On large deviation properties of Brownian motion with dry friction

Yaming Chen^{1, ∗} and Wolfram Just^{1, †} 1School of Mathematical Sciences, Queen Mary University of London, London E1 4NS, United Kingdom (Dated: September 17, 2014)

We investigate piecewise-linear stochastic models as with regards to the probability distribution of functionals of the stochastic processes, a question which occurs frequently in large deviation theory. The functionals that we are looking into in detail are related to the time a stochastic process spends at a phase space point or in a phase space region, as well as to the motion with inertia. For a Langevin equation with discontinuous drift, we extend the so-called backward Fokker-Planck technique for nonnegative support functionals to arbitrary support functionals, to derive explicit expressions for the moments of the functional. Explicit solutions for the moments and for the distribution of the so-called local time, the occupation time and the displacement are derived for the Brownian motion with dry friction, including quantitative measures to characterize deviation from Gaussian behavior in the asymptotic long time limit.

PACS numbers: 02.50.–r, 05.40.–a, 46.55.+d, 46.65.+g

I. INTRODUCTION

The study of functionals of stochastic processes attracts considerable interest from various points of view, most notably in the context of large deviation theory where the probability distribution of integrals or sums of random variables result in a potential characterizing large deviations from the mean and extreme events (see [1] for a recent review). Some simple functionals can characterize the time a process spends at a phase space point or in a phase space region, or more simply such integrals may just represent physical quantities like the position of an object [2]. Here we consider these functionals in the context of piecewise-smooth stochastic systems. We use the motion of a Brownian particle subjected to dry friction as an illustrative example where explicit expressions for the distribution of functionals can be derived in a formally exact manner, and where we can quantify the deviation from Gaussian behavior which prevails in the asymptotic limit.

Functionals of a process v(t) have been investigated intensively in the past and have found numerous applications in physics [2]. For instance, two of the popular functionals are the local time

∫_t 0 δ(v(τ))dτ and the occupation time

∫_t 0 θ(v(τ))dτ (see, e.g., [3]), which describe how much time the process v(t) has visited the origin and how long it has taken positive values in the time window [0, t], respectively. Here δ(v) is the Dirac delta function and θ(v) is the step function with θ(v) = 1 for v > 0 and θ(v) = 0 for v ⩽ 0. In addition, the area under the process, i.e.,

∫_t 0 v(τ)dτ, which is referred to as displacement if v(t) denotes the velocity of an object, is of particular importance due to its physical meaning.

To find statistical properties of functionals is usually nontrivial even for some of the simplest functionals, such as the local time and the occupation time. For the displacement, which is equivalent to solve a stochastic differential equation with inertial term, one often restricts the study to the overdamped case, in which limit the inertial term can be neglected [4]. To the best of our knowledge, the distributions of the displacement are only available in closed analytic form for the cases of the pure diffusion process and the Ornstein-Uhlenbeck process [5]. To compute the distribution of a functional there are two significant achievements, i.e., the celebrated Feynman-Kac formula developed by Kac [6] and the so-called backward Fokker-Planck technique proposed by Majumdar and Comtet [7]. The former enables one to obtain a corresponding Schrödinger equation for the distribution of a functional and the later results in a backward Fokker- Planck equation for the distribution. The advantage of the later over the former is that the later depends only on the initial condition of the process, no extra integral over v is required to obtain the distribution of the functional.

In this paper, we attempt to derive analytic results for some functionals of the Brownian motion with dry (also called solid or Coulomb) friction,

v̇(t) = −μσ(v(t)) − γv(t) + √ Dξ(t), (1)

which is used to describe the velocity of a solid object of unit mass subjected to a dry friction in addition to a viscous drag and a random noise (see, e.g., [8–11]). Here σ(v), denoting the sign of v, represents the dry friction force with coefficient μ > 0, γ ⩾ 0 denotes the viscous coefficient and D > 0 is the strength of the Gaussian white noise ξ(t) characterized by

⟨ξ(t)⟩ = 0, ⟨ξ(t)ξ(t^′)⟩ = 2δ(t − t^′). (2)

The notation ⟨· · · ⟩ stands for the average over all possible realizations of the noise. For this piecewise-linear stochastic model, the transition probability distribution or propagator can be obtained by using spectral decomposition methods [11] or Laplace transforms [12]. Especially, when γ = 0, i.e., the model (1) with pure dry friction (also call Brownian motion with two-valued drift), the corresponding propagator is available in closed analytic form (see, e.g., [11, 13, 14]). The weak-noise approximation of the model (1) has also been investigated in detail by using a path integral approach [15–17]. In addition, the first-passage time distributions of Eq. (1) can be derived by using spectral decomposition methods or solving the backward Kolmogorov equation (see [18]). The dry friction effect in stochastic settings is also observed in experiments, such as those investigated recently by Chaudhury et al. [19–22] and Gnoli et al. [23, 24]. Since the motion of two solid objects over each other is ubiquitous in nature [25–29], the dry friction model (1) plays a significant role at the interface between theory and experiment. Therefore, it is interesting to have a close look at stochastic properties of functionals whose underlying dynamics is governed by this model. In particular we will focus on the local time, the occupation time and the displacement in this paper.

It is worth noting that the local time and the occupation time of the pure dry friction case [i.e., γ = 0 in Eq. (1)] have been investigated in [3, 7] even though the authors did not attempt to study the dry friction effect in a stochastic setting. An integral representation of the occupation time distribution of this simple model has also been derived in [30]. But the recursive relations for the moments of the local time and the occupation time have not been given explicitly. In addition, to the best of our knowledge analytic results of the displacement for the pure dry friction case and functionals of the full model (1) are not available in the literature.

The rest of this paper is arranged as follows. We first extend in Sec. II the backward Fokker-Planck technique for a positive support functional to an arbitrary support functional by replacing the double Laplace transform used in [7] with a Fourier-Laplace transform. Rather than solving the backward equation directly, we then derive from this equation a recursive ordinary differential equation (ODE) for the moments of the functional. In Secs. III and IV, we show that the moments of the local time and the occupation time are given explicitly by the solution of the corresponding homogeneous ODE. Then we apply the results to solve the dry friction model (1). In Sec. V, even though a simple formula is not available for a general drift, we show that the moments of the displacement can be obtained in the Laplace space for the dry friction model (1). Finally, results are summarized in Sec. VI.

II. REMARKS ON GENERAL PIECEWISE-SMOOTH STOCHASTIC SYSTEMS

Let us consider the functional T = ∫_t 0 U(v(τ))dτ (3)

for an integrable kernel U(v). The stochastic process v(t) with initial condition v(0) = v_0 is assumed to obey the following Langevin equation

v̇(t) = −Φ^′(v(t)) + ξ(t) (4) with potential Φ(v), where ξ(t) denotes the Gaussian white noise defined by Eq. (2). In what follows, we will first discuss some general properties of the distribution p(T, t, v_0) of the functional (3). In the latter parts we are then going to derive relations for the moments M_n(t, v_0) of T which will be used in the applications.

A. Distribution of the functional

While it may be difficult to derive closed analytic expressions for the distribution p(T, t, v_0) of the functional (3), some statements can be made on the asymptotic properties in the limit of large t if we assume that the potential of the Langevin equation (4) is stable, i.e., Φ(v) → ∞ when v → ±∞, and that the correlation of the corresponding process decays sufficiently fast. Then a simple heuristic argument suggests (see, e.g., [3]) that the distribution p(T, t, v_0) is simply Gaussian around its mean in the long time limit. Thus the limiting distribution is characterized only by the first and the second moments,

p^{asym}(T, t, v_0) = 1 √ 2πVar(T ) exp [ − (T − M_1(t, v_0))^2 2Var(T ) ] , (5) where M_1(t, v_0) and Var(T ) stand for the first moment and the variance of T , respectively. As stated in [3], the argument is as follows: At large time t, assuming the process v(t) to be mixing, the corresponding propagator p(v, t|v_0, 0) tends to the stationary distribution exp[−Φ(v)]/Z, where Z is a normalization factor. Hence, at time increments which exceed the correlation time of the system, the random variables U(v(τ)) − ⟨U(v(τ))⟩ are only weakly correlated. Therefore, from the definition (3) we expect a central limit theorem to hold in the limit of t being much larger than the relaxation time and the correlation time of the two aforementioned variables, resulting finally in a Gaussian distribution for the functional T around its mean. Hence, in order to determine the limiting distribution of T around its mean we only need to obtain the first and the second moments, which can be attained by using the results stated in the following subsections. Our arguments will be able to predict higher-order cumulants as well so that we provide a quantitative tool to benchmark the aforementioned reasoning.

For the subsequent investigations we will need the boundary conditions of the distribution p(T, t, v_0) in the limit when v_0 tends to infinity. These boundary conditions depend on the particular function U(v) which enters the functional T . They can be derived from the observation that a process starting at infinity cannot cross the origin in finite time. For simplicity let us discuss two particular choices, namely U(v) = δ(v) and U(v) = θ(v), corresponding to the so-called local time

T_{loc} =

∫_t 0 δ(v(τ))dτ (6) which measures the time that the process visits the origin, and the so-called occupation time

T_{occ} =

∫_t 0 θ(v(τ))dτ (7)

which measures the time that the process takes positive values. Hence for the distribution of the local time we have

p_{loc}(T, t, v_0 → ±∞) = δ(T ), (8)

and for the occupation time the boundary condition reads

p_{occ}(T, t, v_0 → ∞) = δ(T − t), p_{occ}(T, t, v_0 → −∞) = δ(T ). (9)

The third quantity we are going to discuss in some detail will be the displacement of the particle which can also be written as a functional with the choice U(v) = v, i.e.,

T_{dis} =

∫_t 0 v(τ)dτ. (10)

For the displacement, the argument of the boundary condition is slightly more subtle. We expect that for |v_0| ≫ t the velocity of the particle does not change considerably in the time window [0, t] and that the displacement should be at the scale of v_0t. Therefore, the corresponding boundary condition can be formally approximated as p_{dis}(T, t, v_0) ∼ δ(T − v_0t) in the asymptotic limit v_0 → ±∞. Such a condition will be used later to obtain the boundary condition for the moments of the displacement.

B. Moments of the functional

We start to derive one of the main results by assuming the potential Φ(v) to be continuous and to be smooth everywhere apart from v = 0 where we allow the potential to be not differentiable, so that the deterministic part of the Langevin equation (4) has a discontinuity at v = 0. More general cases of piecewise-smooth systems could be considered with ease but the discussion of this special case will be sufficient to uncover the general structure. In addition, our particular choice also contains the dry friction model (1). For a nonnegative support functional it has been shown by Majumdar and Comtet [7] that the double Laplace transform of the distribution p(T, t, v_0) satisfies a backward equation (see Eq. (4) in [7]). In this paper we do not confine the discussion to nonnegative functionals, i.e., T can be negative. Hence, instead of using the double Laplace transform we have to consider the Fourier-Laplace transform of the distribution p(T, t, v_0), i.e.,

r(k, s, v_0) =

∫_∞ −∞ e^{−ikT} dT

∫_∞ 0 e^{−st}p(T, t, v_0)dt. (11)

Similarly, using the method stated in [7] (see also [3]) it is straightforward to show that r(k, s, v_0) satisfies the following backward equation

∂^2_{v0} r(k, s, v_0) − Φ^′(v_0)∂_{v0} r(k, s, v_0) − [ikU(v_0) + s]r(k, s, v_0) + 1 = 0. (12)

Let us assume that the n-th moment M_n(t, v_0) of T exists so that the moments of T in the Laplace space are given by ~M_n(s, v_0) =

∫_∞ 0 e^{−st}M_n(t, v_0)dt = i^n∂^n_k r(k, s, v_0)|_{k=0} for n ⩾ 1. (13)

Thus by acting the operator i^n∂^n_k on Eq. (12) and setting k = 0, we obtain a hierarchy of equations for ~M_n(s, v_0),

∂^2_{v0} ~M_n(s, v_0) − Φ^′(v_0)∂_{v0} ~M_n(s, v_0) − s ~M_n(s, v_0) = −nU(v_0) ~M_{n−1}(s, v_0), ~M_0(s, v_0) = r(0, s, v_0) = 1/s, (14)

which is easier to deal with than solving Eq. (12).

C. Boundary conditions

In order to solve Eq. (14), it is essential to know the boundary conditions for the moments in the limit v_0 → ±∞. Using Eq. (8) and the uniform convergence of the Laplace transform for Re(s) > 0 it follows that the moments of the local time obey

~M^{loc}_n (s, v_0 → ±∞) = 0 for Re(s) > 0 and n ⩾ 1, (15) whereas a similar argument and Eq. (9) yield for the moments of the occupation time that

~M^{occ}_n (s, v_0 → ∞) = n! s^{n+1}

, ~M^{occ}_n (s, v_0 → −∞) = 0 (16) for Re(s) > 0 and n ⩾ 1. For the displacement, the reasoning presented at the end of subsection II A suggests that the n-th moment of the displacement as a function of v_0 should be bounded by a polynomial of order n in v_0. We will see later that this condition is sufficient to determine the solution of the dry friction model (1).

D. Matching conditions

Since we are here concerned with a piecewise-smooth potential Φ(v), say with a kink at v = 0, we have to solve Eq. (14) for v_0 > 0 and v_0 < 0, respectively. Even for a piecewise-smooth potential Φ(v) the solution of Eq. (14) has to be at least continuous, so that we require continuity of the moments at v_0 = 0, resulting in the first matching condition

~M_n(s, 0−) = ~M_n(s, 0+). (17)

As for the first derivative we may obtain a matching condition by integrating Eq. (14) across the discontinuity at v_0 = 0. Because of the continuity of the moments the right hand side will contribute only if the kernel U(v) has a δ singularity at v = 0. Thus for the local time (6) the matching condition reads

∂_{v0} ~M^{loc}_n (s, 0+) − ∂_{v0} ~M^{loc}_n (s, 0−) = −n ~M^{loc}_{n−1}(s, 0), (18)

whereas for any other kernel, e.g., for the occupation time and for the displacement the matching condition just simplifies to

∂_{v0} ~M^{occ/dis} n (s, 0+) = ∂_{v0} ~M^{occ/dis}_n (s, 0−). (19)

Here we have used the shorthand notation ∂_{v0} ~M_n(s, 0±) to denote ∂_{v0} ~M_n(s, v_0)|_{v0 →0±}.

E. Structure of the solution

Let us briefly discuss how we are going to approach the analytic solution of the hierarchy (14) for a general potential Φ(v) with nonanalyticity at v = 0. Suppose that the appropriate fundamental piecewise-smooth solution φ(s, v_0) of the corresponding homogeneous ODE of Eq. (14) is known, which vanishes for Re(s) > 0 when v_0 → ±∞. The solution obeys [ ∂^2_{v0} − Φ^′(v_0)∂_{v0} − s ] φ(s, v_0) = 0 (20)

for v_0 ≠ 0 and we assume φ(s, v_0) to be continuous at v_0 = 0. To start with, we consider the hierarchy (14) separately on the two domains v_0 > 0 and v_0 < 0. Given ~M_0(s, v_0) = 1/s [see Eq. (14)] we denote by ~M^p_1 (s, v_0) a particular solution of the inhomogeneous differential equation (for n = 1) which fulfils the boundary condition at infinity. By adding a multiple of the homogeneous solution φ(s, v_0) we then obtain two branches with two constants of integration which are adjusted according to the matching conditions (see subsection II D). Hence, at each level of the hierarchy we determine a particular solution ~M^p_n(s, v_0) and construct the general solution, which already satisfies the boundary condition at infinity (see subsection II C), through

~M_n(s, v_0) = ~M^p_n(s, v_0) + { C^+_n φ(s, v_0), v_0 > 0, C^−_n φ(s, v_0), v_0 < 0. (21)

Finally we compute the coefficients C^±_n with the help of the matching conditions at v_0 = 0 (see subsection II D). The relevance of the trivial Eq. (21) comes from the observation that we just have to deal with the matching conditions caused by the nonanalyticities of the potential. Furthermore, in most of the cases considered here, we will be able to express the particular solutions ~M^p_n(s, v_0) in terms of the homogeneous solution φ(s, v_0) as well, so that the entire structure just requires solving Eq. (20).

We may not be able to do the inverse Laplace transform for the moments analytically. However, in the long time limit the behavior of the moments is dominated by the singular terms of the Laplace transform and those are often not too difficult to evaluate. We can also resort to numerical Laplace inversion, such as the so-called Talbot method [31], which usually gives accurate results even at a very short time.

In the next three sections, we will apply the formula (21) to the local time, the occupation time, and the displacement. The analysis of the local time can be largely done for general potential while we are going to derive explicit formulas for the other two observables for the dry friction model (1) without and with viscous friction, respectively.

III. LOCAL TIME

To begin with we first consider the local time problem, i.e., the setup with kernel U(v) = δ(v). In this case it is possible to derive closed form expressions for a general potential Φ(v) with discontinuity at v = 0. We will use this simple case to illustrate our approach.

A. General drift

As the matching condition (18) takes care of the singularities at v = 0 we only need to consider the hierarchy (14) for nonvanishing arguments, i.e., we can confine our study to the homogeneous equation (20). Hence in

Eq. (21) the particular solution vanishes and the moments are expressed in terms of the fundamental solution φ(s, v_0). The coefficients follow immediately from the matching conditions at v_0 = 0 [see Eqs. (17) and (18)] and we arrive at the recursive relation

~M^{loc}_n (s, v_0) = nφ(s, v^0)

~M loc_{n−1}(s, 0)

∂_{v0} φ(s, 0−) − ∂_{v0} φ(s, 0+) for n ⩾ 1.

(22) Therefore, the higher moments are determined by the first moment via

~M^{loc}_n (s, v_0) = n![s ~M^{loc}_1 (s, 0)]^{n−1} ~M^{loc}_1 (s, v_0), (23)

where

~M^{loc}_1 (s, v_0) = φ(s, v^0)/s ∂_{v0} φ(s, 0−) − ∂_{v0} φ(s, 0+)

. (24)

This simple relation enables one to obtain the distribution of the local time explicitly in the Fourier-Laplace space, which reads [see Eq. (11)]

r(k, s, v_0) = ∞∑ n=0 (−ik)^n n! ~M^{loc}_n (s, v_0)

= ~M loc_1 (s, v_0)

s ~M^{loc}_1 (s, 0) 1 1 + iks ~M^{loc}_1 (s, 0)

. (25)

Then inverting the Fourier transform with respect to k yields the Laplace transform of the distribution for the local time

~p_{loc}(T, s, v_0) =

~M loc_1 (s, v_0)

s^2[ ~M^{loc}_1 (s, 0)]^2 exp ( − T s ~M^{loc}_1 (s, 0) )

(26) for T ⩾ 0, which indicates that the distribution is fully determined by the Laplace transform of its first moment. The result (26) extends that obtained in [3] to be valid for arbitrary initial condition v_0 [see Eq. (30) therein]. In general, we may not be able to do the inverse Laplace transform for Eq. (26) analytically. However, we can resort to numerical inversion (e.g., the Talbot method [31]) to produce the distribution p_{loc}(T, t, v_0) numerically, especially for short time t.

B. Pure dry friction

In order to make further progress and to illustrate the effectiveness of the approach let us consider the particular model (1) with only dry friction (γ = 0). In this case, we let μ = D = 1. Other values can be covered by using the appropriate rescaling

x = μv/D, τ = μ^2t/D. (27)

Hence the pure dry friction case can be written in the form (4) with a stable potential

Φ(v) = |v|. (28)

The appropriate fundamental solution of the homogeneous ODE (20) corresponding to Eq. (14) is

φ(s, v_0) = e^{(1−√1+4s)|v0|/2}, (29)

which vanishes for Re(s) > 0 when v_0 → ±∞. Then, from Eqs. (26) and (24) we obtain the local time distribution in the Laplace domain,

~p_{loc}(T, s, v_0) = √ 1 + 4s − 1 s e^{−(√1+4s−1)(T +|v0|/2)} (30)

for T ⩾ 0. In this case we can even perform the inverse Laplace transform explicitly. From the table of Laplace transforms in [32] we have the identity

L^{−1} ( e^{−k√α} b + √ α ) = e^{−k2/(4t)} √ πt −be^{bk+b2t}erfc ( b √ t + k 2 √ t ) , (31) where erfc(z) is the complementary error function. Hence, using the shifting property of Laplace transform, we obtain from Eq. (30) the inverse Laplace transform, i.e, the local time distribution

p_{loc}(T, t, v_0) = 2 √ πt e^{−(2T +|v0|−t)2/(4t)}

−e^{2T +|v0|}erfc ( √ t 2 + 2T + |v_0| 2 √ t ) (32)

for T ⩾ 0, which generalizes the result in [3] to be valid for any v_0 [see Eq. (A4) therein].

In most of cases the inverse Laplace transform cannot be performed analytically. Thus let us discuss how the previous analysis based on moments [see, e.g., Eq. (5)] matches with the exact expression (32). We will also use the opportunity to illustrate the method to derive asymptotic results, which will be used later in cases where no exact distribution function is available. Using Eqs. (23), (24) and (29) the Laplace transform of the moments of the local time are explicitly given by

~M^{loc}_n (s, v_0) = n! 4^ns^{n+1} ( √ 1 + 4s + 1)^ne^{(1−√1+4s)|v0 |/2}. (33) The expressions have a pole at s = 0 and a branch cut on the real axis for s < −1/4. As for the inverse transform we can use the standard asymptotic result (see, e.g., [33]) that the time dependence of M^{loc}_n (t, v_0) is determined by the pole at s = 0 up to contributions of O(e^{−(1/4−o)t}). Here the notation o stands for an arbitrary small positive correction to 1/4. This correction is due to a power-law correction to the leading exponential behavior. The same notation will be used in the rest of this paper. Hence the moments in the asymptotic long time limit read

M^{loc}_n (t, v_0)

= 4^{−n} d^n ds^n [ ( √ 1 + 4s + 1)^ne^{(1−√1+4s)|v0 |/2+st} ]| | |_{s=0}

+O(e^{−(1/4−o)t}). (34)

In particular, for the first two moments we have the simple expressions

M^{loc}_1 (t, v_0) = t 2 + 1 − |v_0| 2 + O(e^{−(1/4−o)t}), (35)

M^{loc}_2 (t, v_0) = t^2 4 + (2 − |v_0|)t 2 + v^2_0 − 2|v_0| − 2 4 +O(e^{−(1/4−o)t}), (36)

which result in the variance

Var(T_{loc}) = t 2 − 3 4 + O(e^{−(1/4−o)t}). (37)

Finally the limiting distribution (5) reads

p^{asym}_{loc} (T, t, v_0) = 1 √ π(t − 3/2) exp [ − (2T − t + |v_0| − 1)^2

4t − 6 ]

+O(e^{−(1/4−o)t}). (38)

As seen in Fig. 1, this limiting distribution in leading order matches well with the exact analytic expression (32) at large time t.

From the perspective of large deviation results it is of interest to look at the asymptotic properties of the higher order cumulamnts as well. Of course they can be worked out rather straightforwardly from the expression (34). For instance, for the third and the fourth cumulants we obtain

K^{loc}_3 = 7/4 + O(e^{−(1/4−o)t}),

K^{loc}_4 = −45/8 + O(e^{−(1/4−o)t}), (39)

a result which shows that both are negligible compared to the first two moments [see Eqs. (35) and (36)] in the asymptotic limit of large t. Hence this simple indicator confirms that the large deviation function of the local time, defined by p_{loc}(tϑ, t, v_0) ∼ exp(−tϕ(ϑ)) is quadratic (see also Fig. 1), a feature which of course can be confirmed as well if one employs the exact analytic expression of the distribution function (32) and evaluates t^{−1} ln p_{loc}(tϑ, t, v_0) in the limit t → ∞ (see also [3]).

C. Dry and viscous friction

Let us now add viscous friction to the setup discussed in the previous subsection. Intuitively one probably would not expect any major change as a linear viscous force is unlikely to have any impact on the predominantly Gaussian behavior found previously. For the full force case (1), we let γ = D = 1 without loss of generality. Other values are covered by the rescaling

x = (γ/D)^{1/2}v, τ = γt. (40) Hence the full model can be written in the form (4) with a stable potential

Φ(v) = (|v| + μ)^2/2. (41)

The appropriate fundamental solution of the homogeneous ODE (20) is given by

φ(s, v_0) = e^{(|v0|+μ)2/4}D_{−s}(|v_0| + μ), (42)

which vanishes for Re(s) > 0 in the limit v_0 → ±∞. Here we use the symbol D_ν (z) to denote the parabolic cylinder functions [34].

As already stated in the previous subsection we now employ the general expression (21) without any particular inhomogeneous solution and use the matching conditions (17) and (18) to compute the Laplace transform of the moments. In fact the general expressions Eqs. (23) and (24) immediately yield

~M^{loc}_n (s, v_0) = n! 2^ns^{n+1} ( D_{−s}(μ) D_{−s−1}(μ)

)_{n−1}

× e^{(|v0|+μ)2/4}D_{−s}(|v_0| + μ)

e^{μ2/4}D_{−s−1}(μ)

. (43)

For real argument z the parabolic cylinder function fulfils D_ν (z) ≠ 0 for any ν with nonvanishing imaginary part and D_ν (z) > 0 for any negative real value of ν. Hence, we conclude that all the singularities of Eq. (43) lie on the nonpositive real axis as μ > 0. In addition all these singularities are poles. The largest negative pole which determines the asymptotic properties of the moments is given by

s_0 = max{s : D_{−s−1}(μ) = 0} < −1. (44)

The dependence of this value on the dry friction coefficient μ is displayed in Fig. 2 and turns out to be a monotonically decreasing function. It is now again straightforward to write down the leading order asymptotic expansion of the inverse Laplace transform, i.e., of the time dependent moment, resulting in

M^{loc}_n (t, v_0) = e^{(|v0|+μ)2 /4} 2^ne^{μ2/4} d^n ds^n [( D_{−s}(μ) D_{−s−1}(μ)

)_{n−1} D_{−s}(|v_0| + μ) D_{−s−1}(μ) e^{st} ]| | | |_{s=0}

+ O(e^{(s0 +o)t}), (45)

where s_0 + o < 0. In particular the leading terms of the the first two moments in the long time limit are given

FIG. 1: (Color online) Local time distribution of the pure dry friction case [see Eqs. (4) and (28)] for v0 = 0 and two different times: (a) t = 5 and (b) t = 20. Lines correspond to the leading order limiting distribution (38), and points to the analytic expression (32). Deviations from Gaussian behavior are noticeable for small time only.

explicitly as follows,

M^{loc}_1 (t, v_0) =

D_0(μ)t 2D_{−1}(μ) + D_0(μ) 2D_{−1}(μ) ( D^{(1,0)}_{−1} (μ) D_{−1}(μ) − D^{(1,0)}_0 (μ + |v_0|) D_0(μ + |v_0|) ) + O(e^{(s0 +o)t}), (46)

M^{loc}_2 (t, v_0) =

D^2_0(μ)t^2 4D^2_{−1}(μ) + D^2_0(μ) 2D^2_{−1}(μ) ( 2 D^{(1,0)}_{−1} (μ) D_{−1}(μ) − D^{(1,0)}_0 (μ) D_0(μ) − D^{(1,0)}_0 (μ + |v_0|) D_0(μ + |v_0|) ) t + O(1). (47)

Here the symbol D^{(1,0)}_Λ (z) denotes the derivative of the parabolic cylinder function with respect to its index, i.e., ∂_ν D_ν (z)|_{ν=Λ}. Thus we obtain for the leading order term of the variance the expression

Var(T_{loc}) =

D^2_0(μ) 2D^2_{−1}(μ) ( D^{(1,0)}_{−1} (μ) D_{−1}(μ) − D^{(1,0)}_0 (μ) D_0(μ) ) t + O(1).

(48) Here we have stated the results for the second moment and the variance up to O(1) as the constant term is too cumbersome to be written down explicitly. Of course, including the constant term the expression is again correct up to O(e^{(s0 +o)t}). As shown in Fig. 3, the corresponding asymptotic distribution (5) matches well with the numerical evaluation of Eq. (26) for times which are sufficiently large.

To quantify the accuracy of the asymptotic Gaussian distribution we can now check as well for the size of the higher order cumulants. From Eq. (43) we can easily confirm that to leading order the third and the fourth cumulants satisfy

K^{loc}_3 = c^{loc}_3 (μ)t+O(1), K^{loc}_4 = c^{loc}_4 (μ)t+O(1), (49)

where both coefficients c^{loc}_3 (μ) and c^{loc}_4 (μ) are independent of the initial value v_0. Intuitively, we expect that we recover the result of the previous subsection [see Eq. (39)] if the dry friction term dominates the viscous friction force. That means that the coefficients c^{loc}_3 (μ) and c^{loc}_4 (μ)

FIG. 2: (Color online) Maximal solution s = s0 (44) of the equation D−s−1(μ) = 0 as a function of μ.

in Eq. (49) which govern the linear time dependence of the cumulants decay to zero for large μ [see also Eq. (39)]. Indeed, numerical evaluation of the coefficients confirms what one expect intuitively (see Fig. 4). It is however remarkable and somehow counterintuitive that the addition of a viscous force results in large cumulants as compared to the pure dry friction case [see Eq. 39)]. The linear increase of the cumulants with time indicates that the entirely Gaussian behavior of large fluctuations of the pure dry friction model, i.e., a strictly quadratic large

FIG. 3: (Color online) Local time distribution of the dry and viscous friction case [see Eqs. (4) and (41)] for v0 = 0, μ = 1 and two different times: (a) t = 5 and (b) t = 30. Lines corresponds to the leading-order limiting distribution (5), and points to the numerical evaluation of Eq. (26).

deviation function, is modified by non-Gaussian contributions due to viscous damping. In fact, Fig. 4 shows a resonance like phenomenon, where the deviations from Gaussian behavior become maximal at some intermediate value of μ. The fourth order cumulant becomes maximal in absolute value if the relative strength of dry and viscous friction attains a certain optimal value.

IV. OCCUPATION TIME

As we have seen in the previous section, largely closed analytic expressions can be derived for the distribution function of the local time. To check the robustness of the conclusions against the change of the observable we now consider the occupation time (7). We will see that we can again provide a largely analytic account if we still follow the strategy outlined in the previous section.

A. General drift

Let us first discuss to which extent we can derive properties of the occupation time distribution and its moments without specifying the drift. As pointed out in

Eq. (21) the construction of particular solutions of the inhomogeneous moment hierarchy (18) is the key, if we assume a fundamental solution of the homogeneous equation (20) to be given.

We first observe that the kernel U(v) = θ(v) vanishes for v < 0, so that for a particular solution of the moment hierarchy (18), we may assume ~M^p_n(s, v_0) = 0 for v_0 < 0. Furthermore, the first equation of the hierarchy (n = 1) can be solved easily to yield

~M^p_1 (s, v_0) = { 1/s^2 for v_0 > 0, 0 for v_0 < 0. (50)

Now to compute the higher order contributions ~M^p_n(s, v_0) recursively we observe that the m-th order derivative of the homogeneous equation (20) with respect to s just resembles the equations of the moment hierarchy, i.e., [ ∂^2_{v0} − Φ^′(v_0)∂_{v0} − s ] ∂^m_s φ(s, v_0) = m∂^{m−1}_s φ(s, v_0). (51) Hence ~M^p_n(s, v_0) can be expressed as a linear combination of partial derivatives of the fundamental solution. Using such an inductive argument and Eq. (21) we finally arrive at the expression for the Laplace transform of the n-th moment of the occupation time,

~M^{occ}_n (s, v_0) = { n!/s^{n+1} +

∑_{n−1} m=0(−1)^m

(_n m ) C^+_{n−m}∂^m_s φ(s, v_0) for v_0 > 0, C^−_n φ(s, v_0) for v_0 < 0.

(52)

The coefficients C^+_n and C^−_n are determined by the matching condition at v_0 = 0 [see Eqs. (17) and (19)]. Thus, we obtain the explicit formulas

C^±_1 =

∂_{v0} φ(s, 0∓) s^2φ(s, 0)[∂_{v0} φ(s, 0+) − ∂_{v0} φ(s, 0−)]

, (53) and for n > 1

C^±_n =

{_{n−1} ∑ m=1 (−1)^m ( n m ) C^+_{n−m}[∂_{v0} φ(s, 0∓)∂^m_s φ(s, 0)

−φ(s, 0)∂^m_s ∂_{v0} φ(s, 0+)] + n!∂_{v0} φ(s, 0∓) s^{n+1} }

/{ φ(s, 0)[∂_{v0} φ(s, 0+) − ∂_{v0} φ(s, 0−)] } . (54)

FIG. 4: (Color online) Coefficients c^{loc}_3 (μ) and c^{loc}_4 (μ) in the third and the fourth cumulants of the local time of the dry and viscous friction case [see Eq. (49)].

While such expressions are certainly more involved than those for the local time problem we can still express the entire moment problem in terms of the fundamental solution of the homogeneous equation (20).

B. Pure dry friction

For the model with only dry friction, i.e., with the the potential (28), the fundamental solution of the corresponding homogeneous system is given by Eq. (29). Hence, it is straightforward to obtain the moments of the occupation time in the Laplace space by using the formula (52). The first two moments are given explicitly by ~M^{occ}_1 (s, v_0) = 1 2s^2 { 2 − e^{−(√1+4s−1)v0/2} for v_0 > 0, e^{(√1+4s−1)v0/2} for v_0 < 0, (55)

~M^{occ}_2 (s, v_0) = 1 4s^3 8 − 5 √ 4a + 1 + 4v_0s + 1 √ 4s + 1 e^−(^{√4s+1−1})^{v0/2} for v_0 > 0, 3 √ 4s + 1 − 1 √ 4s + 1 e(^{√4s+1−1})^{v0 /2} for v_0 < 0.

(56)

The analytic structure of these expressions is solely determined by the analytic structure of the fundamental solution and thus coincides with what we found for the local time, namely a pole at s = 0 and a branch cut for s < −1/4. Thus the asymptotic expansion of the inverse Laplace transform results in the long time behavior of the moments,

M^{occ}_1 (t, v_0) = t 2 + v_0 2 + O(e^{−(1/4−o)t}), (57)

M^{occ}_2 (t, v_0) = t^2 4 + 1 + v_0 2 t + v^2_0 − 6 4 + O(e^{−(1/4−o)t}).

(58)

The variance of the occupation time is easily computed as Var(T_{occ}) = t 2 − 3 2 + O(e^{−(1/4−o)t}), (59) and the limiting distribution (5) reads

p^{asym}_{occ} (T, t, v_0) = 1 √ π(t − 3) exp [ − (2T − t − v_0)^2 4t − 12 ]

+O(e^{−(1/4−o)t}). (60)

At large time, this limiting distribution matches well with the Monte Carlo simulation of the corresponding Langevin equation by using the Euler-Maruyama scheme [35] (see Fig. 5). As shown in [17], the application of this scheme is stable for piecewise-smooth stochastic differential equations and only requires that we choose the integration time-step small enough.

To estimate whether there are corrections to the leading asymptotic Gaussian behavior of large deviations [see Eq. (60)] we just work out, as before, the third and the

FIG. 5: (Color online) Occupation time distribution of the pure dry friction case [see Eqs. (4) and (28)] for v0 = 0 and two different times: (a) t = 10 and (b) t = 20. Lines correspond to the leading-order asymptotic distribution (60), and points to the Monte Carlo simulation of the corresponding Langevin equation by using the Euler-Maruyama scheme with time-step Δt = 0.0001 and an ensemble of 10^6 realizations. With the chosen step-size and ensemble the standard numerical errors of the Euler-Maruyama scheme (see Ref. [36]) are within the resolution of the figure, apart from the extreme tails of the distribution where the statistics becomes poor.

fourth cumulants

K^{occ}_3 = O(e^{−(1/4−o)t}), K^{occ}_4 = −45/4 + O(e^{−(1/4−o)t}). (61) As these quantities show no linear growth with time both become negligible for large deviation properties and we expect again a purely quadratic large deviation function (see also [30]). Thus as for the local time [see Eq. (39)] Gaussian behavior prevails.

C. Dry and viscous friction

The inclusion of a viscous force results in the Langevin equation (4) with the potential (41). As for the local time the knowledge of the fundamental solution (42) is sufficient to evaluate the moments of the occupation time by Eqs. (52), (53), and (54). Even though the involvement of the parabolic cylinder function makes the computations slightly cumbersome it is possible to write down explicit results for the low order moments. For the Laplace transform of the first two moments we obtain

~M^{occ}_1 (s, v_0) = 1 2s^2D_{−s}(μ) { 2D_{−s}(μ) − e^{v20 /4+μv0 /2}D_{−s}(μ + v_0) for v_0 > 0, e^{v20 /4−μv0 /2}D_{−s}(μ − v_0) for v_0 < 0,

(62)

~M^{occ}_2 (s, v_0) = e^v 2 0 /4+μv_0 /2D

−s(μ + v_0) 2s^3D_{−s−1}(μ)D^2_{−s}(μ) { D_{−s}(μ) [ sD^{(1,0)}_{−s−1}(μ) − 2D_{−s−1}(μ) ] + D_{−s−1}(μ) [ sD^{(1,0)}_{−s} (μ) − D_{−s}(μ) ] }

+ 2 s^3 − e^{v20 /4+μv0 /2} s^2D_{−s}(μ)

D^{(1,0)}_{−s} (μ + v_0) for v_0 > 0, (63)

~M^{occ}_2 (s, v_0) = e^v 2 0 /4−μv_0 /2D

−s(μ − v_0) 2s^3D_{−s−1}(μ)D^2_{−s}(μ) { D_{−s}(μ) [ sD^{(1,0)}_{−s−1}(μ) + D_{−s−1}(μ) ] − sD_{−s−1}(μ)D^{(1,0)}_{−s} (μ) } for v_0 < 0. (64)

For the inversion of the Laplace transform in the asymptotic limit of large time we again have to analyze the singularities of these expressions. Poles appear at s = 0 and at values where the parabolic cylinder functions vanish. It is a rather obvious consequence of the properties of the parabolic cylinder functions (see subsection III C) that all these singularities are poles on the nonpositive real axis and that the largest negative pole appears at s_0 + 1, where s_0 has been introduced in Eq. (45) (see also Fig. 2). Hence the standard asymptotic expansion of the inverse Laplace transform results in

M^{occ}_1 (t, v_0) = t 2 + σ(v_0) 2 ( D^{(1,0)}_0 (μ + |v_0|) D_0(μ + |v_0|) − D^{(1,0)}_0 (μ) D_0(μ) ) + O(e^{(s0 +1+o)t}), (65)

M^{occ}_2 (t, v_0) = t^2 4 + σ(v_0) 2 ( D^{(1,0)}_0 (μ + |v_0|) D_0(μ + |v_0|) − D^{(1,0)}_0 (μ) D_0(μ) ) t + 1 2 ( D^{(1,0)}_{−1} (μ) D_{−1}(μ) − D^{(1,0)}_0 (μ) D_0(μ) ) t + O(1), (66)

where s_0+1+o < 0. Thus the variance of the occupation time reads

Var(T_{occ}) = 1 2 ( D^{(1,0)}_{−1} (μ) D_{−1}(μ) − D^{(1,0)}_0 (μ) D_0(μ) ) t + O(1). (67)

Here we have used, as before, the symbol D^{(1,0)}_ν to denote the derivative of the parabolic cylinder function with respect to its index. The first moment (65) and the variance (67) determine the asymptotic behavior of the limiting distribution (5) which, for large values of t, matches well with the Monte Carlo simulation of the corresponding Langevin equation, as shown in Fig. 6.

In order to quantify deviations from the Gaussian limit we can again check the values of the third and the fourth cumulants, which are evaluated as

K^{occ}_3 = O(1), K^{occ}_4 = c^{occ}_4 (μ)t + O(1), (68)

where c^{occ}_4 (μ) is independent of the initial value v_0. While it is quite straightforward to express such a coefficient in terms of parabolic cylinder functions we just focus here on a graphical discussion of the result. As mentioned in the previous section we expect the cumulants to approach the dry friction case [see Eq. (61)] in the limit when μ tends to infinity. Indeed the coefficient c^{occ}_4 (μ) in Eq. (68) decays to zero, as shown in Fig. 7. Furthermore, the occurrence of a contribution which is linear in time means that deviations from a purely quadratic large deviation function appear due to the inclusion of the viscous force, as it was the case for the local time. Hence such a feature does not seem to be related to the particular functional that is considered.

V. DISPLACEMENT

Finally we investigate the distribution of the displacement of the object, which as well can be expressed in terms of the functional (3) with the choice U(v) = v. In this case, particular solutions ~M^p_n(s, v_0) of the corresponding inhomogeneous ODE (14) are not easy to write down in general. So a general formula like Eq. (23) or (52) is not available. Fortunately, for the dry friction model (1) we will see in the following subsections that particular solutions can be constructed rather straightforwardly for the pure dry friction case and the full model, respectively.

A. Pure dry friction

Let us consider Eq. (14) with the potential (28) and U(v) = v for n = 1. On either of the domain v_0 > 0 or v_0 < 0, it is obvious that a particular polynomial solution is given by

~M^p_1 (s, v_0) = sv^0 − σ(v^0) s^3

. (69)

Hence, using Eq. (29) for the homogeneous solution we obtain from Eq. (21) the expression for the first moment. The two constants are then determined by the two matching conditions (17) and (19) so that we arrive at

~M^{dis}_1 (s, v_0) = sv^0 − σ(v^0) s^3 + σ(v_0) s^3 φ(s, v_0) = sv_0 − σ(v_0)

s^3 + σ(v_0) s^3 e^{(1−√1+4s)|v0 |/2}. (70)

For the moment of the next order we have to determine a particular solution of the inhomogeneous equation (14) for n = 2, i.e., where the right hand side is essentially given by Eq. (70). While that is certainly a straightforward task we can uncover the underlying algebraic structure by reducing all the manipulations to the properties of the fundamental solution (29). Since

|v_0|φ(s, v_0) = |v_0|e^{(1−√1+4s)|v0 |/2} = − √ 4s + 1∂_se^{(1−√1+4s)|v0 |/2} = − √ 4s + 1∂_sφ(s, v_0), (71)

we can use the property (51) for m = 1 to construct one particular solution of Eq. (14) for n = 2 as

~M^p_2 (s, v_0) = √ 1 + 4sv^2_0 + 2|v_0|

s^3(1 + 4s) e^{(1−√1+4s)|v0|/2} + (2s|v_0| − 3)^2 + 8s + 3 2s^5

. (72)

The first term in this expression is caused by the second term in the inhomogeneity (70), while the second term is a polynomial part due to Eq. (69). For this contribution we have used the property (71). Finally the second moment is determined by Eq. (21) and the matching conditions (17) and (19), resulting in

~M^{dis}_2 (s, v_0) = − (11s + 3) (√ 4s + 1 + 1 ) s^5(4s + 1) e^{(1−√1+4s)|v0 |/2}

+ ~M^p_2 (s, v_0). (73)

FIG. 6: (Color online) Occupation time distribution of the dry and viscous friction case [see Eqs. (4) and (41)] for v0 = 0, μ = 1 and two different times: (a) t = 5 and (b) t = 20. Lines correspond to the leading-order asymptotic distribution (5), and points to the Monte Carlo simulation of the corresponding Langevin equation by using the Euler-Maruyama scheme with time-step Δt = 0.0001 and an ensemble of 10^6 realizations.

FIG. 7: (Color online) Coefficient c^{occ}_4 (μ) in the fourth cumulant of the occupation time of dry and viscous friction case [see Eq. (68)].

Higher order moments can now be constructed easily by using these algebraic steps repeatedly.

As for the analytic structure, the approach described above clearly shows that the moments inherit their analytic structure from the homogeneous solution. Thus the first two moments have a pole at s = 0 and a branch cut for s < −1/4. The usual asymptotic expansion for the inverse Laplace transform results in

M^{dis}_1 (t, v_0) = v_0(1 + |v_0|/2) + O(e^{−(1/4−o)t}), (74)

M^{dis}_2 (t, v_0) = 10t + v^4_0 /4 + 5|v_0|^3/3 + 5v^2_0 − 54

+O(e^{−(1/4−o)t}). (75)

Hence we obtain for the variance of the displacement

Var(T_{dis}) = 10t + 2|v_0|^3/3 + 4v^2_0 − 54 + O(e^{−(1/4−o)t})

= σ^2(t) + O(e^{−(1/4−o)t}), (76) and the limiting distribution (5) reads

p^{asym}_{dis} (T, t, v_0)= 1 √ 2πσ^2(t) exp [ − (T − v_0 − v_0|v_0|/2)^2 2σ^2(t) ]

+O(e^{−(1/4−o)t}). (77)

Around the mean of the displacement, this asymptotic expression matches well with the Monte Carlo simulation of the corresponding Langevin equation, as shown in Fig. 8.

As already mentioned, the recursive procedure described at the beginning of this subsection allows also for the computation of the higher order moments, and thus for the evaluation of the higher order cumulants. However, as the formulas are too cumbersome a software for symbolic calculation, such as Mathematica, is useful to handle the expressions. We finally obtain for the third and the fourth cumulants in the long time limit,

K^{dis}_3 = { O(1) for v_0 ≠ 0, 0 for v_0 = 0, K^{dis4} = 21120t + O(1). (78) In this case the higher order cumulants show a linear time dependence already in the pure dry friction model. Hence the corresponding large deviation function does not show a plain quadratic form any more and the strictly Gaussian behavior does not show up. Such a feature is as well clearly visible in Fig. 8. It would be worth to explore whether this difference to the previous cases is related to a functional with an unbounded kernel.

B. Dry and viscous friction

We now apply the procedure described in the previous subsection to analyze the distribution of the displacement in a model with dry and viscous friction. To begin

FIG. 8: (Color online) Displacement distribution of the pure dry friction case [see Eqs. (4) and (28)] for v0 = 0 and two different times: (a) t = 300 and (b) t = 800. Lines correspond to the leading-order asymptotic distribution (77), and points to the Monte Carlo simulation of the corresponding Langevin equation by using the Euler-Maruyama scheme with time-step Δt = 0.001 and an ensemble of 10^6 realizations.

with one particular polynomial solution of Eq. (14) with U(v) = v, potential (41), and n = 1 is given by

~M^p_1 (s, v_0) = sv^0 − μσ(v^0) s^2(s + 1)

. (79)

Hence using the expression for the general solution (21) and the matching conditions at the discontinuity to determine the constants of integration we arrive at [see Eq. (21)]

~M^{dis}_1 (s, v_0) = sv^0 − μσ(v^0) s^2(s + 1)

+ μσ(v_0) φ(s, v_0) s^2(s + 1)φ(s, 0) = sv_0 − μσ(v_0)

s^2(s + 1)

+ μσ(v_0) e^{(μ+|v0 |)2/4}D_{−s}(μ + |v_0|) s^2(s + 1)e^{μ2/4}D_{−s}(μ)

. (80)

For the moment of the next order we need to integrate the inhomogeneous equation (14) where the right hand side is essentially given by the first order moment (80). As before we can make use of algebraic properties of the fundamental solution φ(s, v_0) to construct ~M^p_2 (s, v_0). Using the recurrence relation of the parabolic cylinder function (see, e.g., [37]), we have

|v_0|φ(s, v_0) = |v_0|e^{(μ+|v0|)2/4}D_{−s}(μ + |v_0|) = e^{(μ+|v0|)2/4} [ D_{−s+1}(μ + |v_0|) − sD_{−s−1}(μ + |v_0|) − μD_{−s}(μ + |v_0|) ] = φ(s − 1, v_0) − sφ(s + 1, v_0) − μφ(s, v_0), (81)

so that the inhomogeneous part contains a polynomial in v_0 and the fundamental solutions φ(s, v_0) and φ(s ± 1, v_0). If we now employ a suitable linear combination of Eq. (51) and the obvious identity [see Eq. (20)] [ ∂^2_{v0} − Φ^′(v_0)∂_{v0} − s ] φ(s + m, v_0) = mφ(s + m, v_0), (82)

then a particular solution can be written in terms of the fundamental solution and a polynomial, namely

~M^p_2 (s, v_0) = 2μe^{(μ+|v0|)} 2/4 s^2(s + 1)e^{μ2 /4}D_{−s}(μ) [ D_{−s+1}(μ + |v_0|) + sD_{−s−1}(μ + |v_0|) + μ∂_sD_{−s}(μ + |v_0|) ]

+ 2v^2_0 s(s + 1)(s + 2) − 2μ(3s + 2)|v_0| s^2(s + 1)^2(s + 2) + 4(s + μ^2)(s + 1) + 2μ^2s s^3(s + 1)^2(s + 2)

, (83)

where the first term is caused by the second term in Eq. (80) and the last three terms are a polynomial part due to Eq. (79). As before, using the matching conditions we then arrive at

~M^{dis}_2 (s, v_0) = ~M^p_2 (s, v_0) − 2μe^{(|v0|+μ)}

2/4D_{−s}(|v_0| + μ) s^3(s + 1)^2(s + 2)e^{μ2/4}D_{−s}(μ)D_{−s−1}(μ) { μ(s + 1)(s + 2) [ D_{−s−1}(μ) − sD^{(1,0)}_{−s−1}(μ) ]

+s(s^2 + 2s + 2)D_{−s}(μ) + s(s + 1)^2(s + 2)D_{−s−2}(μ) } . (84)

Higher order moments can be obtained by this algebraic method [see Eqs. (51), (81) and (82)] in a straightforward way. By expansion, we can check that the points s = −1 and s = −2 in Eqs. (80) and (84) are removable singularities. As for the previous functionals the singularities of the first two moments lie on the nonpositive real axis, and the subleading pole is given by s_0 + 1, where s_0 is defined in Eq. (45). Hence, the standard asymptotic Laplace inversion yields for the moments in the time domain

M^{dis}_1 (t, v_0) = v_0 + μσ(v_0) ( D^{(1,0)}_0 (μ) D_0(μ) − D^{(1,0)}_0 (μ + |v_0|) D_0(μ + |v_0|) ) + O(e^{(s0 +1+o)t}), (85)

M^{dis}_2 (t, v_0) = 2 [ 1 + μ^2 ( D^{(1,0)}_{−1} (μ) D_{−1}(μ) − D^{(1,0)}_0 (μ) D_0(μ) ) − 2μ

D_{−2}(μ) D_{−1}(μ) ] t + O(1), (86)

where s_0 + 1 + o < 0. Therefore the variance reads

Var(T_{dis}) = 2 [ 1 + μ^2 ( D^{(1,0)}_{−1} (μ) D_{−1}(μ) − D^{(1,0)}_0 (μ) D_0(μ) ) − 2μ

D_{−2}(μ) D_{−1}(μ) ] t + O(1). (87)

As shown in Fig. 9, the corresponding limiting distribution (5) in leading order matches well with the Monte Carlo simulation of the corresponding Langevin equation.

As mentioned above, the higher moments can also be obtained analytically if one uses the properties (51), (81) and (82). But we resort to computer algebra packages to perform the corresponding tedious formal calculations. Finally, we confirm that the third and the fourth cumulants satisfy

K^{dis}_3 = { O(1) for v_0 ≠ 0, 0 for v_0 = 0, K^{dis4} = c^{dis4} (μ)t+O(1), (88) which are consistent with those of the pure dry friction case [see Eq. (78)]. Here the coefficient c^{dis}_4 (μ), which is shown in Fig. 10 as a function of μ, does not depend on the initial value v_0. From our analytic results we recover that in the case μ = 0 the third and the fourth cumulants vanish as the dry and viscous friction model reduces to the Ornstein-Uhlenbeck process, for which the displacement distribution is strictly Gaussian. In addition, c^{dis}_4 (μ) almost vanishes in the region 1 ⩽ μ ⩽ 3 (see Fig. 10) so that deviations from Gaussian behavior are hardly noticeable (see Fig. 9).

VI. CONCLUSION

Large deviation properties of functionals, here integrals over a stochastic process, have been analyzed for piecewise-smooth stochastic models. We have, in particular, considered the Brownian motion with dry and viscous friction as an illustrative example for our approach, where we have derived explicit results for three particular choices of a functional, the local time which measures the crossing of the discontinuity, the occupation time measuring the direction of movement of an object, and the spatial displacement.

To cope with general underlying stochastic models, we have extended the backward Fokker-Planck technique developed in [7] to provide analytic solutions for a general support functional. For a generic Langevin equation, the hierarchy of differential equations for the moments of functionals have been derived and solutions have been provided for the local time and the occupation time in terms of the solution of the corresponding homogeneous equation.

Our study of a piecewise-linear model, i.e., the Brownian motion with pure dry friction serves as a simple case study. For all three functionals the Laplace transform of the moments can be calculated analytically. From such results asymptotic properties in the time domain are easily extracted. In principle one could even invert the transform analytically as in this case the propagator of the corresponding Fokker-Planck equation is known in closed analytic form (see, e.g., [11]). The results confirm that the distribution of the functionals become strictly Gaussian in the asymptotic limit, for the local and for the occupation time, as also clearly demonstrated by comparing the analytic results with Monte Carlo simulations. Higher order cumulants contribute for the displacement in the long time limit, so that a strictly quadratic large deviation function gets modified by these terms.

The inclusion of an additional viscous force introduces, somehow counterintuitively, non-Gaussian behavior for the large deviation properties of the local time and the occupation time. In addition, our analytic results confirm the numerical analysis provided in [38] by solving the corresponding Fokker-Planck equation numerically. For that purpose we need to specialize our general expressions to the case v_0 = 0 and translate our expressions, given in nondimensional units, to the original scale (1) via (see [11])

μ → μ/(γD)^{1/2}, M_2(t, v_0) → DM_2(γt, (γ/D)^{1/2}v_0)/γ. (89)

FIG. 9: (Color online) Displacement distribution of the dry and viscous friction case [see Eqs. (4) and (41)] for v0 = 0, μ = 1 and two different times: (a) t = 20 and (b) t = 50. Lines correspond to the leading-order asymptotic distribution of Eq. (5), and points to the Monte Carlo simulation of the corresponding Langevin equation by using the Euler-Maruyama scheme with time-step Δt = 0.001 and an ensemble of 10^6 realizations.

FIG. 10: (Color online) Coefficient c^{dis}_4 (μ) in the fourth cumulant of the displacement of dry and viscous friction case [see Eq. (88)].

In Fig. 11 it is clearly visible that our analytic expressions confirm the numerical results presented in [38] (see Figs. 5 and 9 therein) for the second moment and the distribution. As we have been able to work out higher order cumulants as well we can even quantify deviations from the predominantly observed Gaussian behavior.

The analytic method and the results obtained here allow for a rather detailed study on how fluctuations and related large deviation properties are affected by an underlying piecewise-smooth stochastic dynamics. Even a simple case, e.g., the extension of the model considered here by an additional constant bias (see, e.g., [11]) seems to be promising to analyze in detail, as for instance with regards to stick-slip transitions on the one hand, and even to benchmark theoretical investigations with real experiments [19–22] on the other. Acknowledgments

Y.C. was supported by the Chinese Scholarship Council. We thank Hugo Touchette for useful discussions at the beginning of this research.

∗ Electronic address: yaming.chen@qmul.ac.uk † Electronic address: w.just@qmul.ac.uk [1] H. Touchette, Phys. Rep. 478, 1 (2009). [2] S. N. Majumdar, Curr. Sci. 89, 2076 (2005). [3] S. Sabhapandit, S. N. Majumdar, and A. Comtet, Phys.

Rev. E 73, 051102 (2006).

[4] H. Risken, The Fokker-Planck Equation: Methods of Solution and Applications (Springer, Berlin, 1989).

[5] H. A. Kramers, Physica 7, 284 (1940). [6] M. Kac, Trans. Amer. Math. Soc. 65, 1 (1949). [7] S. N. Majumdar and A. Comtet, Phys. Rev. Lett. 89,

060601 (2002).

[8] A. Kawarada and H. Hayakawa, J. Phys. Soc. Jpn. 73,

2037 (2004).

[9] H. Hayakawa, Physica D 205, 48 (2005). [10] P.-G. de Gennes, J. Stat. Phys. 119, 953 (2005). [11] H. Touchette, E. V. der Straeten, and W. Just, J. Phys.

A: Math. Theor. 43, 445002 (2010).

[12] H. Touchette, T. Prellberg, and W. Just, J. Phys. A:

Math. Theor. 45, 395002 (2012).

[13] I. Karatzas and S. E. Shreve, Ann. Prob. 12, 819 (1984). [14] I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus (Springer, Berlin, 1991).

[15] A. Baule, E. G. D. Cohen, and H. Touchette, J. Phys. A:

Math. Theor. 43, 025003 (2010).

[16] A. Baule, H. Touchette, and E. G. D. Cohen, Nonlinearity 24, 351 (2011).

[17] Y. Chen, A. Baule, H. Touchette, and W. Just, Phys.

FIG. 11: (Color online) Analytic results of the dry and viscous friction case in the original scaling system (1) for γ = 1 and v0 = 0. (a) The second moment in leading order obtained from Eq. (86) via the rescaling (89); (b) the limiting displacement distribution in leading order obtained from Eqs. (5), (85) and (87) via the rescaling (89). Lines correspond to the results of μ = 6 and D = 5.4, and points to μ = 1.1 and D = 1. These two sets of arguments are properly chosen according to a fluctuation dissipation relation presented in [38], ensuring that the numerical results coincide with each other.

Rev. E 88, 052103 (2013).

[18] Y. Chen and W. Just, Phys. Rev. E 89, 022103 (2014). [19] M. K. Chaudhury and S. Mettu, Langmuir 24, 6128

(2008).

[20] P. S. Goohpattader, S. Mettu, and M. K. Chaudhury,

Langmuir 25, 9969 (2009).

[21] P. S. Goohpattader and M. K. Chaudhury, J. Chem.

Phys. 133, 024702 (2010).

[22] P. S. Goohpattader and M. K. Chaudhury, Eur. Phys. J.

E 35, 67 (2012).

[23] A. Gnoli, A. Petri, F. Dalton, G. Pontuale, G. Gradenigo,

A. Sarracino, and A. Puglisi, Phys. Rev. Lett. 110, 120601 (2013).

[24] A. Gnoli, A. Puglisi, and H. Touchette, Europhys. Lett.

102, 14002 (2013).

[25] Q. Li, Y. Dong, D. Perez, A. Martini, and R. W. Carpick,

Phys. Rev. Lett. 106, 126101 (2011).

[26] A. Baule and P. Sollich, Europhys. Lett. 97, 20001

(2012).

[27] A. Baule and P. Sollich, Phys. Rev. E 87, 032112 (2013). [28] A. J. Weymouth, D. Meuer, P. Mutombo, T. Wutscher,

M. Ondracek, P. Jelinek, and F. J. Giessibl, Phys. Rev. Lett. 111, 126103 (2013).

[29] T. G. Sano and H. Hayakawa, Phys. Rev. E 89, 032104

(2014).

[30] D. J. W. Simpson and R. Kuske, arXiv:1204.5985 (2012). [31] J. Abate and P. P. Valkó, Int. J. Numer. Meth. Engng 60, 979 (2004).

[32] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions (Dover Publications, New York, 1968).

[33] J. D. Murray, Asymptotic Analysis (Clarendon Press, Oxford, 1974).

[34] H. Buchholz, The Confluent Hypergeometric Function with Special Emphasis on its Applications (Springer, Berlin, 1969).

[35] P. E. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations (Springer, Berlin, 1992).

[36] C. W. Gardiner, Stochastic methods: A Handbook for the Natural and Social Sciences (Springer, Berlin, 2009), 4th ed. [37] A. Cuyt, V. B. Petersen, B. Verdonk, H. Waadeland, and W. B. Jones, Handbook of Continued Fractions for Special Functions (Springer, New York, 2008).

[38] A. M. Menzel and N. Goldenfeld, Phys. Rev. E 84, 011122 (2011).