute domains in the proof of Theorem
3.24. Each row corresponds to & € ¥¥ and o € %!, for k,l € {1,—1}. The blue rectangle
represents the domain of holomorphicity for the function f, and the orange rectangle the domain of
holomorphicity for the function g. We chose P =1, o = (0.05,0.1), A = (0.15,0.2),T = (0.35,0.4)
and v = (0.5,0.5).

Proof. Let S50 = {H? : 0 € X'} U{HY : ¢ € ¥~} be the collection of four spaces such that
Hyr =@Sa-r and Hy— = @ Sa,—~. By definition of the norm on Hy _r it is enough to
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prove that there is a constant K > 0 such that
MCrIflln < K| flg €A, (9)

for any H € S,,— and He Sa,-r, where II: H, _, — H and II: Hy_r — H are the respec-
tive projection operators. We will denote by D, D the domains of holomorphicity of H and H,
respectively, and we will write D’ for the dual domain of D. Using (8), for any f € H we have

[LCrfllzr = sup {{Crf.g)o-p| : g € HX(D') NP, ||gllm=p) < 1}

(Note that this holds for all H € S4,_r without the need to adapt the function space for g.) By
the density of Laurent polynomials P in H4 _r, see Proposition 3.9(iv), it is enough to establish

(Crf.9)o-] < Clfllallgllmzo

for some C' > 0, for all f € HN'P and g € H2(D') N'P. We shall prove this by breaking the 16
possible different configurations (see Figure 4) into several cases. ~
Fix H € Sy, and H € Sy _r (with corresponding domains D and D) and let g € H?(D').

(i) We first consider the case D = D%, with o € X' (so that 9*D = T% ,) and D= D%, with
o € ¥ Since T is (1, , A, P)-strongly expanding, Lemma 3.23 yields that there is a 6 € ¥l
such that ']I‘(IA’D,(X C cl(D') and T(T%a) is a compact subset of D.

We obtain
/T6P, «

1/2 1/2
f o T dm / gl2dm)
TS .,

where the integral equality (in the case 6 # o) follows by Cauchy’s Theorem and the holo-
morphicity of T on cl(Ap,), and the last step is the Cauchy-Schwarz inequality.

KCrf g)g | = ‘/TU (foT)gdm| -

<(/.

P,a

(f OT)gdm|

AsT(T%,,) C D is compact, Proposition 3.11 yields a C; > 0 such that sup.eqrs, ) [f(2)] <
Cillfll - Since T%,, € cl(D’) and g € H?*(D'), we obtain

(Crf,9)rs | < Crllfll zllgll ez or-
(ii) The case D = D%, with 0 € £! and D = (Dg 1) with 6 € 7! is similar to the previous

one. In this case, it holds that T(T?) = T?c D’ N D, and using holomorphicity of T on
cl(Ap,) and the Cauchy-Schwarz inequality, as before we obtain

1/2 1/2
o d oT|?d 24 .
[ rems m’é(/wlf 7] m) (/Wm m)

By Proposition 3.11, we again have that [{(Cr f, g)r-

P,o

KCrf,g)mg | =

< Collfl g lgll 2 (pry for some Ca > 0.

(iii) Next we consider the case D = (D%_)",0 € ¥~" and D= D% 4,6 € ¥'. From assumption
iii) we have that there exists a torus T2 C D% N .Ap, such that T(T?) is a compact subset
q P,y s q
of D. As in case (i), we obtain

1/2 1/2
(Crf,g)re | < (/Tz |foT? dm) (/W |92dm> < sl fll gllgllm=(or)

for some C35 > 0.
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(iv) Finally we consider the case D = (D% ), D= (D% ) with 0,6 € 7', As T and T are
holomorphic on a neighbourhood of cl(Ap ), by Cauchy’s Theorem we have

Crtag, = [ (roTigdm= [ (roTygim= [ fgoT wim

TS, T2

= / f(goT Hwdm,
T

where w(z) = wrdet(DT~Y(2)) - 2/T~1(z) with wp = 1 if T is orientation-preserving and
wr = —1 otherwise. As T~ ! is (—1,T,~, P)-strongly expanding, by Lemma 3.23, there is
& € ©71 such that T € cl((D%,1)') = (D) and T~(T§ 1) is a compact set in Dg. =D
By the same argument as before we obtain a Cy > 0 such that

1/2
|f|2dm> ( | |goT-1|2dm>
P,

Setting C' = max{C1, Cs,C3,Cy}, we obtain the required inequality. O

1/2

(Crg)mg, | < sup fu(z) ( /

I
z€ P, P,T

< Cullfll gllgll a2

Corollary 3.25. Let T be an analytic Anosov diffeomorphism of T? satisfying the (sec) condition
for some P € GL2(R). Then there are a, A,v,I' € R2, with « < A and T < ~y such that the asso-
ciated composition operator Cr is a well-defined and bounded operator from Hp a _r to Hp o, —~.

Remark 3.26. Note that the (sec) condition is sufficient, but not necessary for the above corollary.
For example, take P = I and T(x,y) = (z + y,z), then the union of the first and third quadrants
of R? is not an expanding invariant cone, as D,T(0,1)7 = (1,0)T for all z € M. However, it
is not difficult to find «, A,~,T" satisfying the assumptions of Theorem 3.24 (for P = I) for the
corresponding map T: (z1, 22) — (2122, 21) on T2

Using a standard factorisation argument we can now deduce that the composition operator
from the above theorem is trace-class when considered as an operator on H4 _r. We defer the
proof of the following lemma to the appendix.

Lemma 3.27. For o, A,~, T € R2>0 with o < A and ' < v let J: Hpo,—y — Hpa _r be the
canonical embedding operator. For n € N, denote by s,(J) the n-th singular value of J. Then
—log s,
lim — 285 (J) =7

n— oo nl/2 ’

—-1/2
_ 1 1
where 1 = (log(Alfal)log(AZ*az) + 108;(71*F1)10g("/2*112)) ’

Corollary 3.28. Let T be as in Theorem 3.24. Then the are o,y € R2>0 such that the composition
operator Cr associated to T is well-defined as an operator from Hpo —~ to Hpo,—. Moreover,
there are constants ¢1,¢Cs,C1,Co > 0 such that

/2

sn(Cr) < ée”®"""  (neN),

and

Mn(Cr)| < ére®m” (neN),

where s,(Cr) and A\, (Cr) are the n—th largest (counted with multiplicity) singular values and
eigenvalues of Cr, respectively. In particular, Cr : Hp o — Hp o, 15 trace-class.
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Proof. By Theorem 3.24 the composition operator lifts to a continuous operator Cr:H PA,~T —
Hp,—y. Let J be the embedding operator from Lemma 3.27, then Cpr = CrJ is a well-defined
trace-class operator from Hpo o to Hpqo, —~, as Cr is bounded and J is trace-class. By [Pi,
2.2] we have s,(Cr) < Csp(J) with C = ||C~(T||HP,A,—F_)HP,Q.—77 and by Lemma 3.27 we have
sn(J) < cle*”'”l/2 for some ¢; > 0. Using the multiplicative Weyl inequality [P, 3.5.1] we obtain
[An(Cr)] < ere=en'” with ¢ = Cey, &y = 2/3n (see, for example, [BJ2, Lemma 5.11]). O

We are now ready to precisely state and prove our first main theorem.

Theorem 1.1. Let T be an analytic Anosov diffeomorphism of T? satisfying the (sec) condition
for some P € GL2(R), and let w: T? — C be analytic. Then there exist o,y € R% such that the
weighted composition operator

frw-foT

is a well-defined trace-class operator on Hp o .

Proof. Corollary 3.28 proves the theorem for w = 1, and remains valid if the operator Cr is replaced
by M, Cr, with M,, the multiplication operator with a weight function that is holomorphic on
Ap,, for some 1 > a,~. Since w is analytic on T?, for 7 sufficiently small we can assume without
loss of generality that w holomorphically extends to Ap,,, proving the general case. O

3.3 Relation to transfer operator
The following lemma is analogous to Proposition 3.13, replacing the Hilbert space H ; by H}D’g,
’H;}a or ”H};’a @ 7—[;’1_7, with the respective inner products as in Definition 3.18.
Lemma 3.29.
(i) Fort e {1,—1} and § € R?, the dual (H}5) = (B, ez ﬁj'gﬁ)/ is isometrically isomorphic to
D,ese Hp7 s via the isomorphism jf;ﬁ: D,exe H;"’_é — (’Héﬁ)’, g —lg, given by

ly(f) =Y (7 f,TT " g)rg .

oext

(it) For o,y € R?, the dual (Hp, @ ’H;}J{)’ = (Hp, @ ﬂ;z P ]A{};,Jj7 @ f[;,r’:v)' is isometrically

Y

isomorphic to H;ta & Iv{;;a & ﬁ;; & ﬁ;; via the isomorphism Jp.a: g — lg, given by

() = ST g+ S (A7f, T 7g)ps .

5
ocext oex—1

Remark 3.30. As before we can identify the Hardy-Hilbert space Hp _ , associated to a cone-
wise exponential weight (similar to Definition 2.5), with a topological direct sum of Hardy-Hilbert
spaces on corresponding Reinhardt domains, that is,
~ T+t T—— T o -+
Hp oy = HP,fa ® HPﬁa D HP,V ® HP/‘/
Note that in particular this implies (Hp o —~) = Hp _q .

Let T: M — M be a smooth diffeomorphism of M, then the associated Perron-Frobenius
operator L7 given by g — |det DT~!|- (g o T71) is a well-defined operator on L?(M). The
respective operator on L?(T?) is given by’

—1
(Lrg)(z) = w(z) - (g T )(2), (10)
7Use the relation 7 o T = T o 7 with 7(z,y) = (exp(iz),exp(iy)). Also observe that det DT (z,y) =
(det DT~1(2)) - W = w(z) for z = (e'®,e").
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with w(z) = wy - (det DT1(2)) - #(1)(2)), where p1 1(2) = 21 - 22 and wy = 1 if T is orientation-

preserving and wp = —1 otherwise.

Proposition 3.31. Let T satisfy the assumptions of Theorem 3.24 and let Cr be the respective
operator on a suitable space Hp o _~. Then the isomorphism J = Jp,q, from Lemma 3.29 conju-
gates the adjoint (Cr)* of Cr to the operator L1 given by (10), which is well defined and bounded
as an operator on Hp _q .

Proof. For notational simplicity, we assume P = I, the proof for general P € GLy(R) being
identical. We want to show that C7J = JLr. By the density of Laurent polynomials in Hp _q ~
and Hp o _~, it suffices to show this for monomials, i.e. (C&J(ppn))(pm) = (T L7 (pn))(pm) for all
n,m € Z2. For any n,m € Z? we have that

(C1T (Pn))(Pm) = (T (2))(Cpm) = > (U (Crpm), T pu)s,
oED

with §(c) = a for o € £, and 6(0) = —7 otherwise. We note that Z? = J, es Z“ is a disjoint

union, so that for every n € 72 there exists exactly one ¢’ € ¥ such that 11— pn = p, and
I1~7p, = 0 for all ¢ # o’. Moreover we have (HU f I’ g)rg = 0 whenever o' # —o. It follows that

Z(ﬁU(CTPm),fI*Uang(G) = <ﬁo/(CTpm),ﬂ*U/pn>Tg(/al) <CTpm7pn>Tg( /)
gEY

where the second step follows from s, f[”(CTpm) = C7pm. Analogously,

(T L)) (Pm) = D (0P, T (L (pn)))1g,,) = (P L7 e

1"
oED oo )

with suitable ¢”. Finally, we have that

<CTpm7pn>Tg(' 5 = / (pm o T)pn dm = , (pm o T)pn dm
g( ) T
:/2 D (Pn oT—l)w dm = pm(pn oT—l)w dm = <pm7£T(pn)>To(” .
T Tg(a,,)

where w(2) = wr det(DT~1(z)) - 2/T~1(2) and we have used that the integrands are holomorphic
on a neighbourhood of cl(A,). Combining the above, we obtain the claim of the proposition. [

Remark 3.32. Using Theorem 1.1 with the weight function being (the complex version of) the
determinant of DT gives rise to a transfer operator corresponding to the map 7!, which is well
defined and trace-class on a suitable Hp,,_,. Now, using the previous proposition, it follows that
the operator f — foT~! is well-defined and trace-class on Hp,_q .

4 Resonances for certain rational Anosov maps

This section is devoted to proving Theorem 1.2, that is, determining the explicit form of eigenval-
ues of composition operators associated to analytic maps with holomorphic extensions to certain
domains of C2. In order to capture all the intricacies of the resonances in this result, we will use
a fundamental result by Rudin and Stout | , Theorem 5.2.5] characterising inner functions on
polydisks. An inner function on D™ is a function f € H>(D"™) whose radial boundary values satisfy
|f*(2)| = 1 almost everywhere® on T” = dD". We denote by U(D") the class of all continuous
complex functions on cl(D™) whose restriction to D™ is holomorphic.

8 Knese [I<n, Cor. 14.6] proved that the radial limit exists and is unimodular at every point z € T™. However, in
general f* need not be continuous on T".
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Theorem 4.1. Every rational inner function f on D", n € N, has the form

M(2)Q(1/z)
Q(z)
where M is a monomial, Q a polynomial with no zeros in D™, and Q 18 the polynomial whose

coefficients are the complex conjugates of the coefficients of Q. Moreover, every function f € U(D")
which is inner is rational, and in this case Q has no zeros in cl(D™).

fz) = (11)

A direct consequence of this theorem is a characterization of the form that analytic Anosov
diffeomorphisms on T? from Theorem 1.2 can take, namely that each component is necessarily
a rational function satisfying a certain set of properties. For for k,I € {0,1}, we denote by
I, T2 — T? the map

In(21,22) = (2177, 25770,

noting that Iy, = 77 with o = (1 — 2k, 1 — 21).

Corollary 4.2. Let T be an analytic diffeomorphism of T? with holomorphic extension to a neigh-
bourhood of T2. Assume there exist 0,0’ € ¥ so that T holomorphically extends to D° with
T(D?) C D", Then each component of T can be written as a rational function. Moreover, writing
T =Ta with A= (ay,...,a,) the collection of all coefficients occurring in T (in any order), and
denoting A = (@, . ..,ay,), we have the following properties:

(i) IiyoTpoly =Ty,
(it) Tx(Z) = Ta(z) for any z € c2.

Proof. We define ¢7: D? — D7 by ¢7(z) = 277 = (2,7, 2, °2), then each component of T =
((b"/)_l 0T o¢%: D? — D? is a rational inner function in D? continuous on all of cl(D?). By
Theorem 4.1, each component is a rational function of the form (11), and this property is preserved
under composition with ¢?. Furthermore, property () holds for maps whose components are of
the form (11). Since I1; and ¢ commute for any o € ¥, we have that

I110T40111 = ng"/ olq;0 TA olqj;0 ((;56)71 = d)o-, o TXO (¢J)71 = TZ’

proving that property (i) is preserved under composition with ¢?. Lastly, (i¢) holds for all maps
whose components are rational functions, and hence for the given map T = T4. O

We shall require the following lemma, a direct consequence of the maximum modulus principle.

Lemma 4.3. Fiz 0,0’ € ¥, a € R%,, and let T: D7 — D" be holomorphic with T(TS) C DI .
Then T(DS)c DS .

Proof. We write & = (—1, —1), and begin with the case 0 = ¢’ = & (i.e. D’ = D’ = D?), whose
proof is a direct application of the (multivariate) maximum modulus principle. By compactness,
there exists 2* = (27, 23) € cl(D7) such that |T1(z*)| = max.ca(ps) [T1(2)|. Defining f: D — D
by f(z1) = T1(#1, 23 ), the maximum modulus principle implies that

T (2")| = max |f(21)

ma. z
_max x, 1)l

|21|=e

and hence without loss of generality we can assume |z]| = e~%'. Analogously, z5 can be assumed to
have modulus e~?2. It follows that max.cci(pg) [11(2)| = max.ere |T1(2)] < e™ (using T(Tg) C
Dg). Repeating the argument for T3 yields max.cc(pg) [T2(2)| < €2, and hence T(D)c DS .
For general 0,0’ € %, let ¢7: D* — D be given by ¢7(2) = 277 = (277%, 25, %), so that
¢(D3) = DJ and ¢(T3) = T]. Then T =(¢°)"'oT 0 ¢: D? — D? is holomorphic and satisfies
T(T%) c DS. Tt follows that T(D?)cD?, and the assertion T(DZ)cD? follows. O
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The explicit form of the spectral determinant in Theorem 1.2 will follow by computing traces
of certain trace-class operators. If L: H — H is a trace-class operator on a separable Hilbert space
(H,(-,-)) and {ep }nez is an orthonormal basis of H with some index set Z, then the trace of L is

Tr(L) = > (Len, en), (12)

nezl
and its determinant is given by

det (Id —2L) = exp (- i % Tr(Lk)> , (13)

k=1

for all z € C in a suitable neighbourhood of 0. Moreover, both Tr and det are spectral, that is,
Tr(L) = >-3=; M (L), and counting multiplicities, the zeros of the entire function z — det (Id —zL)
are precisely the reciprocals of the eigenvalues A, (L) of L (see [P, 4.62, 4.7.14, 4.7.15]).

Notation 4.4. The multipliers at a fixed point z* € C? of a rational map T': C? — C? are given
by the eigenvalues of DT(z*) if z* € C?, and by the eigenvalues of DT (I(z*)) with (k1) =

(1,1),(1,0) or (0,1) for z* = (00, 0), (00, w) or (w,o0) respectively, where w € C and T =
Ikl ol o Ikl~

Lemma 4.5. Foro € ¥ and § € R? let : DI — DS be a holomorphic map such that p(Dg)C DY.
Let C, denote the corresponding composition operator and M, the multiplication operator with w
a holomorphic function on a neighbourhood of cl(D§). Then M,,C, is trace-class on H{ and

det(T— Dyk(2%)) (1 —py)(1 — pb)’
with p1, w2 the (not necessarily distinct) multipliers at the unique attracting fized point z* € D§ of
©.

Tr((MwOsa)k)

Proof. Let ¢ = (—1,—1) and consider the case ¢ = 6. As H{ is a ‘favourable Hilbert space’ (see
[BJ1, Definition 2.7]), the result follows by [BJ1, Proposition 2.10 and Theorem 4.2].

For general o € ¥, DY is biholomorphically equivalent to Dg under the map ¢7: Dg’ — DY
given by ¢7(2) = 277, and $ = (¢°) "topop?: D — D7 satisfies ¢(D§ ) DS. Defining v = wog?
on a neighbourhood of cl(D7), the first case implies the statement of the lemma for the operator
MyCyp on Hg By Proposition 3.10 the operator Cy-: Hf — Hg is an isometric isomorphism,
which conjugates M,,C, to MyzCp. The statement for M, C, follows, as the multipliers of 2* € D§

for ¢ coincide with those of the unique attracting fixed point (¢°)~*(z*) € DJ for ¢. O
Lemma 4.6. Let T be a smooth diffeomorphism of T2, and let wr = 1 if T is orientation-
preserving, and wr = —1 otherwise. Let r,s € {0,1}, and write T = I,s 0T o I,, and v =

wr det DT. Then for any n € Z2and k € N we have
(Cégpmpn)m(?rz) = (MpCz) P, Pm) r2(r2) with m = ((—1)' "y — 1,(—=1)""*ny — 1).
Proof. All the steps follow by change of variables. For any n € Z?2, we have

le dZQ
z) — =%

i / Pa(T(2))pn(2)
T2

(Céc“pnapn)Lz(']IQ) = (
zZ1 22
dwy dws
(T=F(w))1 (T~F(w))2

_ _ dw dw
S / Pt (W)P—(n i1y (T~ (w)) det DT~ () L2 222

T2 w1 w2

n(w)p—n(T~"(w)) det DT~ (w)

I
o o
&
[\v]
E
S
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using the shorthand n + 1 = (n; + 1,n2 + 1). Next, observe that
det D(T7* 0 I;)(2) = det D(I.s 0 T*)(2) = (—1)"**p_gp _2s(T*(2)) - det DT*(2).

Substituting w = I,.4(z) and using that I, is orientation-preserving iff r + s is even, we obtain

(—1)rtswh _ _ dz dz
(Céc‘pmpn)Ll’(Tz) = WQT - pn+1(Ir5(Z))p—(n+1)(T k(Im(z))) det D(T o Ir5)(2) 21%%21772257
1 2
k
Wi S s Az dzg
= O ()P (TF(2)) det DT (z) L2
553 [ P2 det DT () L2 E
= ((wh det DT™*) 'Cézpm7pm)L2(T2)7
with m = (—(—=1)"n; — 1, —(—=1)*ny — 1), as claimed. O

Remark 4.7. If T: T? — T? has an analytic extension to a neighbourhood of cl(As) for some 4,
then one can check that (Crpn,pn)r2(r2) = (Cren, €n)1g = (Cren, en) g for any n € 72,0 € %.

We recall that H} = ﬁé_— @ }AI;"*' and H; ' = I:I(;_"' @ H;'_, and that {e, : n € Z9} forms an
orthonormal basis for ﬁg’ for o € 3.

Lemma 4.8. Let § € R2 and T: C2 — C2 be holomorphic on a neighbourhood of cl(As). As-
sume additionally that T is holomorphic on D§ and T(D§)C D5 for every o € X*. Let w be a
holomorphic function on a neighbourhood of cl(As). Then M,Cr is a well-defined and trace-class
operator on ’H} with trace Tr(My,Cr) = 3 csn D peie (MuwCren, en>rﬂ~g, Moreover,

(i) if w=1, then Tr(M,Cr) = Tr(Cr) =1,
(ii) if w = det DT, then Tr(M,,Cr) = 0.

Proof. We define T = I;; o T, so that T is holomorphic on a neighbourhood of cl(As), and
moreover, for every o € X! it is holomorphic on D§ with T(Dg)CDg. By Lemma 4.5 the
composition operator C is trace-class on I:I(‘;’, and hence C7 is well-defined and trace-class viewed
as an operator on 7—[%. Since M, is well-defined and bounded as an operator on 7—[%, it follows that
M, Cr is also trace-class. Since €,(z) = p_,(2)v(n) for z € T and n € Z?, we have that

(MwCTen7 6n)1€[§ = <MwCTen;En>Tg = <U) *Pn © T7p7n>']l‘g = <U} *P—n © T7p7n>']l'g~
Moreover, p_, 0T € Hg for any 0 € X! and —n € Z”, that is, p_p,oT = > meze CmPm- Forw =1,
recalling that (p,pi;)T; = 0 whenever k # —I, and noting (=Z7)NZ7 c {(0,0)}, it follows that

(MwCTenu en)Hg = 6n,0 . <p0 o T7PO>T§ = 5n,07
which yields Tr(Cr) = 1.

For w = wyr = det DT, it is easy to see that w = ) W Pm for suitable w,, € C. We

meZ2

consider first the case n € Z~~. In this case we have ppoT =) CmPm, and hence w-p,oT =

2
mezZ

Zmezio dymPm, for suitable coefficients c¢,,,d,, € C. Tt follows that (wr - p, o T,p—n)rg = 0. For

n e Z++, let T = I11 o T o I1;. Direct calculation using a change of variables y = I11(2) yields
(wr - pn o T,p_n)17 = (W5 P—(ny2) © T7Pn+2>1rg~

Noting that —(n 4 2) € Z~~ and that T and wy also satisfy the assumptions of the lemma,
we can apply the previous case and obtain that again (wr - p, o T,p,n)qrg = 0. The conclusion
Tr(M,,Cr) = 0 follows. O
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Lemma 4.9. Let ¢ € {£1}, § € R?, and let T be an analytic diffeomorphism of T2, holomorphic
on a neighbourhood of cl(As). Assume additionally that T extends holomorphically to DY with
T(D§)<Dy° for every o € Yt Then for any o € ¢, ToT has a unique fized point z° € D 7, and

D(T o T)(=") = DT(:") DT(="),
where T' = Ii10T.

Proof. We first note that (ToT)(D")CD5 for o € X¢, implying the existence of a unique fixed point
2% € DY for o € X*. The map T = I1; o T also satisfies T(D")CCD5 for o € ¢, so by Corollary
4.2 each component of T is a rational function, and we write T="T ‘4 with A = (ai,...,a,) the
collection of all coefficients occurring in 7' (in any order). Using Corollary 4.2(i) we obtain

TOTijll OTAOIll OTA :TZOTA.
Next, observe that on the one hand, we have
(Ta 0 T5)(Ta(2%)) = Ta(T 0 Ta(27)) = Ta(2%),

and on the other hand, using Corollary 4.2(ii), we have

(TaoTy) (%) = Ta (Ta(2)) = (PyoTa)(=") = 7,
so that T4 (27) = 2°. It follows that
D(T oT)(27) = D(T 0 Ta)(27) = DT (27) DTa(27) = DTa(27)DTa(27). .

Remark 4.10. The above lemma implies that the two multipliers of a fixed point z7 of T'oT are
either real or complex conjugates of each other, as

det(D(T o T)(27)) = det(DTa(27)) - det(DT4(27)) = | det(DTa(z7))[?

and Tr(D(T o T)(27)) = Tr (DTA (29) DTy (z")) € R. In contrast to the one-dimensional setting

of anti-Blaschke products [BN], examples of orientation-reversing circle maps allowing for explicit
determination of resonances, the multipliers are no longer necessarily real. Note also that under
the assumptions of the lemma for £ = 1 or £ = —1 the two attracting fixed points of T o T in Dj
(29, 0 € ¥¥) have identical sets of multipliers.

We are now ready to prove our second main theorem.

Proof of Theorem 1.2. By Theorem 1.1, Cr is trace-class on H,, _. for suitable o,y € R%,, and
its trace is given by TrCr = ) ;2(Cren,en)y, . Using the isometric isomorphism between
H, ., and H. & 7—[:}/ and the fact that Ck = Cpx, for every k € N we have

= > > (Chemen)ge+ D D (céaen,en)ﬁ:: =: Sy (k) + S_1(k), (14)

o€X! neio o€XT ! neZ-v

as well as

0 k
log det(Id —2Cr) = Z 51 )—Z%S_l(k). (15)
k=1

We note that the assumptions and Lemma 4.3 imply that for every ¢ € {+1} and o € X¢, T*
is holomorphic in a neighbourhood of cl(Dg) and T*(D§)D:?, where § = a for £ = 1 and
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§ = —y for £ = —1. We will calculate (15) by handling the two sums Sy, ¢ € {+1}, separately,
considering for each the two possible cases T¢(Dg) C D¢ and T*(DZ) C D57 for all 0 € X

The claim of the theorem will follow with (1 — z)xh(z) = exp(— > 7=, %Sl(k)) and x;'(2) =
exp(— Y pey %S_l(k)). We first calculate Sy (k):

(1)

Consider first the case T(D3)@D? for ¢ € X! For ¢ = (—1,—1) € X!, the composition
operator Cp associated to T on H? = HY is trace-class, and its trace, computed using (12),
coincides with the term in (14) corresponding to o (note that C% = Cyx). By Lemma 4.5,
we obtain the value ((1 — A¥)(1 — A5))~!, where i, Ay are the multipliers of the unique fixed
point 2 € DJ. Similarly, for 0 = (+1,+1) € X!, the associated composition operator Cr is
trace-class on HZ. Writing T' = T4 for some A € C™, m € Ny, by Corollary 4.2(i) we have
Ty = I11 0T 0111, where T is a holomorphic map on D7 with unique attracting fixed point
27 (see Corollary 4.2(it)). Moreover, it follows that DT4(2%) = DTa(2°), thus by Lemma 4.5

we have TrC% = ((1 — /\Tk)(l - /\72k))_1. Since
Tr ééi = (05"60760)&; + Z (C’%emen)Hg =1+ Z (waen,en)ﬁg,
net++ neZ++

we obtain

Si(k) =1+ DO, AE) + DOV, ),

where D(a,b) := m —1=3, cpn a™b™ for a,b e D, N1 =N3\ {(0,0)}. Calculating
ok 0 knq bkng
Z %D A Z Z a Z log(1 — za™b"?),
k=1 neNt k=1 neN?

we finally obtain

—i%&( =log(1—2)+ Z Zlogl—z)\”
k=1

oceXl neNt

Next we consider the case T(D%)@ D, for o € 1. For k € N odd, T* satisfies the assump-
tions of Lemma 4.8, and the trace of the composition operator associated to T* on H}, exactly
corresponds to the first sum in (14), yielding S; (k) = 1. For k even, T* satisfies T*(Dg) DS
for o € X!, and so we can apply case (1). Moreover, by Remark 4.10 in this case the fixed
point multipliers A1, Ao of T2 are either real or complex conjugates of each other, and hence

1 for k odd
Si1(k '
1(k) = {1 + 2D()\k/2 /\S/Q) for k even.

A straightforward calculation using the fact that A, = A_, now yields

ok
=Y T Sik) = log(1—2) + Z 3 log(1 - 22A0).
k=1

0621 neN?

Next, we proceed to calculate S_1 (k). The approach to calculating S (k) does not immediately

translate to this case, as the bidisks Dg,o € X~!, are not invariant under the map 7', and so do
not directly give rise to trace-class composition operators on the respective spaces Hy. Instead,

we

will show that the sums in S_;(k) correspond to the traces of certain weighted composition
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operators MyCyp on Hy ~, where T will be a map conjugated to T~! from Lemma 4.6. Combining
Remark 4.7 with Lemma 4.6, we calculate for o = (—1,+1) that

Z (Céien,en)l:]:: = Z (Cégpmpn)L?(T?) = Z ((vaocﬁ,)kpmpn)L?(T?)a

neZ*” neZ*” neZ**

with W, = wr det DT and T, = I01 oT~toly. For 0 = (+1,—1), Lemma 4.6 yields the exact
same equality with T =TpoT ' oI5. We now consider two cases again.

(1) I T-1(DJ) D for o € X!, then T, (D5 7)@D;~. We can then apply the same argument
as in the above case (1), using that 0, (¢*) = wrpipe for py, pe the multipliers of the unique
fixed point ¢* € D™ of T[,7 which corresponds to the unique fixed point 27 € DJ of T —1. By
the same argument as before, the multipliers of the respective fixed points in D" and D v
are complex conjugates of each other, and we obtain

 (wrpape)® (wrpipz)* — () ny g i nonk
S—l(k) - (1 —,U]f)(l _,UIQC) + (1 _mk)(]- _Ek) _( T) ngle((u1 Ho ) +(,u1 2 ) )7

where N =1 = N2, A similar calculation to above yields

oo

Lk
_ Z ?5—1(/45) = Z Z log(1 — zwrAL).
k=1

oc€L-1neN -1

(2’) Finally, we consider the case T~'(DJ)D;° for o € ¥, which implies T, (Dg) D5 for
o€ X If k € Nis odd, we can apply Lemma 4.8 to Tf and the weight function w,. The
trace of (M, CTAU)’C on H! in the lemma exactly coincides with S_;(k), yielding S_; (k) = 0.
For k even, we can apply case (1°) to T2 instead of T~!, again using the fact that the fixed
point multipliers u, uo are either both real or complex conjugates of each other, which yields

0 for k odd,

(Mlﬂz)kﬂ
k k
(1—u}?)(1—pb"?)

S_1(k) =

for k even,

and again using A\, = A_, we obtain

Z % = % Z Z log(1 — 2%A1).
k=1

cex~1neN—1

Claims (¢) and (4¢) of the theorem now follow by combining the cases (1)-(2) and (1’)-(2") for £ =1
and ¢ = —1, respectively. O

Using the explicit form of the zeros of det(Id —zC7r) obtained in Theorem 1.2, we can calculate
the decay rate of their reciprocals, the eigenvalues of C'p. For a map T satisfying the assumptions
of Theorem 1.2, for any £ € {1} and o € %*, we denote by A, = (A1, As.2) the multipliers of the
unique attracting fixed point in D of T* if T*(D?) C D¢, and of T? otherwise.

Corollary 4.11. Let T satisfy the assumptions of Theorem 1.2, and let A = X\_1 _1) and p =
A=1,41)- Let wp =1 4f T is orientation-preserving’, and wr = —1 otherwise. Then the nonzero

9T is orientation-preserving exactly if either both, or neither of T and T~ satisfy the case (i) in Theorem 1.2.
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eigenvalues of Cp on Ho . are {1} U & UE_q, where

e A X" e N1, z‘fT(D")gD ocex

P {2 e N, if T(D°) C D~7,0 € X,
. _ {wr - p"wr @ :neNTY, fT7YD°)C D% oex
- {£u™? :nec N71}, if T-Y(D°)C D7 7,0 € %71,

Moreover, the algebraic multiplicity of each nonzero eigenvalue is exactly the number of its occur-
rences in the above sets.

Corollary 4.12. Let T satisfy the assumptions of Theorem 1.2, (An)nen be the sequence of eigen-
values of C sorted in order of decreasing modulus, and Np(r) = #{n € N: |\,| > r}. Then

log Np(r) B
r—0 log |logr|
where

(i) if A1+ Ao2 # 0 for some 0 € X, then d = 2 (stretched-exponential decay), and
S VP

. L2

with ng = (1/2 ZJGE:AG’I.)\U,#O(lOg [Ao1| - log| Ao 2]) ™ ) :

(ii) if Ao1 - Aoz = 0 for all o € 2, and A\p . # 0 for some o € X' and k € {1,2}, then d = 1
(exponential decay), and
. —log ||
lim ——% =

n—00 n

with m = (Zaezl > kg 0108 |)\o,k‘>_1)

(ii) if Ao = 0 for all o € X1, and A\y1 - Ao2 = 0 for all 0 € £, then d = 0 (super-exponential
decay). In this case the set of eigenvalues of Cr is trivial, and spec(Cr) = {0,1}.

1

Proof. This follows directly from Lemma A.3 applied to the eigenvalues of Cp written as the values
of a cone-wise exponential function f: Z? — C. In the case when both T and T~ satisfy the case
(7) in Theorem 1.2, this function is given by f(n) = AP with o = o(n) € 3 such that either
neZ?*NR°,0ex orne (Z\{0})>NR’, o€ X! The other cases are similar. O

5 Anosov maps with different decay rates for resonances

Based on the results of the previous section, in this section we shall prove our last main result,
Theorem 1.3. The proof will use the classical result that every toral Anosov diffeomorphism is
homotopic to a toral automorphism, and exploit the algebraic structure of GL2(Z), which is iso-
morphic to the group of toral automorphisms Aut(T?). To explicitly construct diffeomorphisms
whose corresponding composition operators have resonances exhibiting a desired decay rate, we
shall introduce a special group F of toral diffeomorphisms, containing the automorphisms as a
subgroup. The extension will consist of diffeomorphisms each of which is homotopic to an auto-
morphism in an explicit way.
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Beyond its immediate usefulness for our proof, the group JF provides a rich source of explicit
examples of toral diffeomorphisms whose resonances can often be explicitly computed, and which
includes both area-presering and non-area-preserving, orientation-preserving and -reversing exam-
ples, as well as examples satisfying various symmetries. As we believe this might be of broader
interest, we include in Appendix B a more comprehensive discussion and illustrative set of exam-
ples, while constraining ourselves to a minimal introduction in this section.

5.1 A special group of toral diffemorphisms

The group Aut(T?) of linear diffeomorphisms of T? is isomorphic to GL2(Z), with any A = (a;;) €
GL3(Z) giving rise to the toral automorphism 74 (21, z2) = (27252, 21" 25%?). For our purposes it
will be convenient to view Aut(T?) as generated by the following automorphisms, which can also
be viewed as rational maps of C2:

(i) a map F given by F(z1, 22) = (2122, 22), with F~'(z1, 23) = (21/22, 22),
(ii) an involution R given by R(z1, 22) = (22, 21),
1-2k _1-21

(iii) involutions Iy, for k,1 € {0,1} given by Ij(z1,22) = (27 ", 25 ).

The set I' = {F, R, Ip1} generates Aut(T?). To create a richer group of toral diffeomorphisms, we
extend the above by a continuous family of maps. Utilising automorphisms of D, the so-called
Moebius maps b,: C — C,a € D, given by

we define the additional set of generators as
(iv) a family G = {Gqp : a,b € D} of maps given by
Gap(21,22) = (ba(21), bb(22)),
satisfying G;l =G_q,—p.
Definition 5.1. Denote by F the group of diffeomorphisms of T? generated by the set I' U G.

Remark 5.2. The proof of Theorem 1.3 will be based on Theorem 1.2, in particular we will require
all constructed maps T to analytically extend to a neighbourhood of T2, and to satisfy that

T* extends holomorpically to D? and T*(D?) C D7 (0 € ¢ € {#1}). (16)

A convenient class of maps satisfying (16) is the semigroup of finite compositions of {F, R, I;1 } UG.
We remark that the choice of generators G is not the only possible, though arguably the simplest
choice of non-linear maps satisfying (16). More generally, this property is satisfied by a certain
class of rational inner skew products, see [ST], taking the form
0 D(21,22)
21,%2) 62977 2)s
(21,22) = ( (o, 22) )
with 6 € R and p a polynomial of bidegree (1,k) for k € Ny, that is, of degree 1 in z; and
degree k in zy. Here, p is the reflection of p defined as p(z1,20) = 2125p(1/71,1/Z2). The map

Ga,0(2) = (ba(21), z2) corresponds to the polynomial p(z) = 1 —az; of bidegree (1,0), and a general
G can be written as Gop = G0 0 Ro Gy .
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5.2 Explicit homotopies of Anosov diffeomorphisms

We proceed by stating an algebraic fact about conjugacy classes of GLy(Z), which will allow us
to establish an analytic conjugacy between an arbitary hyperbolic automorphism of T? and an
element of F. While our proof is based on results from [He], for variants of this result see, e.g.,
[Ka, ] and references therein. We defer the proof of the lemma to Appendix A.

Lemma 5.3. Every hyperbolic matric M € GLia(Z) is similar (in GLa(Z)) to a matriz of the form

ki 1 ko 1 k, 1

Corollary 5.4. Every hyperbolic automorphism of T? is conjugated via an (analytic) toral auto-
morphism to an automorphism of the form

I$,o(FF*oR)o (F* o R)o---o (F* o R), ki,....,k, € Nyn>1,s€{0,1}.  (18)

Proof. Let 74 be a hyperbolic automorphism of T? associated to a hyperbolic matrix A € GLy(Z).
By the previous lemma, A is similar to a matrix B of the form (17), that is, there exists @ € GLa(Z),
such that A = Q~'BQ with B decomposing into a product of matrices

k
-1 0 k1 1 1 0 1
—]1_(0 _1) and (1 0) - (0 1) (1 0),keN.
We note that for every k € N, the latter is equal to (Mg)* Mg, where Mp, Mg correspond to the

toral automorphisms F and R (i.e., Tar,, = F and 77, = R), and 71 = I;;. It follows that 7 has
the desired form, and 74 = 761 oTR O TQ. OJ

Next, for any hyperbolic automorphism of the form (18) we construct non-linear area-preserving
Anosov diffeomorphisms from F in the same homotopy class with easily computable resonances.
For this, we derive from the linear map F*o R,k € N, the one-parameter family of non-linear toral
diffeomorphisms

Ura(2) = (Goao F¥o RoG_u0)(2) = (b_a(21)¥20,21), a€D.
Applying this to (18), we define

Ura=110Uka 00Uk, a (19)

n?

where s € {0,1},n € N, A = (a1,...,a,) € D", K = (kq,...,k,) € N*. We write 4, = (a1,as,...)
and A, = (ag,ay,...) for the respective tuples only involving odd or even indices (analogously for
K,, K.). For convenience, we shall use the multiindex notation A¥ := a’fl ---aPr for arbitrary
n-tuples A and K, n € Ny, with the convention AX =1 when A and K are of length 0.

Proposition 5.5 (Area-preserving maps homotopic to (18)). For s € {0,1}, A = (a1,...,a,) €
D™ and K = (ki1,...,k,) € N*,n € N, the map Uk 4 is an area-preserving hyperbolic toral
diffeomorphism satisfying the conclusions of Theorem 1.2. In particular, Wi 4 satisfies Theorem
1.2(3) if s = 0, and (it) if s = 1, and \Il;(}A satisfies (i) if n + s is even, and (i) if n + s is
odd. Moreover, denoting A, the multipliers of the unique attracting fized point of \I/%A in D7 for
o€ Xt e {£1} if Vi (D) C D7 and of V3 4 otherwise, we have:

(i) If s =0 and n is odd, then

)\__ :m _ ((AK)1/2, _(AK)l/Q) and )\_+ — )\+_ = (A?OE;EA(E(@).
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(i) If s =0 and n is even, then
Ao =Xig = (ALK, AK)and Aoy =X = (Afe, AK),
(i) If s =1 and n is odd, then
Ao =y = (AS AR AR AR and A =N = (AR AR, —(AKeAR)2),
(iv) If s =1 and n is even, then

o = (|AKe 2| AK<|2) for all o € .

Proof. We begin by showing that Cy, , is trace-class on a suitable Hilbert space H,,—,. In the
case n > 1 this will follow from Theorem 1.2 by proving that ¥ K, A satisfies the (p-sec) condition,
while the case n = 1 will be handled separately.

For any map T': T2 — T2 and M = ([0, 27]/ ~)2, we denote by T: M — M the map determined
by 7o T =T ow with 7(z) = €' for x € M, and analogously for maps on T and ([0, 27]/ ~). By
Lemma B.1 in the appendix, we have b_,(¢"?) = 6 + g_o(0) with ¢’ ,(8) > —1 for all a € D, and
Ukva(l‘hl'g) = (k(x1 + g—a(x1)) + z2,21). Thus we obtain

DOale) = (557 1), (20

where sg q(x) = k(1 + g_,(z1)) > 0 for all x = (z1,22) € M.
Consider first the case W g4 = I} 0 U, 4, 0+ 0 U, q, With s =0 and n > 1. Then DU 4
is positive and hence (DWk 4(x))(R%,) C RZ, U {0} for every x € M. Using (20) we obtain

10 e .
, if n is even,
~ 0 1
DUk a(x) =M, + 01 (21)
, if n is odd,
10

with M, > 0. By the criterion in Remark 2.13, this implies that the first half of the (p-sec) condition

(6) is satisfied. Since det D 4(x) = (—1)", we also have that D\ill}}A(x) = (1 +c% lj—bfi )
—Cx x

—a, 1+0b,

if n is even, and D‘I’I_(}A(JU) = (1 +e —d

) for n odd, with ay,b;,cs,d; > 0. It is easy to

see that these are conjugated to matrices of the form (21) via the matrix <(1) _01> or (_01 (1)),

which via the criterion in Remark 2.13 implies the second half of the (p-sec) condition (6). The
case of s = 1 follows immediately, since condition (6) holds for a map T if and only if it holds for
—T, finishing the proof of the (p-sec) condition for Wy 4 with n > 1.

In the case n =1 the (p-sec) condition does not hold, however one can verify that the assump-
tions of Theorem 3.24 still apply (similar to the case in Remark 3.26), so that by Corollary 3.28,
Cy ., is trace-class in this case also.

Next, we observe that for any k € N, a € D and o € ¥, the map Uy, extends holomorphically
to D7 with Uy, (D) C D?, and fixes z* = (0,0) with

o _ (0 d
DUk,a(z>=(1 “0),
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while for ¢ € ¥~! the map U,;i extends holomorphically to D? with Ul;;(D") C D77, which
implies the claim about how the cases Theorem 1.2(¢)-(44) apply to ¥ 4 and \I/;(}A.

We now proceed to show the assertions (i)-(iv). Denoting Ux a4 = Uk, ,a, © -+ © Uy, q, With
A= (a1,...,a,) and K = (k1,...,k,), we note that DUy 4(2*) = DUy, o, (2*) - DUk, a4, (2%),
allowing us to compute the relevant multipliers for Wy 4 = I{; o Uk, 4, starting with the case of
s=0.

(i) If s =0 and n is odd, then
* * 0 Ao
DUica(z) = DUl = (g ).

Thus, the multipliers of Ux 4 at z* are A\ = (v, —v) with v = (A%)1/2,

(ii) If s = 0 and n is even, then
. L [AKe
D¥k,a(2") = DUk a(2") = ( 0 AKC) )

and, the multipliers of Wy 4 at z* are A = (AXKe AKe),

For s = 1 we shall use Lemma 4.9 with T = Uk,a and T = I11 oUg a4 = Yk, 4, which yields
D(\I/K’A o \IJK7A)(Z*) = DUKwA(Z*)DUK)A(Z*).

iii) If s = 1 and n is odd, then the multipliers of ¥2 , at z* are A = (v,7) with v = AKX AK",
K,A e
(iv) If s = 1 and n is even, then the multipliers of U , at z* are A = (|Afe|?,[AK]?).

Now, it remains to compute the multipliers of the inverse of I}, o Ux 4. We set S = Ip1 o R
(so that S? = S=2 = [;), and observe using Lemma B.2 in the appendix that the inverse Uk_i =

GapooRo F~' oGy _, obeys the relations
U,;; oS§=8""1o Uk.a,
U,;; S SoUgp,

and hence we have S~ o U,;}L 0S8 =1I11Uz and S™' o (Ugq 0 Ugyp) ' 08 = Uy o Uy g. Iterating,
we obtain the conjugation

STl ol 08 =1 0Uk,a, 00Uk, a © Uy az © Ukyay © Uky ar = Uk 4, (22)
where a,, is a, if n is even or @, if n is odd. With the same conjugacy S, we obtain a conjugation
St o(lnoUga) oS =1 0Uka,0 0 Ukya © Utgas © Uksiaz © Ukyay = Uras - (23)

where a" is @, if n is even or a, if n is odd. We can now compute the relevant multipliers for
Uty = (I oUg,.a)~!. For s =0, by (22) these are given by the fixed-point multipliers of U 4.

(i) If s = 0 and n is odd, by Lemma 4.9 the multipliers of UIQ(,A at z* are A = (0,7),v = AF° AK-,

(ii) If s = 0 and n is even, then the multipliers of Ug 4 at z* are A\ = (A5, AKe),

For s = 1, the fixed-point multipliers of \III_(} 1 can be computed via those of Ug 4 by (23).

(iti) If s = 1 and n is odd, the multipliers of Uk 4 at z* are A = (v, —v) with v = (AKe AK)1/2,
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(iv) If s =1 and n is even, by Lemma 4.9 the multipliers of UIQ{,A at z* are A = (|JAKe |2 |AK|2).
Claims (#)-(iv) follow by combining the respective cases for the multipliers of ¥k 4 and \I/;(l 4 O

Corollary 5.6. Let Vi 4 be as in Proposition 5.5. Then:

(i) If a; # O for all i, then the fized point multipliers A, in Theorem 1.2 satisfy Ao - Aoz # 0
for all o € . Moreover, |Ao1| and | Ay 2| can (independently) be chosen to take any value in
(0,1) via suitable choice of A € D™.

(ii) If n is even and exactly one of the a; is zero, then either case (i) or (ii) of Theorem 1.2
applies to both Wi o and \Ill_(lA, and all fized point multipliers are of the form (A1,0) with
A1 # 0. Moreover, |\y| can be chosen to take any value in (0, 1) via suitable choice of A € D",
and in the case (ii) of Theorem 1.2, \1 € R.

(1it) If n > 2 and at most one of the a; is nonzero, then all multipliers are (0,0).

We shall next construct non-linear non-area-preserving maps in JF homotopic to maps of the
form (18) with n > 1, yielding trivial resonances. For this we define the toral diffeomorphisms

Wia(2) = (FF 0o RoGoa)(2) = (27ba(22),21) (k€N,aeD,z€T)

and
_ S
Exa =171 0 Wiy 00 Wi, 00 0 Wy, 0 Wk, a,

where s € {0,1}, n > 1, a € D and K = (k1,...,k,) € N™.

Lemma 5.7 (Non-area-preserving maps homotopic to (18)). For any s € {0,1}, a € D, K € N"
with n > 1, the map Zk o satisfies the assumptions of Theorem 1.2. Moreover x=, , = 1.

Proof. Following similar calculations and notations as in the proof of Proposition 5.5 we first show

that Zx, satisfies the (p-sec) condition. We have that DWy ,(z) = (k sa(7) with sq(z) > 0

1 0

0 0
with M, > 0 and thus satisfies the first part of the (p-sec) condition (6) by Remark 2.13. The case
s =1 and the second part of the (p-sec) condition follow similarly.

To show that = , does not yield any non-trivial resonances, first note that for £ € {1, —1} the
map W,fﬂ extends holomorphically to D with W,fﬂ(D") C D% for all ¢ € ©¢. As the forward
map Wy, fixes z* = (0,0) and

for all x € M. Thus, for s = 0 and n > 1 it follows that DEK’G(.’E) can be written as M, + (1 O)

N —ad 0
DWpa(2") = ( a1k’1 O)’

we see that the multipliers of Zf , at z* are trivial for any n > 1 and s € {0,1}. For the inverse
map we use the conjugation S = Ip; o R, obtaining the relations

W{; 0S=5"10G_400Wpy,
Wk_i 081 =80G_z00Wyy,

yielding S—! oE;{,la 0S =G _gool}yt*oWy, go-+-0Wy, o := Ek.. One can calculate that (a@,0) is
a fixed point of Ek , for n+ s is even, and of (EK@)2 if n+ s is odd. In both cases, its multipliers
are A = (¢, 0) for some ¢ € D. Thus, by Corollary 4.12(ii¢) all resonances are trivial. O
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Proposition 5.8. The homotopy class of every map of the form (18) contains non-linear Anosov
diffeomorphisms T € F, such that the corresponding operator Cr is well defined and trace-class on
H, _. for some a,y € RZ,. Moreover, T can be chosen such that the eigenvalue sequence of Cp
satisfies either of the cases (i)-(iii) from the conclusions of Theorem 1.5.

Proof. To prove cases (i) and (i7) from Theorem 1.3, we choose T' to be of the form ¥y 4 from
(19), noting that for any fixed s € {0,1} and K € N*, n € N, the map U is an area-preserving
hyperbolic automorphism of the form (18), homotopic to any ¥x 4, A € D*. The claim follows
directly from Proposition 5.5 together with Corollaries 5.6 and 4.12.

The case (i4i) follows from Lemma 5.7, noting that the maps =k , are not area-preserving and
hence not C'-conjugated to toral automorphisms for a # 0, but have trivial resonances. O

We will also need the following well-known result (see, e.g., [I', Lemma 1.1] and [M, Theorem
Al):

Lemma 5.9. For any Anosov diffeomorphism f: T™ — T™ there exists a hyperbolic automorphism
g: T™ — T™ which is homotopic to f. That is, there exists a continuous one-parameter family of
maps h: [0,1] x T™ — T, such that h(0,-) = f and h(1,-) =g.

We are now ready to prove our last main theorem, concluding that every homotopy class of toral
Anosov diffeomorphisms contains elements with resonances exhibiting any of stretched-exponential,
exponential, or trivially super-exponential decay rate.

Proof of Theorem 1.3. Let H be any homotopy class of toral Anosov diffeomorphisms. By Lemma
5.9, there exists a hyperbolic matrix B € GLy(Z) with 75 € H. Corollary 5.4 yields that there
are A,Q € GLy(Z) such that 74 is of the form (18), and 75 is analytically conjugated to 74, via
TA = TQOTB 07'51. We call H' the homotopy class containing 74. We note that because of its special
form (18) and using Remark 3.22, the operator C,, given by f — f o7, yields an isomorphism
from H, . to itself, while 7q gives rise to the isometric isomorphism Cr,: HQ o,—y — Ha,—v,
conjugating Cr,: Hy,—y — Ho — and Crpy: Hg o,—y — HQ,a,—~, for any o,y € R2.

Finally, by Proposition 5.8, there exists an Anosov diffeomorphism 7/ € H’ whose corresponding
composition operator on Hy/ . for suitable o/, € R2>0 has an eigenvalue sequence with any one
of the desired decay rates. Writing out the homotopy explicitly, we have a one-parameter family
of maps h': [0,1] x T? — T2, h}, = h/(t,-) € H', such that h{, = 74 and b} = 7/. Conjugating
with 79 we obtain a homotopy h; = 7'51 ohjorg € H with hg = 75 and hy = 761 o1’ oTg.
Since Cr,: Hg,a',—y — Ha,— is an isometric isomorphism, the spectra of C and Cj, =
CTQ—l o Cr o U, coincide, and so the composition operator associated to T' = h; satisfies the

assertion of the proposition for v =vp, _, with P =Q, a =’ and v =~ O

A Auxiliary results

Here we list a number of auxiliary results and proofs omitted but used in the main text.

Lemma A.1. For every P € GLa(R), there evist A € GLy(Z) and P € GLy(R) with P having
only non-negative entries, such that P = AP.

Proof. It suffices to show that for P € GLy(R), there exists B € GLy(Z) such that (BP),;; > 0 for
i,7 = 1,2. Writing the rows of B as b*,b°, and the columns of P as p,,ps and denoting the cone
C={veR?: (v,p,) >0, (v,ps) > 0}, this is equivalent to there existing b%,b* € Z>NC, such that

bUbS — bUbS = 1. (24)

39



We fix any b* € Z? N C (non-empty since C is an open convex cone), without loss of generality
satisfying ged(b¥,b%) = 1. By Bezout’s identity, there exist b* = (b5, b3) € Z2 such that b (k) =
b + kbY, b3 (k) = b5 + kb are solutions to (24) for every k € Z. Moreover, it is easy to see that for
sufficiently large k € Z, b° = (b5 (k),b3(k)) = b° + k - b* lies in the cone C, finishing the proof. [J

Lemma A.2. Let 6 € ¥, and let {D. : ¢ € C} C GL2(R) be a continuous family of matrices
indexed by some compact set C, satisfying DC(RQZO) C R U {0} for all c € C. Then, for any

ceX, gexn !, 6,0 € R2, there exists q € Rg such that D.(q) € R for all c € C.

Proof. Let us first assume that & = (1,1), that is, D.(R2,) C R2, U {0}. This implies (D) >0
for all k,1 € {1,2} and all ¢ € C. By compactness of C it follows that there are D, D > 0 such that
D < (D) < Dforallk,l € {1,2} and all c € C. We fix 5,6 ¢ R2 , and set § = max{d, da, o1, 52}
We first consider the case o = (1,1), & = (—1,1). Setting ¢y = —0 < —6; and ¢» =
dmax{1, %} > 05, we have ¢ = (q1,¢q2) € Rg, and since (D.)k,1q1+ (De)k 2q2 > —m—i—Q%g =
& > 6y for k=1,2 and all ¢ € C, we obtain D.(q) € R%,+ 6 = R§, for all c € C, as required.
The case 0 = (—1,-1), 6 = (1,-1) is similar, with ¢’ = —¢ € R and Dc(¢') = —D.(q) €
R%,— 6 = RY for all ¢ € C. The other two cases (¢ = (1,1), & = (1,—1) and o = (—1,-1),
& = (—1,1)) can be shown analogously by swapping the roles of ¢; and go in the above construction.
Finally, for 6 = (—1,—1), we note that the claim holds for —D. by the above, and hence it
follows for D, by replacing ¢ by —q. O

Lemma A.3. Let f: Z?2 — C be a cone-wise exponential function with cones being the quadrants
Ro° o € X; that is, for all o € ¥ there exist A, € D?, such that f(n) = A whenevern € Z2NRee.
Denote by (An)nen be an enumeration of {f(n) : n € Z*} sorted by decreasing modulus, and
N(r)=#{n eN: |\, > 71} forr € (0,1). Then (A\n)nen satisfies

log N(r)

r0 log |logr|
where:
(i) if o1 - Aoj2 # 0 for some 0 € X, then d = 2 (stretched-exponential decay) and

—log|A\,|

lim =15

n— 0o n1/2

~1/2
with 2 = (1/2 ZO’EZZ/\UJ')\UJ#O(log |)\‘771| ’ IOg |>\‘772|)_1) :

(ii) if Ao1 - Aoz = 0 for all o € 2, and A\p # 0 for some 0 € ' and k € {1,2}, then d = 1
(exponential decay), and

—log |\,
lim 70g| ‘:

n—00 n

~1
with 1 = (20621 Ek:)\g,HﬁO(lOg |/\o,k )_1) :

(iii) if Ao =0 for all o0 € X, and A\y1 - Aop = 0 for all 0 € £, then d = 0 (super-exponential
decay). In this case (Ap)nen is the trivial sequence with A, = 0y, 1.

1
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Proof. We write ¢,(r) =logr/log|s| for s € D and r € (0,1). For p,q € D,r € (0,1) we have

Ny =#{n=1:p[" 2 r} = [{(r)],
Np  =#{n,m>1:|p["|qI™ >r}
=#{n,m >1:n(—log|p|) + m(—1loglq|) < —logr}
L4p(r)] [£q(r)]
2

= +0, with [6] < 14 [£,(r)] + [£4(7)],
where the last equality is obtained from counting the number of integer lattice points in the triangle
spanned by (0,0), (¢,(r),0) and (0, 44(r)), and subtracting those lying on one of the axes. From

the definition of f we obtain

N =14 Y (LAG,I(T)JQLAG,Q(T)J +5g> + 3 ([, (D] + L, o (1))

oext

with |o[ < 1+ €, (r)] + [lx, 2 (r)].
We now prove (z). Since (1) — oo as r — 0 for any s € D and A1 - Ay 2 # 0 for some o € &,
we have that for every e > 0 there exists 7. > 0 such that for r € (0,r.) it holds that

(1-e). (lng) <SN@) <1t (15) (25)

The assertion d = 2 immediately follows. Moreover, since n > (1 + ¢€) - (log7/n2)? > N(r) implies
[An| < 7, a short calculation yields that log|\,| < logr holds for any sufficiently large n and
logr € (—(1+ €)Y 2o/, log r¢), which implies

_10g|)‘n‘
Jn

Conversely, n < (1 —¢€) - (log7/n2)? < N(r) implies |\,| > r, and hence for large n we obtain

> (14 €)Y,

—log [An] -1/2
— < (1 - .
\/ﬁ = ( 6) 12

Since the choice of € > 0 was arbitrary, assertion (¢) follows.
The proof of (i¢) is very similar; replacing (25) by

1 1
(1—6)'MSN(T)S(1+E)'M (26)
m m
yields d = 1, as well as 11 /(1 + €) < —log |A,|/n < 1 /(1 — €) for sufficiently large n.
Finally, (ii7) follows directly by observing that in this case f(n) = dn,,00n,,0- O
Proof of Lemma 3.27. The proof follows the same steps as [BJ2, Propositions 3.4 & 3.5]. Let

J*: Hpa,_r — Hpq,—~ denote the Hilbert space adjoint of J, then J*J is diagonal in the or-
thogonal basis of monomials, as (J*Jpn,Pm)Hpa ., = (JPns IPm)Hp A+ = (PrsPm)Hpa_r =
Wn (Prs Pm)Hp o, With w, = vp 4 _1(n)/VPa,—~(n). Therefore the eigenvalues of J*J, which are
square roots of the singular values of J, are given by {\/cTn in e ZQ}, which can be written as the
set of all A", n € NZ, and p™,n € N2, with A = e“7* and W= e’z . Since A — a,y—T e R%,
Lemma A.3(i) applies, with

—-1/2
o ( 1 N 1 ) O
n 2 IOg(Al — 041) 10g(A2 — 042) 10g(’71 — Fl) IOg(’YQ — Fg) '

41



Proof of Lemma 5.3. We first note that it is sufficient to consider the case TrM > 0, as the
general case easily follows by considering —M in the opposite case. By [[Te, Theorem 3], every
M € GLy(Z) with Tr M > 0 is similar to a so-called ‘standard matrix’ (see [[le, Definition 1]),
which in the case of a hyperbolic matrix (implying Tr M # 0 and real eigenvalues # —1, 1) reduces
to two (alternative) cases:

(i) M is similar to (1

1\ .
1 0) in the case Tr M =1,

b

(ii) M is similar to (CCI d> ,0<d<b,c<ain the case Tr M > 2.

We are left to show that every matrix in case (ii) is similar to one of (17). We note that
every matrix of this form satisfies a > 0, since ¢ < a < 0 would imply d = Tr M —a > 2, and
hence 1 > det M = ad — be > (a — ¢)d > 2, a contradiction. We also note that ¢ = 0 yields a
non-hyperbolic matrix, so we can assume ¢ # 0.

For ¢ > 0 the claim follows immediately from [He, Theorem 4]. For ¢ < 0, we note that
0 <d < bimplies b > 0 (as otherwise det M = 0), and hence —bc > 1. Since ad — be < 1, it follows

that ad = 0 and hence d = 0, as well as b = 1 and ¢ = —1. We obtain that M is similar to a matrix
of the form M, = _al é), which is only hyperbolic for a > 3. The claim follows by observing
that M,,a > 3, is similar to

() e

via M, = C-'N,C with C = G ?) 0

B Notes on the special group of toral diffeomorphisms

Here we briefly restate the definition of the group of toral diffeomorphisms F from Section 5,
before expanding on the various types of maps that can be constructed within this group via a set
of examples. For a € D, let b,: C — C be an automorphism of D (or Moebius map) given by

Every such map satisfies b,(T) = T, and a straightforward calculation yields the following lemma.

Lemma B.1. Fiz a = |a|e’® € D and let b, be as above. For M = ([0,2x]/ ~) let by: M — M be
the map determined by m o by = by o 7 with ©(0) = € for § € M. Then

ba(0) = 0+ ga(0),

. _ |a| sin(0—a) ’ _ la| cos(0—a)—|al?
with g,(0) = 2 arctan (W) and g, (0) =2 (1_2‘a‘cos(9_a)+|a|2) > —1.

We recall the definition of the maps F': (21, z2) — (2122, 22), R: (21,22) — (22,21), Irr: (21, 22) —
(2172, 2272 for k,1 € {0,1}, and G = {Gap: (21,22) + (ba(21),ba(22)) : a,b € D} from Sec-
tion 5, as well as the definition of F as the group of toral diffeomorphisms generated by these
maps. The group of toral automorphisms Aut(T?) is generated by the set I' = {F, R, I;}. Any
T € {F, Iy, I11 }UG yields an orientation-preserving diffeomorphism of T2, while all of {Io1, I10, R}
are orientation-reversing. The next lemma summarises some basic properties of these maps.
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Lemma B.2. Let a,b € D and k,l,m,n € {0,1}. The following commutation relations hold.
(i) Folyy=IyoF~' and F~' oIy =Ly o F fork # 1,
(ii)) Foliy =I;10F and F~ oIy = I;; o F1,
(ii) Roly = I o R,
(iv) Iy 0 Inn = Ii—5,,, 1—6,,.»
(v) Gapolp=1Ipo G(l—k)aJrkE, (1—1)b+1b
(vi) GgpoR=RoGp,.
Proof. All statements follow by direct computation, with part (v) using b, (271) = bg(z) L. O

We now provide examples from various interesting sub-classes of diffeomorphisms in F.

Anosov diffeomorphisms in F. For a € D let T,: T? — T? be given by
T,=Go—q0FoRoGgp.

Using Lemma B.1, we can see that the derivative of the respective map T,: M — M is given by

with sq(z) = (1 + ¢, (z1)) > 0 for all x = (z1,22) € M.

Example B.3.

(i) For a = 0 the map Ty(z) = (2122, 21) is an Anosov automorphism induced by (1 (1)) with
eigenvalues \, /s = ¢+ where ¢ = (1+ /5)/2 is the golden mean.

(ii) Ome can check that T,(z) = (ba(21)22,21) is Anosov for all a € D by finding suitable cone
fields (see Definition 2.11).

(iii) The maps Ty o Ty, given by
(Ty 0 Ta)(2) = (by(ba(21)22)21, ba(21)22)

are Anosov for all a,b € D, and in fact R2>0 U R2<0 can be chosen as the invariant expanding
cone, and its complementary cone as the invariant contracting one. These are the maps
considered in [SBJ] and [PoS].

The maps in (iii) are orientation-preserving while the ones in (i) and (ii) are orientation-reversing.

Area-preserving diffeomorphisms in F.

Lemma B.4. Let F, = Go,—q 0 F oGy, for a € D. Then any finite composition of the elements
of Top =T U{F, : a € D,k € N} is area-preserving.

Proof. For z € T? we have F,(21, 22) = (21b4(22), 22). As b, preserves T we have |det DF,(z)| =
|ba(22)| = 1 for all z € T2. As all elements in 'y, are area-preserving, so is their composition. [

Example B.5.
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(i) The maps in Example B.3 are area-preserving Anosov diffeomorphisms as T, = Gg_, 0 F o
Go,q © R = F, o R with F, as in Lemma B.4.

(ii) The map T'=F o Ro Gy, © F o R given by
T(z1,22) = (21ba(21)22, 2122)
is not area-preserving for a € D\ {0} as |det DT (2)| = |22b],(21)22| = |b},(21)| for 2 € T2
(i) The map T'=F o Ro Gy _,0 F o RoGqy given by
T(z1,22) = (21b4(21)bp(22), ba(21)0p(22)), (a € D),

is area-preserving for b = 0 (see Example B.3(ii)), but is not area-preserving for b # 0.

Maps with symmetries. An automorphism T of some topological space is said to have a
symmetry if there exists an automorphism H so that

H 'oToH=T,
and to have a reversing symmetry if there exists an automorphism H so that
H'oToH=T7".

Clearly, for any rational map T with only real coefficients, Corollary 4.2(¢) implies that Iy is a
symmetry of T', which by Theorem 1.2 and its proof induces symmetry relations on the resonances.

On the other hand, presence of reversing symmetries is of considerable interest in classical and
quantum mechanics. For systems with time-reversal symmetry the reverse motion satisfies the
same laws of motion as the forward motion. Usually this time-reversal symmetry corresponds to a
particular involution map H. However, the notion of reversible systems was extended to include
all involutions and even non-involutary reversing symmetries, see for example the survey [LR]
adapted to dynamical systems or [BR] specifially for toral automorphisms. We will next present
some Anosov diffeomorphisms in F which have reversing symmetries.

Lemma B.6. Let k € N and a € (0,1), and define the maps Ta = F¥ o Ro G4, —q 0 F* o R and
Uk,a = GO,—a © Tk,a o Ga,O-

(i) The map Ty, is a non-area-preserving Anosov diffeomorphism with a reversing symmetry.

(1) The map Uy, is an area-preserving Anosov diffeomorphism with a reversing symmetry.

Proof. Using Lemma B.1 it is not difficult to see that both T}, and Uy, are Anosov with the
first and third quadrant of R? forming an unstable, and the second and forth quadrant forming a
stable invariant cone. Area preservation of Uy, and non-preservation for T} , can be computed
directly, noting that Uy, = (Go,—q © F¥ o RoG,p)? For the symmetries, a calculation with
H = Iy; o R using Lemma B.2 and the fact that a € R reveals that H~! o T,;i oH =1Tj,. Since

Go,o 0 H = H oG, we also have H_loU];iOH:Uk,a- O

Comparison to Blaschke product diffeomorphisms. In [PS] the authors coined the notion
of Blaschke product diffeomorphisms, which are maps of the form

T(21,22) = (A(21)B(22), C(21) D(22)),

where A, B, C, D are Blaschke products in one variable. They state that these are precisely the
analytic maps on a neighbourhood of the open bidisk ID?, mapping D? to itself and T? diffeomor-
phically to itself, and provide an explanation of this in [PS, Remark 5.2]. Here we observe that this
claim is inaccurate: while Examples B.5(ii)-(iii) are instances of Blaschke product diffeomorphisms,
Example B.3(iii) is a hyperbolic diffeomorphism in F containing Blaschke factors of a product of
two variables, and cannot be written as a Blaschke product diffeomorphism.
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